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PREFj^OE. 



In the following paper an attempt has been made to give a snfficiently comprehensive account 
of the theory of projections to answer the requirements of the ordinary student of that subject. 
The literature of projections is very large, and its history presents the names of many of the most 
eminent mathematicians that have lived between the time of Ptolemy and the present day. In 
the great mass of papers, memoirs, &c., which have been written upon projections there is much 
that is of the highest value and much that, though interesting, is trijQing and unimportant Thus 
many projections have been devised for map construction which are merely elegant geometrical 
trifles. Although in what foUows the author has taken up every method of projection with which 
he is acquainted, he has not thought it necessary in the cases rtferred to to do more than mention 
them and give references to the papers or books in which they may be found fully treated. 

As the different conditions which projections for particular purposes have to satisfy are so 
wholly unlike, it is necessary, of course, to have a different method of treatment for the various 
cases. Thus no general theory underlying the whole subject of projections can be given. ' Perhaps 
the only division of the subject — omitting the simple case of perspective projection — ^that has ever 
been fully treated is that of projection by similarity of intfnitely small areas. This is a most im- 
I>ortant case, the general theory of which, for the representation of any surface upon any other, 
has been given by Oauss. The mathematical difficulties in the way of such a treatment of equiva- 
lent projections and projections by development seem to be insurmountable, but certainly offer a 
most attractive field for mathematical research. The author has attempted to add a litUe to what 
is already known on these subjects, but feels that what he has done is of little consequence unless, 
indeed, it should tempt some abler mathematician to take up the subject and develop it as it 
deserves. A few of the solutions of simple problems in the paper, it is believed by the author, 
are new and simpler than any he was able to find in the writings of others. The solution of the 
problem of the projection of an ellipsoid of three unequal axes upon a sphere by Oauss's method 
is also believed to be new. With these few exceptions there is no claim to originality in what 
follows; the attempt having simply been made to present in as simple and natural a form as possi- 
ble what others have done. The two treatises on projections from which much aid has been 
obtained are those by Littrow and Germain. Littrow's Ghorographie, which appeared in Vienna 
in 1833, was at that time a most valuable work, but is at the present day too limited in its scoi)e 
to be of very much use to the student. Unquestionably the most important treatise on the subject 
at this time is Germain's "Tratf^ des projectiansj^ which contains an account of almost every projec- 
tion that has ever been invented. The author is under much obligation to this work, both for 
references to original sources and for solutions of particular problems. In cases where processes or 
diagrams are taken ftom this work that are by the author- supposed to have been original with M. 
Germain, special mention of them is made in the text; when, however, Germain has drawn from 
earlier sources no mention is made of his book, but as far as possible references to the original 
papers are given. The opening brief chapter on conic sections has been taken in great part from 
Salmon's Oonic Sections. The object of that chapter is only to give in a simple manner some of the 
more important and elementary properties of the curves of the second order, so that convenient 
reference could be made in the subsequent part of the paper to the various formulas connected 
with these curves, and also simple means given for constructing them. At the request of Super- 
intendent Garlile P. Patterson the paper has been divided into two parts. The first part contains 
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the mathematical theory of projections, while the second part contains merely sadi a safficient 
account of the various projections as will enable the draughtsman to construct them. The prin- 
cipal papers from which excerpts have been made are the following: 

Lagrange: '' Sur la construction des cartes g^ographiques." Kouveaux M6moires de FAcad^- 
mie de Berlin, 1779. 

Gauss: ^^ Allgemeine Auflosung der Aufgabe, die Theile einer gegebenen Flache auf einer 
andem gegebenen Flache so abzubilden, dass die Abbildung dem Abgebildeten in den kleinsten 
Theilen ahnlich wird." Gesammelte Werke. Gottingen edition. 

D'Avezac: <^Goup d'oeil historique sur la projection des cartes g^graphiques." Soci^td de 
geographic de Paris, 1863. 

Tchebychef: <'Sur la construction des cartes g^ographiqnes." Academy of Sciences of St. 
Petersburg, 1863, 

GolUgnon: Journal de l'£cole poly technique, 41^ cahier. 

MoUweide: Zach's Monatliche Gorrespondenz, 1805. 

James and Glarke: ^<On projections for maps applying to a very large extent of the earth's 
surface." Philosophical Magazine, 1865. 

Airy: << Explanation of a projection by Balance of Errors applying to a very large extent of 
the earth's sur&ce," &c. Philosophical Magazine, 1861. 

Tissot: '^Trouver le meilleur mode de projection pour chaque contrto particuli^re." Comptes- 
Bendus, 1860. 

An immense list of papers bearing on the subject of projections might be given, but it hardly 
seems necessary. The above list includes all from which anything of importance has been taken. 
When minor papers are quoted reference is always made to them in the same place. Special 
reference may be made to a paper by Mr. G. A. Schott, Assistant United States Coast and Geodetic 
Survey. This paper is a resume in very compact form of most that is of importance in the sub- 
ject of projections together with a comparison of the principal methods of projection in use at the 
present day. This paper forms Appendix No. 15 in the annual report of the Ooast and Geodetic 
Survey for 1880. In conclusion, the author may say that although he has endeavored to give full 
credit to previous writers on the subject, still it is possible that some reference has been omitted. 
This should, however, be taken as an unintentional oversight, or due to the fact that the author 
has not been able to trace back to its original source the solution of process in question, and not 
in any case to a desire to withhold tix>m any other author his full measure of credit. 

THOMAS CEAIG. 
GoxsT A3XD Gbodetio Sxjbvey Oppiob, 

August 19, 1880. 
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The history of any science is a history of very gradual evolution; so slow at times is the 
course of this evolution that often the thread of tradition seems to be broken, and we are left to 
grope in the darkness of historical uncertainty for the path by which we are to be conducted to 
the full daylight, which always, sooner or later, meets the patient inquirer after truth. 

The origin of a science is usually to be sought for not in any systematic treatise, but in the 
investigation and solution of some particular problem. This is especially the case in the ordinary- 
history of the great improvements in any department of mathematical science. Some problem, 
mathematical or physical, is proposed^ which is found to be insoluble by known methods. This 
condition of insolubility may arise from one of two causes: Either there exists no machinery pow- 
erful enough to effect the required reduction, or the workmen are not sufOlciently expert to employ 
their tools in the performance of an entirely new piece of work. The problem proposed is, how- 
ever, finally solved, and in its solution some new principle, or new application of old principles, is 
necessarily introduced. If a principle is brought to light it is soon found that in its application 
it is not of necessity limited to the particular question which occasioned its discovery, and it is 
then stated in an abstract form and applied to problems of gradually increasing generality. 

Other principles, similar in their nature, are added, and the original principle itself receives 
such modifications and extensions as are from time to time deemed necessary. The same is true 
of the new application of old principles; the application is at first thought to be merely confined 
to a particular problem, but it is soon recognized that this problem is but one, and generally a very 
simple one, out of a large class, to which the same processes of investigation and solution are ^ 
applicable. The result in both of these cases is the same. A time comes when these several prob- 
lem s, solutions, and principles are grouped together and found to produce an entirely new and 
coDsistent method; a nomenclature and uniform system of notation is adopted, and the principles 
of the new method become entitled to rank a>s a distinct science. 

In examining the laws which regulate the progress of the human mind in the discovery of 
truth, the most important points of evidence and data are derived from sciences which have been 
at their first promulgation the most incomplete, and have owed their subsequent advancement to 
the successive labors of several, rather than to the unaided efforts of a single mind. It very'sel- 
dom happens that an individual discoverer gives us the results of his labors in the same form in 
which they originally presented themselves to his own mind. Still more rarely are the successive 
steps by which the original investigator conducts the mind of his reader to the perception of new 
truth identical with those which he himself took in first arriving at it. The early history of any 
science which has-been slow in developing shows us how tedious and inelegant first methods gen- 
erally are, and also shows how natural it is for the investigator to replace his rough-hewn highway 
when steadily, and without stopping to admire the beauty of the surrounding landscape, he has 
driven over all obstacles, by a beautiful avenue which by easy and natural stages conducts to the 
desired goal aud affords glimpses here and there along its course of immense possibilities in, as 
yet, unexplored regions. Hence it is easy to see the historical importance of those sciences whose 
principles have been given to the public, not in a complete and systematic form, but gradually, 
and by methods more or less tedious and imperfect. No science can furnish a better example of 
this than the science of geography, and in particular ths^t department of it which is the subject of 
the following paper — the Theory of Projections. 

The nsLUie prajection itself has a history, and it would be curious to trace the development 
which has occurred in its appUcatioDs. Borrowed by geographers ftoixi g»'ometer8, it has come 
gradually to signify any method of representation of the surface of ^Vp. ea^th npon a plane. In 
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Xll INTRODUCTION. 

all rigor the use of the term projection ought to be confined to representations obtained directly 
according to the laws of perspective; but it has been extended to take into account representations 
by development and by other and purely conventional methods. Its mathematical significance 
is even more extended, as there it is not confined in its application to the representation of the 
sphere, or spheroid, upon a plane, but of any curve or surface upon any other. 

The sphere being non-developable, the exact representation of its surface, or even a portion 
of its surface, upon a plane, is impossible. Certain conditions can, however, be fulfilled in any 
projection which will render it snfiicieutly exact for any particular purpose. The areas may be 
preserved, i. e., all areas on the sphere may be reduced in the same proportion, in which case we 
have an equivalent projection; or the angles may be preserved, in which case we have an ortho- 
morphic projection. The exigencies of any particular use for which the projection is designed 
give rise to an immense number of other conditions corresponding to which projections have from 
time to time been invented. It frequently happens that a projection having been constructed to 
satisfy one impressed condition, is also found to satisfy a number of others; for instance, the ste- 
reographic projection at the same time represents the parallels of latitude in their true form, and 
preserves the angles between the meridians themselves and between these and the parallels; thus' 
this projection, which was originally constructed as a perspective projection, also fulfills the con- 
dition of being orthomorphic. The history of projection has been, in consequence of the impossi- 
bility of producing a perfect solution of the problem, peculiarly a history of the solution of more 
or less independent problems. . 

A method of projection which will answer for a country whose extent in latitude is small will 
not at all answer for another country of great length in a north and south direction ; a projection 
which serves admirably for the representation of the polar regions is not at all applicable for coun- 
tries near the equator; a projection which is the most convenient for the purposes of the navigator 
is of little or no value to the geodesist ; and so throughout the entire range of the subject particular 
conditions have constantly to be satisfied, and special rather than general problems to be solved. 

It is not, however, the intention in this introductory sketch to give a historical account of the 
subject, as it would be neither appropriate nor necessary. The complete historical account by M. 
D'Avezac, in the " Bulletin de la Soci^t6 de Geographic,'' of Paris, for 1863, leaves absolutely 
nothing to be said on the subject. 

The reader will, however, find in the references to § VII (see Coast and Geodetic Survey Beport 
for 1880, Appendix No. 15) a valuable bibliography of the subject. This section* was written by 
Mr. Charles A. Schott, assistant, United States Coajst and Geodetic Survey, with the express object 
of giving an account of the method of polyconic projection employed in constructing the charts and 
maps of the Survey. It subserves, however, a double purpose, as it contains a succinct and val- 
uable resume of much that precedes, with full references to the original sources from which inform- 
ation had to be compiled, and also gives a scientific account of the polyconic projection and a 
comparison of this, illustrated by examples, with a number of other projections most frequently 
met with. It is accompanied by six plates and a chart. 

We have already spoken of the orthomorphic and equivalent projections, and we may mention 
in connection with these other general methods and the order in which they are treated in the 
following pages. This order is not altogether the most scientific, but seems to be better designed 
for the gradual introduction of the reader to the difficulties of the subject than any other. Divid- 
ing the general topic into the following heads: 
I. Orthomorphic Projection, 
IL Equivalent Projection, 

III. Zenithal Projection, 

IV. Projection by Development, 
the arrangement has been as follows : 

§ 1. After a brief introductory account of the principal properties of the conic sections the sub- 
ject of perspective projection is taken up. Strictly spealcing this should fall under the head of 
zenithal projection, that is, projections which can be regarded as the geometrical i*epresentations 

* The paper is not reprodaced here, but the reader is referred to Coast and Geodetic Survey Report for 1880, 
Appendix No. 15. 
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of the sphere apon the plane of the horizon of any place. The theory of perspective projections is, 
however, per se quite self-contained, and is withal the most natural and simple method of repre- 
sentation, so it was thought desirable to open with that method rather than a more general and 
philosophical, but, at the same time, more difficult method. Sections II and III treat of the differ- 
ent methods of orthomorphic projection ; § IV treats of projections by development^ § V gives 
an account of zenithal projections, § 71 of equivalent projections, and § VII has already been 
referred to (and for which see the report of 1880, Appendix Ko. 15) as containing Mr. Bchott's 
account of the polyconic projection and its comparison with several other methods. These sec- 
tions can for the most part be read by any one possessing a fia»ir acquaintance with the methods of 
ordinary analytic geometry and the elements of the differential and integral calculus. The next 
three sections are extremely general in their nature, and will require a rather more extensive 
mathematical knowledge. They were designed to connect the particular problem of the plane rep- 
resentation of a sphere with the much more comprehensive methods of representation of one sur- 
face upon another which have engaged the attention of the most brilliant mathematicians. Keep- 
ing in mind, however, tliat the book is designed for the use of students, the author has only stepped 
across the threshold which, leads to the purely transcendental portion of the subject, and has only 
given just enough to awaken in the mind of the reader, who has a real interest in the general 
theory, a desire to go himself to the original memoirs for fuller information. A brief section is 
given on the spheroidal form of the earth. On this subject very little was either required or de- 
sirable; it was not necessary to say much, because the student interested in this subject would 
naturally seek for information in a treatise on geodesy rather than in one on projections; it was 
not desirable to discuss it very fully, because present existing theories, both as to the figure and 
size of the earth, seem to be in a transition state. 

The United States Coa«t and Geodetic Survey will undoubtedly soon be able to produce a 
much better value of the ellipticity than has yet been given. In view\)f that fact, and also of the 
fact that the greatest possible change that may take place in the present assigned valae of the 
ellipticity will produce differences in the tables which would be almost inappreciable, it has not 
been deemed necessary to make any new tables even in the place of old ones, which have been 
computed on the supposition of an ellipticity as small as y^. 

It is readily seen that the general theory of projections touches upon a great number of other 
subjects in such a way as to make it a little difScult^to decide what is and what is not necessary 
to incorporate in a treatise having this for its title. Even confining oneself to papers and books 
entitled "projections, Ac," it is not easy to sift out only that which is of primary importance to 
the beginner from the immense mass of work — good and bad — that has been done upon this sub- 
ject. 

Few departments of mathematics contain more eminent names among those of their founders. 

From the time of Ptolemy until the present day the most profound mathematicians have de- 
voted time and attention to this subject. The large m^ority of investigators have, however, had 
in view the attaining of some particular end, and have devised ingenious, but in most cases, rather 
forced methods of arriving at the desired result. Others, such as Lambert, Lagrange, Euler, Oauss, 
and Littrow, have treated the question firom a more general theoretical point of view; but even in 
these cases, as only particular divisions of the subject were taken up, the results, as constituting 
general theories of projection, were very incomplete. The name of Lambert occurs most frequently 
in the history of this branch of geography, and it is an unquestionable fact that he has done more 
for the advancement of the subject in the way of inventing ingenious and useful methods than all 
of those who either preceded or have followed him. The greatest credit is, however, due to those 
princes of the realm of mathematics who, like Euler, Lagrange, and Oauss have done so mach for 
the advancement of the theory. Lagrange proposes and resolves the problem of "the representa- 
tion of a sphere upon a plane in such a way that the smallest parts of the projection shall be sim- 
ilar to the corresponding elements of the sphere, and in which the meridians and parallels shall be 
represented upon the map by circles." Oauss solves a far more general problem in a manner so 
perfect that it leaves it impossible to add a word to his general theory of orthomorphic projection. 
Lambert, Bonne, Mercator, Mollweide, Gollignon, Airy, and James are but a few of those who have 
produced a marked progress in the theory of projections. 
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Xiv INTEODUOTION. 

In conclading this brief introdnctory note, the aathor can do no better than again to refer the 
reader, desirons of fuller historical information, to D'Avezac's very valuable memoir, and to men- 
tion the following most important treatises and memoirs which, having appeared either within the 
present or towards the close of the last century, are comparatively easy of access: 

TREATISES ON PEOJECTIONS. 

Ghorographie oder Anleitung, aller Arteu von Land- See- nnd Himmels-Earten. Littrow. 
Vienna, 1833. 

Traits des projections des cartes g^ographiqnes. Germain. Paris, 1865. 
Lehrbuch der Karten-Projection. Gretschel. Weimar, 1873. 

MEMOIRS. 

Gauss. Algemeine Auflosung der Aufgabe, die TheileeiuerFlachesoabzubilden,&c. Schu- 
macher's Astronomischen Abhandlungen. Altoua, 1825. Also in the Gottingen edition of Gauss's 
works. 

Lagrange. Sur la construction des cartes g^ographiques. M^m., de Berlin, 1779. 

Henry. M6moire sur la projection des cartes. Paris, 1810. 

Puissant. Supplement au second livre du Traits de topographic. Paris, 1810. 

Euler de reprsesentatione superficiei sphsericse super piano. Acta Acad. Petrop., 1777, pars i. 

Lambert. Beytrage znm Gebrauche der Mathematik. Berlin, 1772. 

Murdoch. Phil. Trans. Vol. I. 

Schmidt. Lehrbuch der mathematischen und physischen Geographic. Gottingen, 1829. 

Zach's Monat. Corresp. Vols. 11, 12, 13, 14, 18, 25, 28 contain many papers by Mollweide, 
Albers, Textor, and many others. 

Crelle's Journal fiir die reine und angewandte Mathematik, the Mathematische Annalen, the 
Annali di Matematica, thd Gomptes-Bendus of the French Academy, and the Bulletin of the 
Academy at St. Petersburg, all contain very valuable papers. The same may be said of the 
Journal de F£cole Polytechnique and the Journal de l'£cole Normale Sup^rieur of Paris. All of 
these sources have been consulted in the preparation of the following treatise, and it does not 
seem to the author as if anything worthy of preservation has been overlooked or left out from any 
cause whatever. ^ 
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A TREATISE ON PROJECTIONS. 



MATHEMATICAL THEORY OF PROJECTIONS. 

§1. 
PERSPECTIVE PEOJECnON. 

A Hurface in perspective projection has the same appearance as that which it would pi'esent to 
the eye of an observer situated at any determinate poiut of space. The right line drawn from the 
eye of the observer to the center, in the case of a central surface, is normal to the plane of pityection 
which may intersect this hne at any point of its length. The projection of any point of the surface 
under consideration is then the point of intersection with this plane of the line joining the given 
point to the eye. We will now confine ourselves to the surface of the sphere. Imagine any line 
drawn on the surface and every point of the line joined to the eye by a straight line ; the aggregate 
of lines will form the surface of a cone, and the intersection of this cone with the plane will be the 
projection of the curve drawn upon the sphere. If the cone so formed is of the nth order its inter- 
section with the sphere will be of the 2nth order and with the plane will be of the nth order, so that 
in general the degree of the carve is lowered by projection. If the cone is a circular cone, its inter- 
section with the sphere will in general be a sphero-conic and will be projected in a conic section, as 
the intersection of a cone of the second degree with a plane is a curve of the second degree or a 
conic section. 

We will in general only be concerned with the projections of circles of the sphere, and they will 
be projected in conic sections; so before proceeding further with the subject it will be convenient to 
give a brief statement of the more important properties of these curves as deduced by a^tudy of 
their equations. 

The general equation of the second degree in two variables is the equation of a conic section. 
This equation in its most general form may be written 

Aa^-f 2 'Bixy+Bf+2 GiF+2 ry+C=0 

A 9 TT 

containing five independent constants, viz, the ratios ^-i ^^j &c. Five relations between the 

coefficients are sufficient to determine a curve of the second degree ; for, though the general equa- 
tion contains six constants, the nature of the curve depends not on the absolute magnitude of these 
but on their mutual ratios, since if we multiply or divide the equation by any constant it remains 
unaltered. We may, therefore, divide the equation by the quantity C, making the absolute term 
equal to 1, and there will remain but five constants to be determined. 

Transformation to new co-ordinate axes frequently has the effect of simplifying very much the 
equations with which we are dealing ; and it will be nsefal here to find what the general equation 
becomes on being transformed to a new set of axes, assuming, for a first transformation, that the 
new axes are parallel to the old. 

For this purpose make a7=x+.x', y^y+y' ; a?', y' being the co-or^Vxiaiea 0^ ^^ ^^^ origin. Wc 
will find that the coefficients of a^, .ry, and y^ remain as before. A, ^ v, , -a. t\\at 

the new G is G'=:Aa'-f Hy'+G 
the new F is W :=:Ylx' +By' +¥ 
the new constant term is C'=A'it'2-f 2 Ha/y+By*^^ ^ 
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2 TREATISE ON PROJECTIONS. 

Suppose that we again transform the original equation, this time, however, to polar co-ordinates, 
by making x^p cos 0, y=zp sin 0] the equation so transformed is 

(A cos^ 0+2 H cos ^ sin o+li sin* 0) p^+2 (G cos ^+F sin 0) p+G=:0 

Write this for a moment as 

.(J)%.,(J>=0 

a being of course = A cos^ 0+2 H sin cos 0+B sin* 0^ &c. The roots of this equation are 



p ~ r 
that is, the straight line p drawn from the origin meets the conic in two different points. 

Suppose here that o=0; then for one root we have - =0 or /t>=oo ; that is, if the coeflScient of 

P 
p^=0 the line drawn from the origin meets the curve in two points, one of which lies at infinity 
The coefficient of /?* is, however, 

A cos* 0+2 H sin cos ^+B sin* 
This equated to zero gives 

A+2 H tan 0+B tan* ^=0 

a quadratic in tan 0, and cons- quently we have that there can be drawn through the origin two 
real, coincident, or imaginary lines, which will meet the curve at an infinite distance; each of which 
lines also meets the curve at one finite point determined by 

2p (G cos ^+F sin ^)+C=:0 

We will now seek the test which will tell us what class of locus is represented by a given equation 

of the second degree; or we wish to ascertain the form of the curve, whether it is limitexl in any 

way OS extends to infinity in any direction. Of course if the curve be limited in every direction, no 

radius vector can be drawn which will meet it at infinity. For an infinite value of the radius vector 

we must have 

A+2 H tan ^+B tan* ^=0 

If H*— AB <0, the roots of this equation will be imaginary, or no real value of can be found which 
will make 

A cos* 0+2 H sin cos ^^+B sin* ^=0 

The curve in this ca^^e is limited in every direction, and is an Ellipse. 
If H*— AB>0, there are two real roots to the equation 

A+2 H tan ^+B tan* ^=0 

consequently two real values of 0^ correspoudiug to which two lines can be drawn from the origin 
meetiug the curve at infinity. This curve is the Hyperbola. 

If H*— AB=0, the roots of the quadratic are equal and consequently the two straight lines 
which can be drawn to meet the curve at infinity will coincide. The curve in this case is the Parabola. 

If in a quadratic «e.i.*+ 2 /9j?+^=0 the coefficient fi vanishes, the roots are fequal with contrary 
signs. Thus then if in the transformed equation 

Gcos^+Fsin <?=:0 

the two values found for p will be equal and opposite in sign. The points answering to the equal 
and opposite values of p are equidistant from the origin and on opposite sides of it, and so we have 
that the chord represented by Gx+Fy=:0 is bisected at the origin. If we had G=0 and F=0, then 
whatever be the value of we should always have 

Gcos ^+F sin ^=0 

or all chords dniwn through the origin would be bisected. 
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TREATISE ON PROJECTIONS. 3 

Now, by trausfonnatiou to suitable axes, we c^n iu general cause the coefficients of x and y to 
vanish. Thus equating to zero the coefficients of x and y obtained by a transformation to a new 
origia, we find that the co-ordinates of this new origin must fulfill the conditions 

in order that all chords drawn through that point may be then bisected. The point thus determined 
is called the center of the curve. As these equations for determining the center are linenr there 
can exist only one center to any conic section. The co-ordinates of the center are found to be 

BG-nF ,_AF-I1G 

li^-AB ^"H^-AB 

For H*— AB=0 the center lies at infinity, which is the case of the parabola, and this curve is in 
consequence called a non-central curve. Obviously the centers of the ellipse and hyperbola lie at a 
finite distance. 

We have seen that a chord through the origin is bisected if G cos ^+F sin ^=0. Now trans 
forming the origin to any point, it appears that a parallel chord will be bisected at the new origin ii 

G' cos ^+F' sin ^=0 
or if 

(Ax'+liy'+G) cos 0+(Rx'+By'+F) sin ^=0 

This, therefore, is a relation which must be satisfied by the co-ordinates of the new origin if it be 
the middle point of a chord making with the axis of a? the angle 0. Hence the locus of the middle 
points of parallel chords is 

(AiT+fly+G) cos 0+(Ux+By+F) sin ^=0 

This line bisecting a system of parallel chords is called a diameter, and we see that it passes 
through the intersection of 

Ax+lIy+G=0 Har4-By+F==0 

Therefore every diameter passes through the center of the curve. 

If two diameters of a conic he such that one of them bisects all chords parallel to the other ^ then^ 
conversely J the second will bisect all chords parallel to tJie first. 

The equation of a diameter which bisects chords making an angle with the axis of a; is 

Ax+Uy+G+(Hx+By+¥) tan 0=zO 
Calling 0' the angle, which this line makes with x, we have 

. ,, A+H tan 

tan 0'= — tr-Tw-T ;: 

H+B tan 
whence 

B tan ^ tan o'+H (tan (?+tan 0') +A==0 

And the symmetry of the equation shows that the chords making an angle 0' are also bisected by 
the diameter making an angle with x. 

Diameters so related that each bisects all chords parallel to the other are called conjugate 
diameters. " 

The general equation of the second degree in two variables is now, when transformed to the 
center, 

A^+2 Hj;y-hBy»f C'=0 

where C is readily found to be equal to 

ABC+2FGH- AF^-^BG^-CIP 
AB-H* 
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If the numerator of this fraction eqnals 0, the equation ^rould become 

the equation of a pair of right lines ; the condition, then, that the general equation should repre- 
sent a pair of right lines is 

ABC+2 FGH-AF«-BG»-Cfl»=0 

or, in determinant form, 

A, H, G, 

H, B, F, =0 

G, P, C, 

The angles that two coi^ugate diameters make with the axis of x are connected by the rela- 
tion — 

B tan tan O'+B. (tan ^-ftan 6')+A=0 

If the diameters are at right angles, 

tan 0'. 



tan 
Hence — 

H tan* ^+(A-B) tan ^— H=0 

a quadratic equation for the determination of o. Transforming back to rectangular co-ordinates, 

this is — 

Ha?«— (A-B) a^-.Hy»=0 

the well-known equation of two real lines at right angles to each other. These rectangular diam- 
eters are called the axes of the curve. 
We have seen that when 

A cos* 0+2 H sin cos ^+B sin* ^=0 
the radius vector meets the curve at infinity, and also in one other x>oint determined by 

-- __C 
^*" G cos ^+P sin 

But if the origin be the center, we have 0=0 and F=0; hence this distance will also become 
infinite. Hence two lines can be drawn from the center and meeting the curve in two coiiwident 
points at infinity; these lines are called the asymptotes of the curve and are real in the case of the 
hyperbola and imaginary in the case of tlie ellipse. The equation of the axes was found to be 

Har»-(A-B).ty-Hy*=0 

This is the equation of a pair of lines bisecting the angle between the lines 

Aa^+2Hxy+By^=:0 

Therefore, the axes of the curve bisect the angle between the asymptotes. 

The preceding results might all have been obtained by a simple transformation of coordinates. 
Suppose that, our original axes being rectangular, we turn the system round through an angle co, 
t. e., make 

x=:x cos w^y sm «# y=x sin w+y cos w 

the new coefficient of a^ will now be 

A'=A cos* w+2 H cos w sin w-f B sin* to 
also H^=B sin to cos «i-f H (cos* <tf — sin* w)— A sin w cos w 

B^sA sin* <tt— 2 H sin o cos at+B cos* w 
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TREATISE ON PROJECTIONS. 5 

By patting H'=sO we get the same equation as before for determining tan e, and in fact this gives us 

tan 2.=^ 

for the tangent of tbe angle made with the given axes by either axis of the curve. Add together 
A'+B' and we have— 

A'+B'=A+B 



Again, write 



2 A'=A+B+2 H sin 2 a,+ (A-B) cos 2 « 
2 B'=A+B-2 H sin 2 ^^-(A— B) cos 2 « 



hence 4 A'B'=(A+B)2— [2 H sin 2 w+(A— B) cos 2 tof 
but 4 Il'*=[2 H cos 2 ^-(A-B) sin 2 Of 

therefore 4 (A'B'-H'2)=4 (AB-H«) 

or A'B'-H'^irrAB-H^ 

When, therefore, we transpose an equation of the second degree from one. set of rectangular 
axes to another, the quantities A+B and AB— H* remain unaltered. 

When, therefore, we want the equation transformed to the axes^ we have the new H=0, and 

A+B=A'+B' AB--H^=A'B' 

From these we can form a quadratic equation to find A' and B^ 
We have now for the equation referred to the center and axes 

AV+By+C'=0. 

Let the intercepts made by the ellipse (or hyperbola) oo the axes be a on j? and b on y. Then 



of 6* 



and the equation becomes 
and for the hyperbola 









as the equation of the hyperbola only differs from the ellipse (in this case of transformation to the 
axes) in the sign of the coefficient of y'. 

For the polar equation of the ellipse write 

xz=p cos X y=zp sin X 

and the equation simply becomes 






or, by making 



a*— (a«— 62)cosM 



-^=^, (.<1) 



e being the eccentricity of the ellipse. 
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TREATISE ON PEOJECTIONS, 



In like manner we find for the polar equation of the hyi)erboIa, the center being the pole. 



Making 
this is 



'''"(a«+(>2)cos*>l-a* 



In the case of the ellipse the points on the major axis at the distance y/a^'-b^=^a^ from the 
center are called the foci. In the case of the hyperboUi these are at the distance y/a^+b^ from the 
center. 

In the polar equation of the ellipse we see that the least value the denominator ¥+ (a*— 6^) sin* X 
cm have is when A=0; therefore the greatest value of p is when A=0 and is equal to a. Similarly, 

we find that the least value of p is for A= - and this value is equal to b. . These two lines are the 

axis major and the axis minor of the curve. It is also clear that the smaller A is, tbe larger p will be ; 
hence, the nearer any diameter is to the axis major the greater it will be. If ^=:;i, or Am —A, we 
will find the same value of p ; hence two diameters which make equal angles with the axis will be 
equal. The figure of the ellipse is clearly that given in the figure 




FlO. A. 

F and F^ denoting the positions of the foci. 

If we solve the equation of the ellipse for y we get 

Kow, if we describe a concentric circle with radius a, its equation will be 

Hence^ we have the foUowing construction : 

D 



J 


If 


p \ 


/ 


/7 




V' 


i ' 


L 


Vj 


_^ 



Fio. B. 



Describe a circle with radius a and take on each ordinate LP' a length LP, such that Yjyt^- ' 
then will P be a point of the ellipse. A similar construction holds for the minor axis, only in that 
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case the ratio of the ordinate of the ellipse to that of the circle equals -j. The construction is arrived 
at simply as follows : 




Fio. C. 

Describe concentric circles with radii a and h respectively. Draw, any radius CR of the large 
circle and from the point Q, where it cuts the small circle, draw QP parallel to the axis of a?; the 
point of intersection of this line with the line RN, drawn perpendicular to the axis of a?, gives uh P, 
a iK)int of the ellipse. Similarly, any number of points can be obtained nnd the ellipse drawn 
through them. Or, again, suppose that we have any line AB constant in length, which moves so that 
the point B shall always lie on the axis of x and A on the axis of y. 




Fig. D. 



Now, assume any point P, either between A and B or on the prolongation of the line AB, such 
that APssa and BP=s&; then the locus of P is an ellipse; for calling x and y the co-ordinates of P, 
we have 



=:COS ABO 



therefore 



? =:sin ABO 








or 



Tangent, 
The equation of the chord joining any two iwiuts x'y' and x"y" on Ihu carve is 

(x-i&) (a;-a/0 . {y-y') (y-y" ) _^,y'_ . 

{x'+x")x . {3i'+y")y_3.'.t" . y'y" 
a* "^ P ~ a' "^"i** ^ 

which, when x'y' and x"y" approach indefinitely near to each other, becomes 

crx' yy'_^ 
a* '*' lA 

the eqnatidn of the tangent to the ellipse. For the hyperbola the corresponding equation is 

a" ~ Z^ "^ 
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The intercept of the tangent on the axis of x is= - 

The subtangent is the distance from the foot of the ordinate at the point of tangency to the 

point of intersection of the tangent and the axis of x. Therefore, subtangent is=^ ""j— 

a* 
The quantity -^, being independent of &, gives a simple means of drawing a tangent to the 

ellipse. If we describe a circle of radius at, and at that point of the circle which has x* for abscissa 
draw a tangent, it will intersect the axis of ;i?at the same point as the tangent to the ellipse, so that 
joining the point thus graphically found with point x'y' of the ellipse, we will have the tangent to 
this curve. 

NonnaL 
Forming the equation of the perpendicular to the line ?-^+2^ =1 at the point oc'y'^ we have 

or 

a^X V^y Z in a 

the equation of the normal to the ellipse. 

The intercept of the normal on the axis of x equals 

We can thus draw a normal to an ellipse, for given the intercept of the normal on the axis oix we 
can find a?% the abscissa of the point through which the normal is drawn. 

The suftnormal is the portion intercepted on the axis between t*he normal and the ordinate, 
and equals 

a* a* 

Fod. 
The square of the distance from any point a^y' of the ellipse to the focus is equal to 

{x''-cY+f=x'^+y'^^2 cx'+i^ 

since by definition the co-ordinates of the focus are x=c, y=0. But 

and * i 

Uence the distance which we may call FP equals 



Hence 

FP=a-ca?' 

We reject the negative value az^-^a, as we are only concerned with the absolute magnitude of FP 
and not its direction. Similarly, for the distance from the other focus (— c, 0) we find 

FTrra+eo/ 
Hence 

FP+F'P=2a 

or for a fundamental property of the ellipse we have the sum of the distances from any point of the 
ellipse to the focus is constant and equal to the major a^xis of the ellipse. 
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It is not difiQcalt to show that for the hyperbola 

FP-.P'P=2 a 

or in the hyperbola the difference of the distances fro^n tJie fod to any point of the curve is equal to the 
major aais. 

By help of these theorems the ellipse or hyperbola can be described mechanically. 

If the extremities of a thread be fastened at two fixed points F and F^ it is plain that a pencil 
moved alout so as to keep the thread always stretched will describe an ellipse whose major axis is 
the length of the thread. In order to describe a hyperbola, let a ruler be fastened at one extremity 




Fio. E. 

F, and capable of moving roand it, then if a thread, fastened to a fixed point F' and also to a fixed 
point on the mler R, be kept stretched by a ring at P, as the ruler is moved round the point P will 
describe a hyperbola; for, since the sum of F'P and PR is constant, the difference of FP and FT 
will be constant. 

Directrix. 

The directrix is a line perpendicular to the axis miyor at a distance from the center = ± ^ . The 

distance of the directrix from any point of the curve is 

- -2?^= ^ (a ^ ex') = - (a-ea/) 

Hence we have another fundamental property of .these curves which would enable us to construct 
the curve, viz, that the distance of any point on the curve from the focus is to its distance from the 
directrix as « is to 1. 

The length of the focal radius vector we have found to "equal a— ea/ ; but x' (being measured 
from the center) equals p cos X+c. Hence 

P=a — e p cos l—eo 

or, solving for p and replacing o by its value ae 

^ a ( l--e«) J>^ 1 

'*"" 1+6 cos ^ a 1+6 COS A 

The double ordinate at the focus is called the parameter or Latus-Rectum ; its half is found, by 

making i=^ , to be=— =a (1— c*). Denoting the parameter hyp the equation may be written 
^ a 

J? 1_ 
^ 2 1+6 cos i 

The properties that we have discussed so far have been common to both the ellipse and hy ])erbola, 
but the hyperbola by virtue of its real asymptotes possesses properties which the ellipse does not 
possess. We saw that in the general case the equation of the asymptotes was obtained by placing 
the highest powers of the variables=0, the center being the origin. Thus we have for the equa- 
tion of the asymptotes to the hyperbola 

2 T P 
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10 TREATISE ON PROJECTIONS. 

or 

d V a! V 

a' and V being any pair of conjugate diameters. Hence the asymptotes are parallel to the diagonals 
of any parallelogram whose sides are any pair of conjugate diameters. 

Parahola; 

We have already seen that when the equation of the second degree represents a parabola, we 
must have 

H2-AB=0 

This is clearly only the condition that the first three terms of the general equation should constitute 
a perfect square, or that the equation might be written ^ 

{ax+fiyY+2 Gic+2 Fy+C=0 

Transformation of axes will greatly simplify this equation. Suppose that we take for new axes the 
line ax+fiy and the perpendicular on it px—ay. Now in the equation of the curve we know that 
ax+l^y and 2 Ga?+2 Yy+e are respectively proportional to the lengths of perpendiculars let fall 
from the point xy to the lines 

ax+fiy=0 2 Gd7+2 Fy+O=0 

Hence the equation of the curve asserts that the square of the perpendicular from any point of 
the curve on the first of these lines is proportional to the perpendiculsir from the same point on the 
second line. Now, since the new co-ordinates aK and y' are to denote the lengths gf-perpendicnlars 
from any point on the new axes, we have 

fix-'- ay a x+^y 

Make o^+j8*=^; and we have 

/'a/=/9a?— ay rx=iay''\'fix' 

ry'=ax+i3y ry=l^y^—^x' 

Making these substitutions in the equation of the curve, it becomes 

fy'^+2 (Gy9-Fa) x'+2 (Ga+F^S) y'+^C=0 

Or by simply turning the axes through » certain angle we have reduced the equation to the form 

By+2 G'^-f 2F'y+C'=0 

Again, change to parallel axes through a new origin x^y* ; the equation now becomes 

By+2 G'ar+2 (By+FO^-f By^+2 GV+2 F'^'+C'=0 

As the coefficient of x has remained unchanged, we evidently cannot make it vanish by this kind 
of transformation. But we can determine a?y so that the coefficient of y and the absolute term 
shall vanish. Take for the co-ordinates of the new origin 

F'^-B'C^ ,__F; 

2 G'B' ^ "" B' 

then the equation reduces to 

or simply 

y^=:px 
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when we have 

2(F«-G/9) 

The quantity p is, in the assumed case of rectangular coordinates, called the principal param- 
eter of the curve. Since every value of x gives two equal and opposite values for y, the curve must 
be symmetrical with respect to the axis oi x. None of the curve can lie on the negative side of the 
origin, since a Negative value of a? will give imaginary values of y. The figure of the cprve is that 
here represented. 




Fio. F. 

The equation of the chord joining any two points on the curve is 

or 

(y'+y'')y=px+y'y" 

Make y^=y" and write y'^^px' and the equation of the tangent to the parabola is 

2y'y=:p{x+x') 

For the intercept on the axis of x we have x= —xf \ that is, the distance from the foot of the 
ordinate of contact to the point of intersection of the tangent with the axis of the curve is bisected 
at the vertex, or, simply, the subtangetU is bisected at the vertex. 

NarmaL 

The equation of the normal is 

P{y-y')+2y'(x^x')=:0 
Its intercept on the axis is 

x^zx'+ip 

The e^ibnormal being defined as before by the relation 

Subnor. =07—0/ 

we have for the parabola that the subnormal is constant and equals ^pov ^parameter. 

Focus. 

The focus of the parabola is a point situated on the axis of the curve and at a distance from 
the vertex equal to one-fourth of the principal parameter. Galling m this distance, wa have for the 
sqare of tjiie distance of any point of the curve from the focus 

{x'^m^)+y'^=:x^—2 «ij;'+w»+4 fnx'=(x'+my 

Hence the distance of any point from the focus equals x'+m. 

The directrix of the parabola is a straight line perpendicular to the axis and at a distance of 
vertex out>side of the curve equal to m } hence the distance of any point on the curve from the directrix 
must equal x^+m. We have, then, as a fundamental property of the parabola, that the distance of any 
point of the curve from the focus is equal to its distance from the directrix. 
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The equation of the ellipse is satisfied b^- making ir=a sin ;^, y=6 cos ;^, when x is the comple- 
ment of the angle P'cL (Fig. B), or is the complement of the eccentric anomaly. We have from 
these values of x and y 

dx=a cos x^x ^y= — ^ sin x^x 

and for the element of arc 

d8= y/da^+dy^= a/o* cos^ ;^-f6*^ln* ~x dx^ v'a'— (a*— ft^Jsin'"^' ^^ 



Taking the eccentricity of the ellipse — — as the modulus of an elliptic integral, we have at once 
for the length of the entire ellipse, 

8=4 a J ^ \/l— ^sin*;f <?;f=4a I ^ ^(kx)dx 

or 

«=4 a B,k 

B,k denoting the complete elliptic integral of the second kind. If the eccentricity is small or the 
ellipse is nearly a circle, the function E^^ has for value (Gayley's Elliptic Functions, page 40) 

' 2V 2* 2^4* 2^4^62 ' * ' 2X4^ (2t)* "y 

The area of the ellipse is well known to be i:ab. It can be obtained readily by integrating 
I / dxdy^ the limits of x and y being taken firom the equation 

For the hyperbola 

write x=a sec o, y=b tan <;, where o is the eccentric anomaly 

dx=a sec o tan ocZc; %=a sec' odu 

and thence 

do 



Here take 



^*=;;;:^~ Vb^+a^ sin* w 
cos t» ' 






the reciprocal of the eccentricity ; then Icf the complementary modulus equals /-g--^ 

Assume an angle m such that tan o=Viu Then 

a , a^' sin /idA* 

COSm '^ COS^Mi^Ai 

y=6fc'tanM ^y=S3- 

^ cos' M 

and thence 

hWdii 



ds=- 



By differentiation of z:^^ tan i^i we find 
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and oonversely integrating from zero \v^e tind 



W^ 



/- -f---:±= A;i tan /i+^'2F/i+ E/i 



Substituting this in the expression for «, and remembering that bk^^ak' we have 

«= ^(tan /xA/i+k'^F/X'-'Efi 

where 8 denotes the length of an arc of the hyperbola meas- 
ured from the vertex. 

The incongruity of explaining the elementary principles 
of Conic Sections and assuming a knowledge of the more 
difficult one of Elliptic Functions will perhaps strike all 
readers ; but the object of the explanation in the former 
case was not so much to' teach conies to one who had not 
studied the subject as it was to give a brief resumS of the 
more important elementary principles, which would afford 
means of practically drawing these curves. Hereafter ele- 
mentary explanations will not be given except in i)articular 
cases where it may be desirable to bring out some impqrtant 
fact in the process. 

We will take up now the subject of perspective prcjeotion — 
taking the plane of projection at first as outside of the sphere. 
Let C (Fig. 1) denote the center of the sphere, V the point of 
sight. Op the trace of the plane of projection ui)on the plane 
of the paper, P the pole of the equator, and M any other 
point on the surface of the sphere, having for latitude and 
w for longitude, VZZ' being the first meridian. Then we 
have 

«=ZPM, to these add PZ=? -a 

00O-(?=PM MZ=y> 

r=CZ PZM=i/^ 

pj^ ^ and also assume VC=c, YO^&. The projection of Z is o 

and of P is p, these being the points in which the projecting lines pierce the plane of projection. 
Assume m as the projection of M, then the position of this point must be determined with reference 
to some system of coordinates. The most convenient system to adopt will be the rectangular sys- 
tem OX, OY, then Un=ir, nm=yj and we have to determine x and y as functions of the given con- 
stants Oj &y r and the angular magnitudes and w. 

Equating the sum of the three angles about the point G to the sum of the three angles of the 
triangle GDM we have, since this triangle is isosceles. 




also 



^^„ ZM-DC iP-VCD 
MVZ^ 2 ^~2 



combining these two results, we have 

MDO=r^-V; AD0=:7r-(y.-.V) 
Again, in the triangle VDO 

s in D _c 
sin V~ r 
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or 



Solving this for tan V, we And 
and oonsequently 



8in(^— V)=- sinV; 



tan V=—; ^~ 

c+rco8^ 

OM=OVtanV= -'f^l^i^Lf. 



Observlug now that MOP=^, we at once obtain for x and y the values 

'— (/rsinycoa f > o^r win y sin <fi 

^"" c+r cosV c+rcosf 

We have now to determine ^ and <p in terms of and «>. In the Hpherical triangle PZM we have 

sin ^ sin ^=cos ^ sin cu 

sin ^— sin a cos 
sm cos ^'= 

^ cos a 

COS f =sin a sin ^-|-cos a cos ^ cos ta ' 

Combination of the last two gives 

sin ^ cos v^=:cos a sin ^— sin a cos d cos a» 

Snbstitnting these valnes of cos f , sin f cos '/' and sin ^ sin 1/' in the values of x and y, the^ 
become 

,j. __ &r (sin a cos cos w— cos a sin 0) _ c'r cos ^ sin <o 

'^C'^r (cos a cos cos cw+sin a sin (f) 'c+r (cos a cos cos w+sin a sin 0) 

Upon these two equations depends the entire construction of the iierspective projection of a sphere 
upon a plane. 

For c^=o+r the ]>lane of projection becomes the tangent plane at the point z; for &^c the 
l>lane ])a8se8 through the center of the sphere, and the great circle so cut out will be the limiting 
Hue of the projection. For the last case the equations become 

^2^ — ^ (si n a cos cos tti—cos a_siu 0) cr cos sin w 

^ ""c+r (cos a cos cos w+sin a sin 0) ^"^c+r (cos a cos cos az+sin a sin 0) 

If the eye be conceived as situated upon the piolongation of the axis of the earth the plane of 
projection will coincide with that of the equator and we have an equatorial projection. The values 

of X and y for this case are found by making a=^ in the last formula, thus : 

_ ^cos cos to _jr cos sin m 

^ c+r sin ^'^ C'\'r sin 

If the eye is placed in the plane of the equator the plane of projection will pass through a 
meridian, and the projection is said to be a meridian projection. For this case we have a=0. 

— cr sin cr cos sin to 

/■.MM. l/sr - - — - - 

a+r cos cos at ^ c+r cos cos a# 

By making ^=0 in equations 2, and giving w a series of valnes, we will determine as many points 
of the projection of the equator as will be necessary to draw that line. And, in like manner, by 
giving any constant value, and giving a* any series of values, we can determine the projections of 
the intersections of all the meridians wi h the assumed parallel of 0. This process is, however, a 
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very lengthy and inelegant one. As we are concerned only with the projections of circles of the 
sphere we know that, the projecting curve being of the second degree, these projections will bo 
curves of the second degree. It will consequently be desirable to find the equations of these cuivcs, 
ard from the equations construct the projections. 

To obtain the equation of the projections of the meridians, it is only necessary to eliminate the 
latitude between equations 2 ; dividing the second of these equations by the first, we have 



from which 



or 



y — ?^® ^ sin a» __ sin (o 

aj""Bin a cos ^ cos ce>— cos a. sin ^'""sm a cos w— cos a tan^ 



"" y cos a ~~' 



sin* 0=1 



y sin* a cos* w-^^xy sin a sin to cos w+a?* sin* at 



cos* 0= 



y* cos* a+y* sin* a cos* <«>— 2 xy sin a sin w cos a>+a?* sin* w 

y* cos* a 



2^ cos* a+y* sin* a cos* <tf — 2 ocy sm a sin a» cos a» + a?* sin* <a 

Substituting these in the values of y gives us the general equation of the projection of meridians. 

(3) iT* (c*— r* sin* a) sin* w-\-xy (r*— c*) sin a sin 2 a*+y* (c*— _c* sin* a sin* o#— r* cos* ai) 

—J? (r*c sin 2 a sin* w-^-yr^c cos a sin 2 w-^ii^& cos* a sin* ft/=0 

This is the equation of an ellipse whose semi-axes a and h are given by > 

^^ - re* cos a sin a* 



(4) 



a=- 



Vc*— r*(L— cos* asin*ft») 

and whose center is at the point 

cr* sin* a sin* oi 



b= 



(S) 



f=r 



2 [c*-r* (1 -cos* a sin* a;)] 



'y= 



c*— r* (1— cos*a sin* at) 



—cr^ COS a sin* ai 
2 [e*— r* (1-cos* a sin* a>)] 



For the direction of the axes we have, w being the angle that the major axes makes with the 
axis of Xj 

sin a sin* w 



tan 2 tci= 

and from this, by means of the formulas, 

2 tan w 



cos* a»— sin* a siu* ai 



tan 2 01= 



1- tan* 01 



sin 2 a»=:2 sin at cos a» 



Then easily follows 
(6)- 



tan*o*=^^ 
Bin a 



The quantities ? and i? have diflSerent values for every meridian, i. e., for every value of w ; if, then, 
we eliminate at between the two equations giving ^ and 17, we will obtain the locus of the centers of 
all the ellipses 



or 



-= —sin a tan at 



tan atssi — sin a 



from which 

sin* tt'«73-r-4— — r- 
$*+ij*sm*« 

Substituting this in the equation giving ;, it becomes 
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(7) 7;2(c»— r«)8iii« a+^2(c2— r^ sin' a)-^^(n^ sin « cos a=0 

the equation of an ellipse having ^ and rj for its current coordinates. The ellipse also passes 
through the origin of co-ordinates as it lacks an absolute turn. The center of the ellipse lies on 
the axis of x and is given by 

,j.v g, r*osinaco8a , 

^^ .^==2(c^-r^sin2a) "' ~" 

and its semi-axes a' and b' are given by 

.Qv ^^r^csin acosa ,,__ r*ocosa 

^ ^ ^ -"2(?:^r^ sin^ a) ^ "27I^7^)"(^^^^n«^) 

It is obvious that the major axis coincides with the axis of ^, and consequently a>=0. 

PROJECTIONS OF THE PARALLELS. 

To obtain these projections it is only necessary to eliminate w between equations 2. We have 

cir+rccos a sin 

cos ft>= : ;; -^ 

cr sm a cos O—rx cos a cos 
Dividing the second of equations 2 by the first gives 

y sin to 

^~sin a cos w^cos a tan 
From this we can readily obtain 

y sin a cos cos «*— y cos a sin ^=a? cos ^ sin <o 
Square this in order to get rid of sin a* and we have 
(y* sin* a cos^ 0+x^ cos* 0) cos* w— 2 y* sin a cos a sin cos ^ cos 01— dp* cos* 0+y^ cos* a sin* ^=0 

Substituting in this the value of cos w given above, and performing several easy but tedious 
reductions, we come finally to the equation of the projections of the parallels in the form 

(l(») a?* [c*+2 re sin a sin ^— r* cos {a—0) cos (a+0) J+y* [c sin a+r sin ^j*+2 rca? (c cos a sin (? 

+r sin a cos a)— c*r* sin(a— ^)8in(a+^)=0 . 
The curve is an 

Ellipse ^ 

Hyperbola > according as c*+2 re bin a sin ^— r* cos («— ^) cos {a+o) 

Parabola ) 

the quantity H*— AB being here replaced merely by B since H=0 and A is a perfect square and 
positive. 

B;^' the usual process of transformation to the center and axes we find 

.|. V ,,_ re cos {e sin a+a sin 0) 

"'(?+2 re sin a sin ^+r* sin* ^— r* cos* a 



, , re cos ^ 



for the axes, and 



r= 



^/c*+2 re sin a sin ^+r* sin* ^— r* cos* cc 
cr cos a {c sin ^+r sin a) 



"c*+2 cr sin a sin ^+c* sin* ^-r* cos* a 
(12) ry'=0 c«>'=0 

for the center and direction of the major axis. It follows, then, ihat the centers of the projections 
of the parallels all lie upon the axis of x. 
For the projection of the equator ^=0 
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(13) 



ar^^-— o— .-„ ^ +y*H a?— r*=0 



obviously an ellipse whose axes are 

r& sin a 



(U) 

and whose center is at 

(16) 



ai'= 



&^1l^ cos* a 

n^c sin a cos a 



6i'= 



^i'=- 




ca-.r» COS* a 

The distance i> of the projection of the pole from the center of the entire projection is found by 
making ^=1^5 in the expression for ^'^ and we have thus 



(16) 
two points on the axis of a?. 



!>=■ 



er cos a 



c+r sm a 



j''= 



or cos q 
c— r sin a 



EQUATORIAL PBOJEOTION. 

For a=|the general equations become 

er cos B cos m _ or cos 6 sin at 



(17) 



a?=- 



c+r sm 



y=- 



c+r sin 



We have then for the general equation of the projections of the parallels 

0* r* cos' 



(18) 



a^+3^= 



{c+r sin ^)» 



01 being eliminated by the simple process of squaring and adding. This 
is the equation of a circle whose center is at the origin of co-ordinates. 
For the elimination of it is only necessary to divide y by Xj thus 

-=tano> 

X 

We see flrom this that the meridians are projected in straight lines, and 
that the angle included between the projections of any two meridians is ^ 
equal to the angle between the meridians themselves. Fig. 2 gives an 
idea of this projection. 

In the case where the point^of sight is without the sphere, ♦. «., where c>r the projection will 
extend flrom the equator to the parallel which passes through the point where the tangent from the 
point of sight meets the meridian PEP^E'; this latitude is given by 




tan ^1= 



and the radius of its projection is equal to 



cr cos 01 



o—r sm 01 



Divide now the circle of projection into degrees, and count upon it flrom the same point E the lati- 
tude and longitude, and upon the line of the poles PP' lay off cV=e; join V with the extremities 
of any parallel which it is desired to construct and the intersections of these projecting lines with 
the diameter EE^ viz, n and n', are points in the circumference of the circle into which the given 
parallel is projected ; we have then merely with as a center to deseribe circles passing through 
these points, and they will be the projections of the parallels. The meridians are of course con- 
structed by merely drawing the diameters of the circle of projection. 
3 T p 
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MEBIBIAN PBpJBCTION. 

We have already found for this case 



(19) 


cr sin 


cr COS sin at 
^^ o+r cos 6 cos^ 


c+rcos ^I'COS ai 


I which 


__ y tan 





sin la 

It is to be observed that for the negative co-ordinates the values of x only change sign, while for 

negative longitudes the x remains unchanged and y changes its sign. For the projections of the 

meridians eliminate ^i. 

. ^ ^ sin a# 
tan Oz=i 

y 

from which follows 

. • ^ a^ sin' ui o « ^ 

sin* 6?= , - , ^ - - cos* ^=^T-^— •-«— 

'f+x^ sm* w 3r+^ sin* w 

which being substituted in either of the expressions for a? or y would give us the equations of the 
projections of the meridians. Similarly the projections of the parallels may be found by eliminat- 
ing io between the expressions for x and y. A further consideration of this projection in the general 
case would be productive of but little that could interest, so we shall leave the subject here, taking 
it up, however, in the various special cases of perspective projection that we shall study. 

OBTHOaBAPHIO PBOJEOTION. 

In the case of orthographic projection the eye is supposed to be placed at an infinite distance 
from the center of the sphere, i. c, c=oo . The projecting cone becomes then in this case a cylin- 
der, the right section of which is a great circle of the sphere. Here there can no parabolas or 
hyperbolas occur as the projection of any circle of the sphere, but all circles will be projected in 
circles, ellipses, or straight lines according to the inclination of their planes to the axis of the 
cylinder. This projection is not used for geographical purposes, though it has been for celestial 
charts, and is commonly employed for architectural and mechanical drawings. 

For c=oo equation 2 gives 

(20) x=r (sin a cos.^ cos <«— cos a sin 0) y=r cos sin w 

The general equation of meridians now becomes * 

(Si) * a?* sin* at^xy sin a sin 2 ai+y* (1— sin* a sin* a»)— r* cos*a sin* w=0 

The equation of an ellipse whose semi-axes (equations 3) are ^ 

(32) a=r b=r cos a sin w 

for the center ^=ij=0, and for the direction of the msgor axis 

tan*«i=T^- 
sma 

The equation of parallels is now {vide equation 9). 

ffe) 0?*+/ sin* a+2 rx cos a sin ^— r* sin (a— ^) sin (a+^)«B:0 ' 

an ellipfte whose semi-axes are 

a'=r cos b'szr cos d sin a 

The center is at 

$=srcosasin^ y^atO 

and the direction of the major axis <os=0. 
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The equation of the projection of the equator is 

(24) a^+f sin* a--i4 sin* a=0 
for which 

ai=r bi=rkma ^si^ssO 

And finally for the pole 

(25) j)=— rcosd. 

These expressions are snfKcient to determine the orthographic projection for any position of 
the eye. 

OBTHOaEAPHIO EQUATORIAL PBOJECTIGN* 

The condition that the eye should be on the axis of the earth, and the plane of the equator that 
of projection, is arrived at, as in the general case, by making a=:^ ; we find then 

(26) x=rcoBOco&w y=rcos^sina» 

and, eliminating Oj the meridians are given by 

??= tan w 
f a? 

and the parallels by 

(27) ic^+y^=f^ COB* 

Thus the meridians are projected in straight lines passing through the center of projection and the 
parallels are projected into their true sizes as concentric circles. n 

If the celestial sphere be thus projected it will be desirable to find the ecliptic. This is simply 
a great circle whose plane has an inclination of 23° 28' to that of the equator. Their line of section 
has the longitude (P or 18Q9. It is obvious that the required projection is an ellipse whose major 
axis =2r and is coincident with the projection of the first meridian, and whose minor axis = 2r 
cos 230 28' and is coincident with the projection of the meridian of 90o. 

MEBIDIAK PBOJEOTION. 

In this case the eye is in the plane of the equator, usually also in that of the first meridian; 
here then a=0 and 

(28) a?=r sin d y=r cos ^ sin <tf 
The equation of the projection of meridians is 

the equation of an ellipse for which 

az=r &=rsin/ $=0 iy=0 

The equation 

(30) x=zr sin 

being independent of a», is the equation of the parallels ; i. 6., the parallels are projected into right 
lines parallel t^ the axis of y, or, the same thing, parallel to the equator. 

For celestial charts the plane of projection is usually that containing the axis of the equator 
and of the ecliptic, or simply the solstitial colure. The projections of the equator and ecliptic and 
all parallels to either will in this case be right lines. The center of the projection will represent 
the equinoctial points, and the solstices are projected in the extremities of the ecliptic. Declination 

circles of right ascension ^— a and meridians of celestial longitude w are projected in ellipses whose 
2 

major axis equals 2 r and whose minor axes respectively eqaal r cos a and r sin to. 

The orthographic projection has the disadvantage of giving the natural sizes only at the center 

of the chart. Towards the outside of the projection the portions of the earth's projection are much 

too small, and at the limit are infinitely small. Moreover, only one hemisphere can be represented 

npon a single chart 
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STEBEOGBAPHIG PROJECTION. 

In this case the eye is on the surface of the sphere; ♦. e.j in equations 2 we have c=rj and in 
consequence « 



(31) 



_r (sin a cos cos w — cos a sm O) 

"~r+COS a COS COS w+ SlU a Sin 



y= 



r COS sin ai 



1+ COS a COS ^ COS a>+ sin a siu ^ 



Our general equation of meridians becomes 

(32) 



ar»+y*-2 xr tan a-2 yr??^-r»=0 



COSa 



Here H=0 and A=B, the well-known condi- 
tions that the general equation should represent 
a circle. The center of the circle is at the point 



f=rtana 

and the radius is 

R=- 






.COtoi 



cos a 



COS a Sin to 



For the projection of the pole we have 
^^""1+sina" 



rcosa .a 
^.=— rcot^ 



a point through which the projections of all the 
meridians must pass. The equation of the locus 
of centers of meridians is in this case 



(33) 



f =sr tan a 



a straight line paraUel to the axis of a? at a dis- 
tance from' it =r tan a. 

The equation of parallels becomes 

sina+sin^^ sin <?+8in a 
a circle whose center is at 

r cos a 




e=- 



whose radius is 



sin«+sin^ 
rcos^ 



^=0 



E'= 



sma+sm^ 
The equation of the equator is e?=0. 

(35) ir2-|.y2+2 rx cot a-.r*=0 

the position and magnitude of this projection being given by 

R'=r cosec a ^= — r cot a 



^=0 



We thus see that both meridians and parallels are projected in circles for this kind of projec- 
tion, and since^ by varying the angle a, we can cause the plane of projection to assume any position 
relatively to the equator and parallels, it follows that all circles of the sphere are prelected in circles. 

STEBEOGBAPHIO EQUATOBIAL PBOJECTION. 

The plane of the equator is here taken for the plane of projection and so a=^; this gives 

r cos cos at 



(36) 



l+sin 



r cos sm m 
^^ l+sin ^ 



k. 
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Galling C the complement of the latitude 0, we have ftom these eqaations 



(37) 



V- 



X 



=tan <u 






Tho meridians are tbus projected in straight lines passing through the origin, or simply in the 
diameter of the equator. The parallels are projected in circles of radius =r tan ^' For the 

equator itself C=n ^i^d the radius of this projection =r, the radius of the sphere. Fig. 3 represents 

this projection, the eye being placed at the south pole; P is the north i)ole, and ABGD is 
the equator. To draw this a circle of radius, r is described about any point P and its circumference 
divided into equal portions of 5° or 10°, or whatever may be most desirable. The diameters- AP 
180, 30 P 210, 90O P 270 are the meridians of Oo, 30^, and 90o. The parallels are all drawn about 

r 
P as a center with radii =r tan ^. Table I, which is constructed by means of this formula, gives 

the value of ^ (the radius) for every 5^ of latitude e (=900— c) . in the table r is assumed =1. 

If a perpendicular be erected at the extremity A of the diameter AG the tangents and secants 
of all the angles necessary to construct the chart may be laid off on it. If, for example, the angle 
APa=23o, then Aa'=r tan 23, Pa'=r sec 23o. If r be taken as unity, the construction will of 
course be quite simple. 



TO DBAW THE ECLIPTIC WITH ITS PARALLELS AND CIRCLES OF LONGITUDE. 

In order to do this it is necessary to remember that the stereographic projection of every 
circle is a circle. Draw now, as in Fig. 4, two diameters 
of a circle perpendicular to one another as AB and CD 
and the chords DE and DF cutting AB in e and /, then 
fe is the stereographic projection of the arc or chord FE. 
Now, the angle FED is measured by one-half of the ^re 
FDand 



angle efD== 



BD+AF AD+AF 



2 



2 



:iFD 



Therefore, FED=f/D and EFD=/6D. 

If, therefore, FE be the diameter of a circle on the 
surface of the sphere, the surface of a cone DBF will cut 
a plane through AB perpendicular to DC, in the figure /<?. 
Since, however, the plane of this section, on account of 
the equality of the angles FED and e/Dj makes a subcon- 
trary sex^tiou, the curve of intersection fe is a circle. The 
distance in the plane of projection from the center of this 
circle to the origin O is 




and the radius 



R=9t:0f 



Let X denote the distance of the i)ole of FE from the point of sight c, and /i the distance of the 
pole from the circumference of FE. Then wc have 



C¥=zX+fi 
and from the triangles DO/ and DOe 

0/=r tan i (;.+/.) 



OE=A-;t£ 



06=r tan i (X^fi) 
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Sabstitating these in the above value of dy this becomes 

^= I { tan i (X+f.) + tan J (i-/.) } 

r sin i 



or 



and, in like manner. 



cos A+COS /JL 

^_ r s in fi 

COS >l+C08 At 

Uxample. — Fig. 3. 



If it is desired to draw the parallel to the ecliptic, which is 3(P distant from its pole, it is only 
necessary to lay off from P, on the diameter PD, the distance PO 

_ r sin 230 28' 



"cos 230 28'+cos 300 

from o thus obtained as a center and with a radius oq 

_^_ r sin 30Q 

- cos 230 28'+cos 30O 

describe a circle ; this is the required projection. For the ecliptic itself m=90o, and the distance to 

its center is PO 

=:r tan 23© 28' 
and its radius OQ 

=r sec 230 28' 

AQC is this projection. For the pole of the ecliptic m=0; whence 

^ , r sin 230 28' . ..^ . ., 
^^=^=1+^5^^-28'=^ ^° 11^ ^' 

Further, the distances of the point P from the two points in which the diameter BD is cut by the 
parallel to the 

a+R=:r tan J {X+fi) ^—R=r tan i {X^fi) 

GENIBBALIZED DISCUSSION. 

We shall now take up the problem of perspective projection from a more general point of view. 
Until now the position of the variable point M ha<s been determined by means of the quantities 

ZPM=a; PM=90O-^ 

The position of M will now be determined with reference to any fixed point, say L, on the surface 
of the sphere. To this end write ML=;^, MLP=^. To determine with respect to P the quantities 

ZPL= 77 and LP=90O-. 6 

Let, for example, P denote the pole of the equator and L that of the ecliptic; then 90o— ^= 
obliquity of the ecliptic. For a star M the longitude =90^— ^, the latitude =90—;^, the declination 
=0j and the right ascension =MPL— 90° or =p— 90^, denoting MPL by fi. 

TO DETERMINE THE VALUES OP oi AND IN TEEMS OP x AND ^, THE LATITUDE AND LONGI- 
TUDE OF M. 

In the spherical triangle PLM two sides PL=90O— 6^ and LM=;^, and the included angle MLP 
= ?P'are known, and from them we have for the determination of MPL=/9 and PM=:90O— ^ the 
formulas 

(38) cos sin /9=:sin ;^ sin tf" 

cos cos /9=:cos S cos ;^— siu S sin x cos ^ 
sin ^=sin 6 cos ;^+cos S sinx cos (F" 
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/9 aud being found from these, w is given by the relation 

The values of these quantities to and o must then be substituted in equations 2 to find the values 
of X and y, the co-ordinates of the projection of M in terms of the new variables. 

•»s, 

APPLICATION TO THE BTEBEOaBAPHIG EQUATOBIAL PBOJECTION OF PARALLELS TO THE 

ECLIPTIC. 

For this case as=90o and the distance of the eye from the plane of projection=rr. The values 
of X and y akeady found are 

r cos cos at r cos sin <a 



(^^^ ^=-T+S5-r- y= l+sin 



Now since, according to assumption, the pole L lies in the circle whose plane passes through BD 
perpendicular to the plane of the paper, we have 

/7=90o 90O-^=e 

c denoting the obliquity of the ecliptic. The distance of the given parallel from the pole is x, and 
for the points in which it is intersected by the circle perpendicular to BD, ^=(P and ISQo. The 
above equations become.by the substitution of these values 

(40) cos sin /5=0 

cos cos i9-.8ine cos ;^— cose siu / 

sin (?=cose COS ;^+sine sin x 
Whence it follows that 

(41) /9=0 sin ^=cos (e-^r) ' ^=9ao-(€-;^) 
Similarly for ?r=180o 

(42) /9=0 ^=90-(e+;^) 

In general for the two points 

(43) <?=90O-(e±;^) w=zn+p=9(P 

Substituting these values of and at in the expressions for x and y we have for these co-ordinates 

For the pole of the ecliptic ;^=0 and 

(45) a?s=0 y=r tan « 

Since in stereographic projection all circles of the sphere are projected as circles, it will only 
be necessary to find the projections of any three points of the sphere which lie in a circle to be 
able to determine the center and radius of the projection of the circle. Calling H the radius of the 
projection, and S and tj the co-ordinates of its center, also xi yi o^s^s, x^^^ three points of the circum- 
ference, we have then 

(46) (^i-.^)^+(yi-^)*=B^ 

(.T,-e)*+(y2-7y^=R^ 

• (a73-.*)^+(y3-^)^=R* 



from which 



f ^ _E (^3-^2) -^Jy^TlA 



(a^— iFi) (y3--y,)-.(a73— a?i) (ya-^i) 
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(47) ^ G( a?,-a?0~E (x3-Xi) 

'^ (Xf-xi) (y2-yi)-{^-xi) {y%-yi) 

where 

2E = (a5*, + j^2)-(aJ*i + !^i) 2 = (i:»3 + /3)-(dP'i + y*i). 

Of coarse this lengthy analytical process need not be employed, for, having found the three points 
1, 2, 3y it is only necessary to draw lines 1-2, 2-3, 3-1, and bisect any two of them by perpendiculars 
which will meet at the center of the circle. 

Two points are sufficient to determine tbe projection if they lie at the extremities of a diameter 
of the sphere. For example : if two points are known on the sphere whose angular distances from 
the fixed point L are *F and 18(P— T we have for the determination of fij Oj <o 

(48) cos sin /9=8in x sin ^ 

cos cos ^=cos S cos ;^±sin 6 sin x cos ^ 
sin ^=r:sin cos ;^=bcos B sin x cos ^ 

The upper and lower signs give us two values of p and 0^ also w^U+fi. Now, from the known 
expressions for x and y, viz : 

. .jv. r cos e cos Of r cos sin «* 

^*®) *=-l+ii5^ »°- l+sin e . 

we will be able to determine two i)oints Xiyij x^yt. The co-ordinates, then, of the center of the pro- 
jected cu*cle are 

e=i (j-t-ip,) ri=i (y,-yi) 

and for the radius 

B=jV(4^-^i)'+(ys-yi)* 

STEBEOGBAPHIO MEBTDIAN PBOJBOTION. 

In this projection, which is the one commonly employed when a complete hemisphere is to be 
projected, the eye is placed at any point of the equator, and the plane of the meridian 9(K> distant 
from the eye is taken as the plane of projection. 

For terrestrial charts the plane of the meridian at Greenwich is usually taken as the pLine of 
projection, and the eye will then be at the point whose longitude is 90° or 270^. But here, as in 
the former ca^es, the meridian passing through the eye is to be taken as the first meridian in the 
reckoning of longitude. 

This projection will give the means of representing the two terrestrial hemispheres upon two 
separate charts. If it is desired to obtain maps of the polar regions the stereographic equatorial 
projection should be employed. For this case we have ar=0, and equations 31 become 

(61) — r sin r cos sin at 

l+COS^COS<tf ^ iH-C08^C0Sa# 

The equation of meridians thus becomes (equation) 32) 

(62) j5«+y»+2 yr cot ai— r^=0 "^^ 

a circle whose center is at • 

f=0 ij2=— r cot <tf 

and whose radius B=r cosec a». For the bounding meridian a>=90^, and Bs=r, which determine 
the bounding circle of the charii. For the meridian passing through the eye we have a»=:0, there- 
fore, B=i9=oo , and ?=0^ this meridian is thus projected in a straight line, which is of course ob- 
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vious without any proof. For the distance from the center of the map to the intersection of the 
meridian under consideration with the equator it is easy to see that we have ^=r tan ^ 

For the parallels equation 34 becomes 

(63). a?»+y2+2 rx cosec ^+r»=0 

a circle whose center is given by 

f'= — r cosec iy'=sO 

and whose radius is lV=r cot 0. 

The equator is projected in a straight line^ as is obvious from the conditions 

For the distance from the center of the map to the point of intersection of the panillel under 

consideration with the first meridian, we have d'=r tan ^. To construct this projection, draw a • 

circle with radius BA=:BC=ir to any convenient scale. The equator and meridian passing through 
the eye are projected in a pair of rectangular diameters. Take AG and DE for these lines, D and 
E are, of course, the poles of the equator. Lay off on AG, in opposite directions from B, the 
distances 

rjzss±r cot CO 

giving CO any convenient series of values. The points thus obtained are the centers of projections 
of meridians. The values — r cot co giving the centers of meridians that lie on the + side of DE 
and the values +r cot co giving the centers of the meridians that lie on the — side of DE. With 
these points as centers, draw circles of radii = r cosec co and the meridian projections will be 
constructed. 

Similarly for the parallels we lay off distances above and below B on DE=::tr cosec o and 
with these points as centers draw circles of radii =r cot 0'y these will be the projections of the 
parallels. Here, however, the A: r cosec o give the centers of the circles lying on the A: side of AG 
respectively, which is the opposite of what held in drawing the meridians. 

TO PROJECT THE KOLIPTIO AND ITS PARALLELS. 

For this case we have 

a=0 17=0 ^=9aO-e 

Letting z denote the distance of the given parallel from the pole of the ecliptic and 9^=0 and ISO^^ 
equations 38 give 

(54) • /9=0 07=0 ^=900- (€±;^) 

Substituting these values in the above values of x and y we obtain 

(56) a;=s— rtau ^ — ^ y=:0 

Take, therefore, from the point D, on the diameter DE, the distances 

(56) xx^r tan \ [90O-(£+;^)] ar,=r tan ^ |90O-(e+;^)] 

The points thus obtained are those in which the parallel to the eeliptic cuts the diameter DE. The 
distance between these points is consequently the diameter 2 R of the projection, and middle point \ 

of the distance is the center. \ 

Call b the distance from the center of the chart B to the center of this projection, then 

4 T p ^ 
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or, sabstitnting the values of xt and xi 

(57') ^__ r B Jny ^__ r cose 

^sin e+cos~^ ^sin c+cos x 

By means of these equations we can draw all the parallels to the ecliptic by merely giving x the 

proper values. For the ecliptic itself ;^=90o, and | 

R=r cosec e d==r cot e ! 

For its pole ;^=0, and , I 

J=tanj (90o-f) 
this beings of course, the distance of its pole from the origin of co-ordinate, along the line DE. 

THE ANGLE AT WHICH THE PROJECTIONS OP TWO GREAT CIRCLES OUT IS EQUAL TO THE 
ANGLE AT WHICH THE CIRCLES THEMSELVES CUT. 

Let D (Fig. 4) be the point of sight, and P the point of intersection of two great circles, as, for 
example, the circles making with each other' an angle equal to co. The plane of projection passes 
through the diameter AB of the sphere, and is perpendicular to DC. Let m be the projection of 
a ]ioint M on the surface of the sphere. Now, from our general equation for the projection of 
meridians by the stereographic method, we have 

.^ ^ . cot (a 

On=?=r tan a tnn^rj=r 

' cos a 

Also 

mn 

siuce 

• X 

Oi>=:COt 2 

From this it follows that mpn=9(P^a}. If, now, pg is a circular arc whose center is at m, or 
the same thing, if pg is the projection of a great circle through P, the angle npg=a). Likewise a 
second great circle, also passing through P and making an angle a/ with the same meridian from 
which GO was measured, would have for its projection a circle cutting the line AB at an angle o/. 
The two projections therefore would make the same angle co^a/ that the circles upon the sphere 
make with each other. 

THE SAME PROPOSITION ALSO HOLDS FOR SMALL CIRCLES. 

Let 7j (Fig. 4) be the center of the projection of a parallel of latitude and m the center of the 
projection of a meridian of longitude go. These circles intersect at right angles on the surface of 
the sphere. Further let t be one of the two points of intersection of these circles. Then for the 
parallel 

^ r cos a ^ T cos e 



'sin a-f sin ' sin a+sin 

For the meridian 



hence follows: 
and 



On=rtana nm^r^^-^ mt= ^ — 

cos a cos a SlU ctf 

cos a (sin a+sin 0) 



"* «'t*-==«rt^_«»«. 



^_ ^_ y'[l+2 sin a sin ^+sin^ a — cos^ 0]_ r* 

^ cos* o^siiTa+sin ^)^ cos* a sin* <o " cos*~a 

or finally: 
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and consequently the angle mt/i is a right angle, as is also the angle of the two circles on these 
diameters passing through the point t Hence the projections of the meridians and parallels cut 
at right angles. 

In stereographic projections we see, then, that all circles on the chart intersect at the same 
angle that they do on the sphere, and also that all angles on the sphere are projected in equal 
angles on the chart It follows from this that the projection of any infinitely small portion of the 
sphere is similar to the infinitesimal itself — the only difference being in the relative sizes. This 
property is one which lies at the foundation of some of the most interesting and elegant investiga- 
tions of the problem of projection; for the present we shall say no more concerning it, but will 
take it up in another place and fully develop it. The faot that circles are projected in circles, and 
that the infinitesimal element of suriace and its projection are similar, are the reasons why the 
stereographic projection is the one most commonly employed for celestial and terrestrial charts. 
It is, moreover, evident that not only whole hemispheres but also any part of them may be pro- 
jected in this way, as, for example, any single country or continent. The point of sight should be 
chosen a« nearly as possible opposite the middle of the part to be projected, because the further the 
part lies from the normal upon the plane of projection from the point of sight the greater is the 
distortion of the projection. 

THE DISTANCE BETWEEN TWO POINTS ON THE SPHERE AND ON THE PBOJBOTION. 

Let S be the distance between two points A and B on the sphere, and d' the distance between A' 
and B' their projections. Suppose a given point M such that 

MA=a? MB=y 

M'A'=a?' M'B'=y' 

We have thus a spherical triangle MAB and a plane triangle WA^B'j its projection, with the 
angles M and M^ equal. Now, in the spherical triangle ABM we have 

cos J=:cos X cos y+siu a; sin y cos M 

and from the plane triangle 

d'^=zx'^+y^^--2 a/y' cos M 
Observe that 

aK=rtan^ y'=rtan 

Now eliminate M, and after simple reductions we have 

^,_ r 8inJJ__ 

""cos J a? cos Jy 

From this it follows that if x and y are constant, for example, if they £kre assumed to remain upon 
the same parallels of latitude, then is d' proportional to 2 sin ^9 or to the chord of the arc AB upon 
the sphere, whatever be the angle M. If M=0, then 

d's^x'—y' d=zx—y 

and consequently the chord of d 

_ , chmd (a?— y) 
■"'' aK-y' 

from which for every value of d' on the chart the corresponding value of d on the sphere can be 
found. This expression, of course, cannot be used when a/=y' or when x' is very nearly =y'. For 
this case we must make M=180o, then d'^x'+y'^ d=x+y^ and chord of d 

_, ehardof ( x+y) 
x'+y^ 

from which the value of 9 can always be exactly obtaiiiM^ 
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On perspective charts the scale of miles is different at different points. In order to measure 
small distances and when great accuracy is not required, it will be safficient to take the length of 
a degree of longitude or latitude in any part of the chart and consider that as equal to 60 geo- 
graphical miles. For greater distances, or where accuracy is important, it will be necessary to take 
from the chart the latitudes and 0' and the longitudes w aud^c^' of the places and find the 
distance^ (radius unity) by the known formula 

cos ^=sin sin ^'+cos o cos o* cos (a#— »') 

For convenience of logarithmic computation make here 

cot 0' cos (w— w')=cot Q 

then 

^ ' n ' ni . .. A /I • ../ sin ^' sin sin fl+cos cos Q sin &* 
cos J=sin sin ^+co8 O ooiQ sin 0'=^ A~^ 

or finally 

, sin 0' cos iO — Q) 

cos d= , > '- 

sini2 

To find tlis longitude and latitude of a place from its position on the chart. 

The equation of meridians (32) is 

ar8+y2-2 XT tan a-2 yr ^^-r»=:0 

' ^ ^ cos a 

That of parallels (34) is 

^.^.o^^ <^8« . r*(8in<?-sinfl) ^^ 
ur-rff-r^ sin a+sin d"^ sin o+sin a 

Make for convenience ji^+y^^^p^i then the first of these equations gives 



the second becomes 






sm ^=-jq_^2Sin a-j^^cosa 



These equations give us the means of finding and m if we know x and y. 
For the stereographic equatorial projection 



a=9(P COtfl>=^ 


■^.=-^ 


For the stereographic meridian projection 




•^'-w^ 


COt<tf=---^ 

2yr 



GNOMONIO PROJECTION. 

This is a persi)ective projection made upon a plane tangent to the sphere, the iwint of sight being 
at the center. It is clear that every great circle will here be projected in straight lines. A com- 
plete hemisphere can obviously not be constructed on this plan, as the points of intersection of the 
projecting lines with the plane of projection will, for the points in the circumference of the complete 
great cfrcle of the hemisphere, lie at an infinite distance. For gnomonic projection we must have 
c=0, and in consequence 

a?=r (sin a cos cos <w— cos a sin ^) __ r cos s in w 



cos a cos COS co + siu a sio.^ COS a COS CQB ctf-f siu a siu 
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Take first the simple cases of guomonic equatorial and gnomonic meridian projection. For 
the former of these cases 



a=9(P a?=:r cot cos w 

Tlie equation of meridians is thus 

y=a? tan m 



y=r cot e sin to 



The meridians are thus projected in straight lines, making the same angles on the projection with 
the first meridian as the lines themselves do on the sphere. The equation of the parallels is 

aj»+y^=r» cot*^ 

concentric circles having radii proportional to the cotangents of their latitudes. 



^ 


^ 


^ 


^ 



Fig. 5. 



The construction is extremely simple (Fig. 5). Divide the limiting circle of the chart into any 
convenient number of parts and join the center to the points which express the latitudes counted 
from the dinmeter A A' perpendicular to the first meridian; these radii prolonged meet the tangent 
TT' parallel to this diameter and cut oft* on it distances equal to the radii of the parallels. 



OMOMONIG MERIDIAN PROJECTION. 



For this case 



z=0 



0?=— r- 



tan^ 



COSoi 



y=r tan w 



The equation of the meridians is then 
that of the parallels is 



y=r tan w 
Q? cot* — y»— r*=0 



The meridians are then straight lines parallel to the axis of x and simply constructed. The parallels 
are hyperbolas, whose major axis is in the direction of x and equals 2r tan ; whose minor axis is 
equal to 2x and is perpendicular to the first meridian. 

The most convenient method of construction by points will be to employ the co-ordinate x 
given by 

C08« 

and calculate the intersections of the parallels with the meridians already drawn, by giving 9 a 
certain value and m a series of values, 5<^, 10^, 15^, &c 

We shall now take up the general case where the plane of projection is tangent at any point 
of latitude a. 

The equation of the meridians is now 

y cos <tf— ^ sin a sin oi=sA cos a sin lo 
which is the equation of a right line making an angle with the first meridian 

tan*-* (sin a tan oi) 
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and catting this meridian in a jHunt whose distance from the center is 

Op=r cot a 
The equation of the parallels is 

a? (sin* ^— cos* «) + »* sin' + 2rx cos a sin a —r* cos* ^— cos* a=0 

This is a conic section and is 

an ellipse if sin ^>cos a or ^>90o— a 

an hyperbola if sin e?<cos a or 6^<90O— a 

a parabola if sin (?=cos a or e?=90O— a 

We will consider briefly these three cases. If ^>90O— ^, we have an ellipse whose semi-axes are 

, rcos^ 



_r sin* 

^""2 (Sii?^— C06*"T) 



The center of the ellipse is at 



r sin 2a 

2 (8m*"^cos*T) 



Vsin*^ — cos* a 
,=0 



For ^<90O— a, we have an hyperbola whose semi-axes are 

r sin 2 ^ ^ r sin a 



a= 



and for the center 



cos (^— o) cos (0+a) 

sin 2 a 



b= 



^=-1 



2 2 COB (O-^a) COS {0+a) 

For o=9(P—a: This gives for the equation of the parallels 

2_r* cos 2 a — rsin2a.a? 
"" sin* a 



VCOS (^— a) COS (^+a) 

,=0 



This is a parabola whose semi-parameter is 



and whose vertex is at the point 



l>=2 r cot a 



f r=r cot 2 a I7=d0 

For the equator we have ^=0, and its equation becomes 

xs=r tan a 

the equation of a right line perpendicular to the first meridian and at a distance from the centers 
Oe (Fig. 6). 




Pia. 6. 
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Since 
Then 



Op=r cot «»i>s=pO + Oe= 
ee=pe tan g, or e6= 



cos a sin a 

r tan w 



cos a 



when g=tan~* (sin a tan c^). 

Instead of tracing the parallels directly, it will be convenient to determine in the meridians 
pm,pn'y &c., conceived as already drawn, points of latitude ^, and then join these points by a curve. 

First, to And the projection m of the point M whose longitude is w=OPM and whose latitude 
is ^=900— PM . This problem reduces itself to the finding of the distance i?iii. 

In the triangle OpO we have 



In the triangle Gpm 



or 



sin a sm a 
Cmp+Cpm=:9(P+0 
Owp=90o+^— Opw 
Galling K the angle Gpm and g=OPM, we have readily 

cos K=cos q cos a 
rcosO 



and from the triangle Gpm 



pm:= 



For the determination of K we have 



cos K=: 



sin a cos {O^K) 

cos a 



y/1 + sin^ a tan' a» 

which shows that K is constant for all points of the same meridian. For each value of we have, 
then, for the determination of jpw 

_ r cos ^ 
^^ "" sin a cos (^— K) 

For the construction of this projection we may proceed as follows : Lay off from the center O 
(Fig. 7) upon the first meridian Op a length Op:=r cot a. This is easily constructed by erecting 




Fto. 7. 

at O a perpendicular OG to Op, making OG=r, and at G laying off the angle j>GO=r90<^— a. Sim- 
ilarly construct Os=r tan a by erecting Gs perpendicular to Cp. Now draw ee perpendicular to 
Gsj and then draw lines from G, making angles with Ge equal to the longitudes of the meridians 
whose projections are required. By this means we find upon se the lengths c/i', ev', of the inter- 
cepts of the meridians upon the equator Bs perpendicular to pe. Then, with e as a center describe 
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arcs of circles passing throagh the points /x^, v^, &c , and catting E? in the points /Xj v^ &c. ; joining 
these points to p and we have constructed the projections of the meridians. 

We will now determine the point of each meridian of which the latitude is given (Fig. 6). 
In the triangle Qpe (a triangle in space) the side Ge is in the equator, so that the figure is right- 
angled at C. Its intersection pm with the sphere is a meridian PM whose projection is in pm^ and 
in which rM=90O— ^, the distance of M from the pole P. The right line CM prolonged intersects 
the line p6 in the projection w. Now, in (Fig. 7) lay off on Ge the distance Cft=C/i corresponding 
to the line Ge of the preceding figure; ph will be equal to the distance of the pole from the equator 
of the map and in consequence to pfx^ and might be constructed by drawing from j> as a center an 
arc of radius pfi intersecting Ce in h. It is now only necessary to draw a line C in making with Ce 
the angle m'Gsz=0] its intersection m' vfithph gives the distance pm^=|?m; the latter distance pm 
being laid off on the line piiy already drawn. It may^ be readily verified that 



£/* = 



rtan io 
cosTflT 



and 



pm= 



r cos B 



sin a cos {0 — K) 



The gnomonic projection is not much employed in the construction of geographiciil charts, but 
is frequently used for celestial projections. Suppose that we take the plane of projection perpen- 
dicular to the horizon of a point C, whose geographical latitude is (p^ and suppose that this plane 
meet the horizon at the point O, whose azimuth is c^ ; let Z denote the zenith of C, and P the pole 
of the earth. Draw the meridian PZR of the point C, and the vertical ZO, making RZO = w. 
The arc PZ is equal to the colatitude of C, i. e., 90^—^. In order to make the preceding formulas 
applicable to this case, call PCO=a. In the spherical triangle PZO, we know PZ=90O— ^; the 
spherical angle PZO=180o — a;, and the side ZO=90O; we can now calculate the angle ZOP='/^, 
and the side PO=90O— a by means of the formulas 



sin a = — sm <p cos oi 



tan V^= sin to cot <p 



If in the plane of projection Op represent the projection of the meridian OP, and Oz that of the 
arc of a great circle Oz^ then ;2:p/)=ZOP= v ; in like manner, Oh drawn perpendicular to Oz will rep- 
resent the projection of the horizon ORH, and ee, perpendicular \opZj the projection of the equator 




Pig. 8. 

Ee^ Draw the line Oh (Fig. 8), the projection of the horizon, and at O erect the perpendicular Ozj 
making the angle JsOps tf^, W being calculated by the formula 

tan ^sBcot f sin oi; 
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op will denote the first meridian. In order to find p we have 

|)=r cot a sin a=^8in ^ cos «» 

Then finally lay off on Op, os^r tan a, and the perpendicular th to poe will give the projection of the 
equator. 

DISTANOE BETWEEN TWO POINTS. 

Since in this projection all great circles are projected in straight lines, it is easy to find the 
distance between any two points. If we apply here the general solution for all perspective pro- 
jections, it is obvious that it is only necessary to draw from o (Fig. 9), two i>erpeudiculart) to oa 




and oft, the radii of the two points, and make them equal to the radius of the sphere. Then, with 
the three sides ab (known) aC, and Wj" thus determined, construct a* triangle aOfr,'and finally, 
fh>m the point G, with a radius equal to the radius of the sphere, describe an arc AB of a great 
circle, which will give the required distance in degrees and fractions of a degree. 

These are the principal perspective projections which have been used for celestial and terres- 
trial charts. Any number of modifications might be given, depending upon the position of the 
point of sight, as c may range anywhere from to oo. It would be difficult, however, by this proc- 
ess, to simplify very much either the construction or use of the projections by such means. The 
stereographic projection is, from the fact that both meridians and parallels are projected in circles, 
the most convenient to use. The common fault of all of these projections, and one which is indeed 
incident to the nature of projection, is that only those portions of the sphere opi>osite the eye are 
projected in approximately their true dimensions, those near the boundaries of the map being very 
much distorted. 



§11. 
OBTHOMORPHIO PROJECTION. 

From the most general point of view a projection may be defined as the representation of any 
given surface upon any other surface, whether plane or curved, in such a way as to satisfy certain 
prescribed conditions. In the representation of any non-developable surface (e. f^., the sphere) upon 
a plane certain errors are of course unavoidable, but any of these errors may be diminished, or 
even made to disappear altogether, at the cost of increasing some other. In the particular case of 
projections which it is proposed now to study, we will assume that the elements of the sphere are 
similar to the corresponding elements of the projection, or we shall so construct the projection that 
corresponding infinitesimal areas upon the sphere and upon the map shall be similar. It will be 
convenient to use the term given by Germain to such projections, and so we shall call them ortho- 
morphic. 

The nature of a curved surface is determined by an equation between the three co-ordinates 

07, y, z of any one point of the same. By means of this equation any one of these co-ordinates can 

be expressed as a function of the other two, or, more generally, each of the quantities or, y^ z nmy 

be given as a function of two new independent variables, u and i?, and in consequence each [)oint 

5 T p 
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of the surface will correspond to definite valaes of u and v. The general consideration of this case 
will be reserved for another chapter. As we are here to confine ourselves to the projection of the 
sphere, it is obvious that the two parameters u and v corresi)ond to the spherical co-ordinates ip 
and wy or to the geographical colatitnde and longitude (since ^=900-.^) of a point on the surface. 
If, as usual, r denote the radius of the sphere, then 

is its equation, and the known formulas of transformation to spherical co-ordinates are 

x=r cos to sin ^ y=r sin to sin f z^r cos ^ 

Let, now, f , i?, c denote the co-ordinates of a point ux>on any other surface on which it is desired to 
project the sphere. We make this general assumption here, as it is as easy to obtain the results at 
present sought for any surfa<5e as it is for the plane. The ^, iy, <: are of course dependent upon one 
another, and, as in the former case, may each be given as functions of two indei)endent parameters, 
u' and v'. If the points (^, y^ z) and (f , 17, <:) correspond, then the co-ordinates $, 17, ? are dependent 
upon Xj y, Zy and in consequence upon u and t?, or, in the case under consideration, upon ^ and of. 
Now, introducing Gauss' notation, we have 

dx^adto-^a'dw dy=hda>+Vdip . dz=:edat+&dg> 

and likewise 

d^=adat+a'df drj=:fidtif+P'd^ d^sssydw+y'df 

the a, by c, a, p, y^ evidently denoting the first differential coeflQcients of a?, y, Zy ^, ly, c, with respect 
to tOy and similarly these same symbols accented denote the derivatives of a?, y, &c., with respi'ct 
to <p. Imagine, now, these points ujwn the surface to be projected, which we shall call S, infinitely 
near to each other; these can then be considered as the vertices of an infinitely small plane tri- 
angle. To these three points upon S there will correspond three points upon S (the second surface), 
likewise infinitely near ea^h other and forming an infinitesimal triangle. As the condition of ortho- 
morphic projection is that the corresponding infinitesimal areas shall be similar, it is obvious that 
the sides of these two triangles must be proportional. Denoting by ds and da corresponding linear 
elements of S and I we have 

d(T=md8 ; 

• 
m, denoting the ratio of the linear elements of the two surfaces, is in general a function of w and 
f and varies from point to point of the surface. In our case m is a constant, and consequently the 
corresponding elements of area upon S and S are similar. 
The ordinary expression for the element of length ds is 

d»^=da!^+dy*+dz^ 

which becomes, on substituting the new values of dxy dyy dZy 

tfir*=:(a»+&»-f-c»)diii«+(a''+6'»+c'«)5sp«+2(aa'-f6&'+co')dc«»d^ 
Similarly 

Aj2^(^2^^^^)^^2^(«/j^^/«+^/2)^^2^2(aa'+i5)9'+rr0*«<^ 

Now, since m is constant, the equation 
gives 

aa'+/J/S'4-;7'«w« (aa'+<>J'+cc')=»i»P 
We can thus write 

d9s::lSidw'^+2 Ydwd^+Qtd^ 
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If db=0, we find by solation of the resulting quadratic 

from this we derive immediately, { as asnal denoting V— 1, 

or 

Bdw+Fd^+id^ VEG— F»=0 

Bdio+b'd^--id^ VEG— F*=0 

Gall B and W the integrating factors of these two differential equations and assume for the integral 
of the first 

p+iq=const. 
and for that of the second 

p — ig=CODSt. 

and there follows _____ 

E&tf+Fdf +id^ VEG-F»=R-> (dp+idq) 

Bdw+Fdf'-^d^ i/EG=P=R'-' (djp— W4) 

Multiplying these two equations together, 

Ed««=[RR']-> (dp'+d^) 
or, making 

[RR'E]-^ =:n 
then 

d8^z:zn{dp^+d^) 

In precisely the same way we can find for the surface S the integrals 

P+tQssConst. P— <Q=const. 

and for the element of length 

da^=TS{dT*+d(^) 

These two expressions for dt^ and d<;^ can be written in the forms 

ds'^nidp+idq) (dp^-^dq) diT»=N((?P+idQ) (dP— «Q) 

and from these, by virtue of the condition d<r=smd«, we have 

mH _(d P-t-idQ) ((g^-idQ) 
N "" (dp+idq) (dp-^idq) 

It is evident that the numerator of the right-hand side of this equation is only divisible by the 
denominator when dP+ WQ is divisible by dp+idq^ and 5P— t^Q is divisible by dp+idq) or when 
dF+idQ is divisible by dp^idq^ and dP— idQ is divisible by dp+idq. 

In the first case dP-f idQ will vanish when dp+idq^(y^ or P+iQ will be constant fori? + incon- 
stant; t. e., P+tQ will be merely a function |>-ftn and P— tQ similarly will be a function of p-^iq. 
Placing then 

P+iQ=/i [v+k) 'P+tQ=/i (P-<g) 

P-tQ=/, (p^iq) V-iQ^f2 ip+iq) • 

It is easy to see that both assumptions give results which difier only with respect to their^signs. 
The functions /] and fz must also be of the same form since P+tQ and P^tQ differ only in the 
sign of {. All conditions will then be satisfied if we take one of the functions^ say /i, and write 

' P+tQ=/(i>+tg) 
replacing for convenience /i by/; P will be the real and tQ the imaginary part of/ (p+tg). 
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Assume that in general 



Now we have 
and 



du 
aP+idQ^df{p+iq) 

dP+idQ ^ d/{p+iq ) 
dp+idq dp+idq 



or, acconling to the above convention, 

dP+idQ 



=^{p+iq) 



dp+idq ' 
also 

The expression for m' becomes now 

m«=:- ^p+iq) ^ (p-iq) 

which gives the ratio of the original element to its projection. 

The results of the foregoing discussion may be briefly summarized as follows : First, find from 
the assumed equation ^^=0 the two integrals 

p+iq:=zconst, jp— >9=const. 

Then, denoting by F any arbitrary function such that P shall be the real part and iQ the imaginary 
part of F(p+f9), we find at once the two equation^ which give P and Q in terms of p and g, or we 
have the sought element^s of the projection in terms of the elements of the surface to be projected. 
Finally, if 

du 
then 



'^=ylf^{p+iq)^{p-iq) 



which gives the ratio of the leng^ of the linear elements of the surfiices S and T, where 

OBTHOMOBPHIO PROJECTION OF THB SPHERE. 

Suppose we have a sphere given by the equation 

a^ + 2^ + «* = r« 

The formulas already given for transformation to spherical co-ordinates are 

a^sr cos ctf sin f ys=r sin ai sin f 2;s=roo8f 

Differentiating these 

dx^^rdio sin or sin ^+r cos a> cos ^df 

* dy^rdta cos u> sin f -fr sin m cos fd^ 

dz9B^r sin 



Squaring and adding 

d8^*^f^ sin* f dw*+r*dsp* 

If we then make d9»0, we have 

E=r* sin* ^ G=r* P=0 
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and 

r* sin* ^dw^if* sin fdf =0 

or 

sin f 
The integral of this is 

of±i log cot ^=cOnst. 

Now, if F denote any fiinction whatever, we will have S the real and r^ the imaginary part of the 
function 

P(ctt+U0gC0tJ) 

and these values of $ and tj will be the rectangular co-ordinates of the projection of the point od 
the sphere whose longitude is w and whose colatitude is f . 

meboatob's pbojeotion. 

The simplest supposition that we can make is that the function F (o) is linear, or that we have 
F{v)=Kv where E is an arbitrary constant. We have then 

^+<i7=K('a,+tl0gC0t|^ 

firom which 

e=Ea» i9=Elogcot^ 

the known equations for the Mercator projection. 

In order to find the ratio m of the corresponding elements of the sphere and plane, make 

p+iq=zw+i log cot ? 
fix>m which derive as usual 



dpssdw dq= 



sm ^ 
We had, however, 

and substituting these values of dp and dg, 

11= r* sin* ^ Nasi 

Further, 

do do 
and consequently 

HABDINO'S PBOJEOTION. 

Suppose we make the supposition that F((;)=E€^ where E and { are constants. As before, 
$ is the real and 17 the imaginary part of 

F(ai+<logCOt Jf) 

or in the assumed case 

]^«(«+i log cot $ j^ j^^iU-Ilo« cat t _Ke *'*'« *"^ +**asKi^^ 

Since 

e<^scos Iw+i sinlw \ ' 

we have 

$=:Etan'|<iosIa» i^ssE tan*| sin {« 
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38 TEBATISE OlS PEOJECTIOITS. 

and in consequence, for the equation of the parallelB, 

e*+i?»=:K2tan«| 

a series of concentric circles with radii given by K tan'^. In like manner eliminating ^ we have 

for the meridians 

ijr=^ tan lot 

the equation of straight lines passing through the origin. 
For the determination of m, we observe that 



jp=a» 



$= log cot I 



n:=f^ sin* ^ 



ir=i 



Further, 



from which it is clear that 
and consequently 



*(l^-ig)=tnKa-*K-*^«^ ) 



r*"sin* ^ 



or simply 



For the case of {si we find 



f =K tan ^ cos ctf 



m= 



IK tan 2 



r sin ^ 



y}=K tan I sin a» 



m 



_ K(1— cos 9>) 



r sm-* ^ 



the formulas that occur in the case of stereographlc equatorial projection; and thus we see that 
this projection has the great advantage of preserving the similarity of infinitesimal areas. Leaving 
any further application of this method for another place, we will now revert to the beginning of the 
subject again and develop the necessary formulas for the orthomorphic projection of a spberoid. 





Fig. 10. 

Suppose in Fig. 10 that PQ denote an element of a meridian upon the spheroid and QPj the 
element of a parallel through Q, the same letters accented to denote the representations of these 
quantities upon the projection. The condition of equality of angles gives for these infinitesimal 
areas 

Q'P'i^QP, 

FQ^"PQ" 
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Squaring and adding unity to both sides of this equation 

P'Q'2 
Observe that the factor -pQ-r depends only oh the latitude and longitude and «# of the point P ; 

denote this factor by t^ and we have from the figure 

P'P'i»=<«PP,» 

The ratio of the corresponding linear elements PPi and P^P^i upon the spheroid and upon the 
projection dex>ends only upon the co-ordinates to and of F and not upon the direction of the 
element. 

By the usual convention we have 

and we know that, denoting by ds the element PQ of the meridian 

V 1— e^ sin^ 

e denoting the eccentricity of the spheroid; if p denote the radius of the parallell QP, we have 
QPi^pdwj and consequently 

or 



di«+d,?»==<*^»r('—y +£?«.«] 



Denoting as before the colatitude (t. 6., the angle which the normal makes with the axis of the 

da 
spheroid) by ^j we have d^=: -^de^ and the quantity — has for its value 

ds^ (l-e^)dy 

P (1— e^ COS* f ) sin <p 

^ is an exact diflferential and we may denote it by du] consequently 
P 

u^ f4t—^ r /"^*^, =« log i7"**'^ + log (" 17"^^ ^+ logo 

J Sin ^ J 1— €* cos* sp 2 ^1+cosf^ ** Vl+« cos #»y ^ ^ 

The first term of this with the constant is the value of u for the earth supposed spherical^ collect- 
ing the terms this is 

If we suppose such an angle C that 

2 2Vl + eCOSf/ 



then 



uslog G tan -^ 



which is the same form of u that we have for the earth supposed spherical ; C may thus be regarded 
as the polar distance corrected to allow for the ellipticity of the earth, and, the eccentricity being 
very small, we have, nearly enough, for C 
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40 TKBATISE ON PBOJEOTIONS. 

KetomlDg now to the equation giving the ratio of the linear elements upon the spheroid, which 
we will again denote by S, and the plane, denoted by Sj write 

tp=ifno 
then 

We have now to determine S and rj in terms of u and w. Write for brevity 

Gall fio the value of mo when the quantities u and w^ on which it depends, are replaced by their 
values in a and /9, and we have 

da^dp^:=:zfio^dadp. 

Now 

da>=^' da + ^"' da dfi'=^-^ da + ^ dS 

da ^ dp ^ ^ da ^ dfi ^ 

and, consequently, 

from which follows 

da^ d^i da^ dj^_^ 

da da-^^ dfi d/9""" 



and also 



or 



and by integration 
or 



da^ ^ dB^ ^ 

da^ dB^ ^ 

da-^ ir"" 



These are equivalent to the results already obtained on- the supposition that the angle between any 
two elements of the projection is equal to the angle between the two corresponding elements of the 
8I>heroid. 

The functions F and ^ are quite indeterminate and may denote any arbitrary functions of u+ im 
and u—io). But since the variables ^ and r^ are real, as are te and a;, the functions F and ^ are not 
perfectly arbitrary, but have determinate values as soon as values have been assigned to F and <P. 
It is obvious from very simple considerations that if the function F is real, then Fi must denote the 
nainc function, and if F is imaginary Fi will denote the conjugate function obtained by the change 
of i into — t in F ; of course the same remarks apply to the functions ^ and ^i ; and so it is clear that 
each of the two solutions obtained contains but one arbitrary function, either real or imaginary. 
We will consider merely the first of these solutions, viz : 

f +ti7=F (ll+tw) f — iiy=Fi (tt— <<«») 

Direct solution gives 

e=^[F(te+w) +Fi(u-<a,)] ,=^^[F(w+<«)-F, (le-ic,)]. 

It is easy now to find the value of m or the ratio of the lengths of two corresponding elements upon 
Sandr. We had 
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and in order to preserve as much as possible similarity of the notation in this part of the chapter 
with that employed in the first part, we will make f =m. Now 

Denoting the derivatives of F and Fi with respect to u+ia> and «— ioi, respectively, by F' and Fi', 

we find 

df-ridijssF' {u+iw) (du+idw) de^idji^Vi' (u— ioi) (d«— idoi) 

then, 

ie»+di?»=F' (i«+<a») F'l («<— ktf) (dw'+do^) 
and so 

»io»=F' (w+im) F'l (w-<«i) 
which gives at once 

W=- VF' {U+iu^) F'l (l*_i«,)=^^ V(l-e»COSV) F' (f*+ia») F', (l«-f4») 

Making for brevity 

^F'(i*+HF'i («-<«)= J- 

we have finally 

_ 1 

Linear elements in projection are altered in the ratio of 1 : m, and elementary areas in the 
ratio 1 : m\ 

LAGRANGB'S PBOJBOTION. 

Observe that from the equation 

e+<i?=F (te+H 
we have 

dS=iadu drizs^du 

at being for the time constant, and denoting by a the real part and by fi the coefficient of i in the 
derivative, with respect to k of F (u+iw) ^ farther 

From these we find for the radius of corvatore of the meridians 

^dir^'M 

Now, for any point whatever of the sorfieice, we know that 

d^^adu^fidta d7)=sfidu+adi» 



Consequently 
From these results 

or, finally, 
6 T p 



^^-/^fidfiadiL\ 
P^ do^\Va*+fi^J 
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42 TEBATISB ON PEOJEOTIONS. 

For the parallels we find, regarding u as constant, 

BememberiDg the definition of the quantity fi, viz: 

fi= V^F' (U+iw) F'l (tt-<ai) 

these two equations become 

Pm 3ai p, du 

Since — is independent of «, we have that ^--^- =0. If, then, the meridians are represented by cir- 

d^Q r. dQ 

cles it is clear that the parallels are also circles, f<>^ ;2ii3<ii^ ^^ ^^ condition that ^-- shall be con- 

, dQ 
stant with respect to ai, as well as the condition that ^ shall be constant with respect to u. The 

projections in these cases are of course circles, as the circle is the only curve which will satisfy the 
condition that the radius of curvature shall be constant. 
Write 

then the condition 

duduf 
obviously becomes 

the double accents denoting the second derivatives of the corresponding functions. The second 
number of this equation must, by virtue of the nature of the functions ^ and V^, be deduced from 
the first by the simple interchange of i with — t, which equality can only exist when each member of 
the equation is equal to the same constant kj then 

tf>(tt+tai)=A<,e*'*<«+*-)+BaC-*^(»+<-) 

Ao and Bq being constants, real or imaginary, and consequently 

e-VF(w+i*i) 

A, B, and H being constants of the same nature as Ao and Bq. 

The constant k may be clearly either x)ositive or negative; but if we suppose k negative, say 
=— **, we will evidently arrive at the same result as that which would be obtained by changing u 
into to and at into — «, so we shall only consider a positive value of A:, =<*, and the above equation 
becomes, on making 13=0, 

F (U+ia,) =e+i,=^^-^^-.— g__-__- 

Betaining H is only equivalent to a transformation to parallel axes through a new origin, so, of 
course, nothing is lost by making H=0. Multiply the third term of this equation, numerator and 
denominator, by 

A6<(«~<-)+B6-<<«-<-) 
This gives 

. Be-^+Ae-^^ _ B6-2tu^. a (cos 2tw^i%m2 tw ) 

^'^'^^ A»«M»+AB (62««+6~2«-)+B6-2««"A2e2«'*+2 AB cos 2tw+B^e'^ 
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Begarding A and B as real and i>ositiv6, tliis gives, by eqnating the real parts and the coefficient 
of the imaginary parts separately, 

Aco»2iw+Ber^ —A sin 2 ta> 

^■"A»e*^+2AB cos 2«ai+B«fl-«- '^■"A*e^+2 AB cos 2 tw+B*e^ 

Eliminating u from these equations and we find a relation between ^, y^j and <v, which will be the 
equation of the circles representing the meridians, and eliminating to we find the relation between 
f, ^, and Uy which represents the parallels, also circles, as we have already seen. Square these 
quantities S and y^ and add the results; 

^+'^^'^A»^+2 AB cos 2tw+B^ff-^ 
and 

^-^= A6»*- cos 2 toi+B ^_=::_A^ sin 2 ta» 

The elimiuation of u from these gives 

e*+'?*-|cot2tfli-|=0 
or 

/. 1 Y . / cot2fe|Y_^ 1 Y 

V""2B>' '*"V 2B~y "V2Bsin2tio^ 

a circle whose center is at 

.1 cot 2 tea 

and whose radius is 

_ 1 
^"'"2Bsin2tw 

The circle obviously passes through the origin of the co-ordinates (? t^). The axis of S is then cut 

by all the meridians in two fixed x>oints-*the origin and a i)oint distant flx>m the origins^-— . 

These two points represent the polesi and the axis of S is itself the first meridian. 

The elimination of w from our equations gives then the equation of the parallels as 



a circle whose center is at 



and whose radius is 



^■'"^*+A»«*^-B»""AV--B»==^ 



fo=-^,^_g3 '?o=0 



Designating by O the origin of co-ordinates and b} P the point distant from the origin A ; {. e.j O 

and P are the poles of the earth in projection, and denoting by G the center of any one of the circles 
representing parallels ; we must clearly have 



then 



It follows from this that 



^^=5?^^:b« ^^""B 



0P=0O+OP=^,^^ 



CO . OF^pI 
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44 TREATISE ON PEOJBOTIONS. 

or the diameters of the projections of parallels are harmonically divided by the poles or points of 
intersection of the projections of meridians. By taking the origin of co-ordinates at the middle of 
OP we can somewhat simplify the equations of both meridiaos and parallels. 

OP=g, =2i,say; 

then the equation of meridians becomes 

f»+ij»-2A cot 2ty->l»=0 
that of parallels 

It will be convenient jnst here to introduce the so-called hyperbolic and Gudermannian fiinctions. 
The hyperbolic ftinctions required as given by 

8inh^=4(^ — r-*) coshf»=4(«^ + <>-*) tanh^= ^^^ 

and 

The derivatives of the first two of these are 

d sinh t^ V « ^ cosh * . , „ 

___=,cosh * _g__==«nh *. 

To these may be added the following expressions for Gudermannian fiinctions : 

sg;^=tanh ;if= — i tan ix cg/=rsech ;^=isec ix tg;^=sinh ;^= — i sin ix 

and 

sini/=isinh/=:itg;^ cos i;^s=:COsh x = — tan ix^i tanh;^=isg;^ 

with 

8g*r+cg»r=l 

It frequently makes the expressions we are dealing with simpler to introduce these functions 
in place of the complicated exponential quantities to which they are equal. Assume now 

4>l»A»=6** 

and we have for the coefficient of f in the above equation 

giving for the equation of parallels 

^+,»4.2A coth 2toi+X^=.0 

Besume now the expressions for S and jj^ viz: 

A c os 2ta>+Be-'^ —A sin 2fo> 

^"~AV« +2ABco82tai+B2cr-«- ^-" AV- +2AB cos 2 tw+B^er^ 

The change to new origin involves writing ? + 2B" instead of f , which gives 

B«a-««-— AV 



"2B(AV^P2AB cos2tai+BV«-) 
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or introducing the new constants h and A, this becomes 

^«KiH.»j_^«+») X tanh 2 tv 



e=A 



eW(«+*)^.^«.(-+*)^.2cos2«ai""l+cos2«ai sech2ti? 
—2 i6^ sin 2tw — >l sin 2 <w 



'^e**+*"+2 6»* cos 2 tai+€-«*«""C08h 2 Y»+C08 2 ta» 

Now, since 

sinh 2 it's: — t sin 2 $^ 

cosh 2 t9= cos 2 i^ 
we have 

. . sin 2tft?+sin 2 tw 

^-l-t,^-. *'^cos2t<i;+cos2tai 
or 

F(ii+ta»)3B— t'A tan t{iv+a>) 
and 

F(w— tai)=— ii tan t(iv^a») 

Of course these can be given in terms of the hyx>erbolic functions, but there would be no gain in so 
doing; and similarly the values of f and yj might be given in terms of the Oudermannian functions 
by means of the preceding formulas, but the results would be interesting only from an entirely 
theoretical point of view. We have now for the value of Q 



fi=- 



_ cos t{io+(o) cos t{iv — w) 



VF'{u+iw) Fi'{U'-iw) tX 

The value of «, which is to be used in all these formulas, is 

i*=logGtan| 

C denoting the i)olar distance, corrected, to allow for ellipticity, in the case of the earth. 
In the construction of this projection there are two indeterminate quantities 

4=2>l=PP' 

upon which the scale of the map will depend, and the constant t; there is also indeterminate the 
position of that point of the earth's surface which is to be taken as the center of the map. 

Values for all these indeterminates should be so found that the alteration in magnitude con- 
sequent upon the projection of any part of the spherical or spheroidal surface shall be the l^t 
possible. The solution of this problem involves finding a point for which m is a minimum, or the 
neighborhood of which m is least altered. Betuming for a moment to the equation of the parallels 

we will solve the problem of finding the points upon the axis of w which will harmonically divide 
the diameters of these circles, or as we may state the problem, to find the two i>oint8 upon the axis 
of X whose distances from an arbitrary part upon the circumference of any one of these circles shall 
be in a constant ratio. 
Take the equation 

this is the equation of the locus of points whose distances from two fixed points (^, o) (^, o) upon 
the ^ixis of X have a constant ratio K ; comparing this with the above equation we have 

^2g+ 2g'K*_ 2B ILV-/-__L_ 

1-K» ■"AV--B' 1-K» "^AV-^B* 
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These are multiplied by 



i;'=0 



1 



K^e- 



or we have that the circles which represent the parallels are the loci of points whose distances £rom 
the two fixed points P, V have a constant ratio=^ e^\ This is rather more general than the 

principle already obtained, viz, that P and P^ divide the diameters harmonically. Confining our- 
selves now to a spherical earth,, conceive that the constant t has been chosen and assume ui>on a 
horizontal line the points P and P^ for the poles, taking the north pole on the right. This line PP^ 
is the meridian «i=0 ; a line QQ' perpendicular to PP' at the middle point is obviously the parallel 
corresponding to it?, or i7=0. This meridian and parallel can of course be made to pass through 
any point of the earth's surface, and this point will then be the center of the projection or map. 
A knowledge of this ]>lace infers a knowledge of the meridian from which longitudes are reckoned 
and affords the means of finding the constant h. For the center of the chart tt;=0 and it;=:0; 
calling tpfi the co-latitude of the center (instead of Co as in the case of a spheroid) the value of u at 

the center will be=:log tan ^ (6=1) and iv^u+h becomes 

log tan ^+^=0 

Now, to find the meridian of longitude <u, draw with PP' for base a segment containing the angle 
JT — ^2<w, if to is positive, or 7r+2<tf if w is negative. And for a parallel of latitude o or DOO— f , and for 

which tc=log tan^, describe a circle the locus of points whose distances fromP and P^ have the 
2 

ratio 

-^e»'«=6«t*+»^=tan»' Jcot«?^ =A; 

Now, take up the subject of the increase of magnitude resulting from the projection of any portion 
of the surface of the earth. We have for m the value 



w= 



— 2fAVl— e^cosV 

a [AV«+2AB cos 2t«i+B2e-*'"] sin ip 



-4WVl-e*cosV 



tan» t I 
tan» t I' 



tan' 



«l^0 



f 2cOSta>- 



tan*' 



sm^ 



for a spherical earth of radius r, 



-4^A 



tan«^ tan«-^' 

, tan«| tan«| 



sm tp 



With respect to «, it is obvious that w is a minimum where w=0, that is, the alteration is a mini- 
mum along the central meridian. Assume, then, ft»=0, and confine ourselves to the sphere, we have 
then for the first meridian 



Wsa:- 



•sin ^rtan'?^cot'?«+tan'|Ocot'|> 

This is a minimum for the denominator a maximum ; write 

Q« VaiT^ [tan* |-cot'|?+tan' Jcot'^l 
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for a maximnm^ 



^=0 



this gives readily 

Thus, the distance PP' is divided in the ratio 2e4.cos^ ^^ ^ point at which the alteration iB the least 
possible. Substitution in the above value of m gives for the minimum of this quantity 

^ ^;(4<'-cosV) 
4r sm f 

This is dependent upon t and f, and we can again assume that there is a value of f such that the 
derivative of mo with respect to f shall vanish; i. 6., if we give a slight increment to f the resulting 
change in mo will be=0, or 

dnio 



Now 



d^ 






this gives 

2t=VI+8inV 

an equation for determining t when the colatitude f is given. The practical construction of this 
projection will be given in Part. II, and need not he referred to here. 

The entire theory of the Lagrangian projection might have been obtained fix)m the general 
considerations at the beginning of this chapter. If we assume F (u)=:cos </, we have 

=2 (^s (o+i sin at) tan | + (cos ?»— ♦ sin <w) cot ^ 

Equating separately the real and imaginary parts — 

^ cos w ^ sin w 

^sin^ ^"' tauf 

Or more generally, let 

P(w)=K cos (a+i5w) 

K, a, fi being constants, the resulting values of f , j) become in this case 

f =1 cos {a+fia,) Q^nP I +cot/» |^ tjJ^ siu (a+fiiu) (^tan^ I -cot^ 1^ 

And again, if we write 

F (u)=K tan (a+ipu) 
and use the known formula 

we will ultimately come to the formulas of Lagrange's projection. But enough has now been said 
on this subject. 

It has been seen already that, if we assume for F a linear function, that is F{u) = Ku^ where K 
is a constant, we obtain Mercator's projection. Assume now for F the value 



F(te+fai)=Ke'<''+<-> 
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and also 

Siuce 

^=cos I<tf+i sin Zm 

and 

^"■**=C08 1«— $ Bin Ia» 

these values of F and Fi give us 

e=Ee'*cosIi» iy=Ke sinltf 

In the case of a spherical earth 

fis=logtan| 



and 



e»-=tan» | 



giving 

$=Ktan' |cos loi i?=Ktan»| sin Zm 

The parallels are thus projected into circles given by 

^+ij»=K«tan«? 

and the meridians into right lines, all passing through the center of the concentric circles represent- 
ing the parallels, whose equation is 

|=tan Ita 
For the ratio m there results 



1« = - 



sio f sm fp 



Since { is an arbitrary conc^tant, we are at liberty to assign to it any value that we please 
For l=\ we have the stereographic equatorial projection whose equations are 

meridians ^=tan m parallels f*+iy*a=K* tan* o( ^""^ ) 

since ^=90^—^. Here K represents the radius of the equator. For this case also 

1 
fuss 

2co8«^ 

The general values of i and 17 may be put in the form 

^atQcosIof i^rsQsinlof 

and also 

miB-. — 
sin^ 

It is obvious from these formulas that the co-ordinates of any point whose longitude is 01 are the 
same as those which correspond to a longitudest^ in the stereographic equatorial projection for 
which {=1. If| then, { is a fraction <i the projection of the entire sphere will lie in a sector of a 
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circle which is that fraction of the entire circular area. This projection was proposed by Lambert, 
but fully elaborated and discussed by Gauss. 

Since I is arbitrary, we may determine it so as to satisfy the condition that the lengths of 
degrees upon two given parallels of the projection shall have the same ratio as they have upon 
the sphere. Gall ^o and f i the colatitudes of the parallels upon the sphere, their degrees are in 
the ratio of 

sin^po : siufi 

and for the chart it is then necessary to write 



I 2 \ sinjpi 

I tan|y «^^^^ 



giving then 

, log sin yi— log sin yo 

logtan|'-logtan|" 

For f 1 and ^ o may be taken the extreme values of f. For the construction of this projection, called 
Lamherfs orthoniorphic conic projection^ draw an indefinite line PA for the central meridian, and 
with P, the i)ole, as a center draw-circles of radii 

^=Ktan'^ 

C agaiii" denoting the correct polar distance for the spheroid; these circles are the parallels; K is 
an arbitrary constant which fixes the scale of the chart; it may be determined by giving, for 
example, the value of the latitude, for which the radius p is equal to the corresponding arc of the 
meridian upon the spheroid. Suppose that ^=o^, that is the distance from the pole to the equator 
on the map is equal to q the quarter meridian. Now 

a denoting the ellipticity and a the equatorial radius. Then, on the above supposition, 

K=>.»(l-|) 

The meridians which on the sphere make angles with the central meridian = oi, make on the chart 
angles with the representation of that meridian = {a;, and these are the only angles that are not 
preserved in their true size. If the arbitrary I be determined by the condition that the degrees of 
the colatitudes ^ o and ipi shall have the same ratio as upon the sphere, we know that 

, lo g sin ^1— lug sin y p 

log tan 1^ -log tan ^ 
• 
There yet remains one method for obtaining the values of the co-ordinates ^ and i? in orthomor- 
phic projection, which differs entirely from all that we have so far examined; this is known as the 
method of indeterminate coefficients. The development of the theory of this system gives rise to 
quite complicated formulas, and consequently fiom a practical x>oint of view, the general method 
is useless, but there is one particular case in which the results simplify themselves to such an extent 

7 T p 
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as to make it worth while to examine briefly the method. The particalar case referred to is known 
as Lambert's orthomorphic cylindric projection. 




In Fig. lly let PA represent a meridian of longitnde w^ and MB a parallel of latitude ^; the 
longitude of M'' is w+dw and the latitude of M' is O^dO. The first condition of this projection 
makes M^^MM^ a right angle and consequently the triangles M'^m'^M, M^m'M similar. Since also 
the degrees of longitude and latitude preserve the same ratio that they do upon the sphere we 
must have 

MM^ ^ do 

MM" dot cos 
and consequently. 



Mm" dfi" _d^ cos 
mSf'^W ~d^ 

Now, since ^ and 17 are functions of <o and d 

d^=^idw-^^dO 
^ dw ^do 

For a given meridian tt/=const, and dai=rO; then 



Wm'f _d^" _d<o cos 
MW 



'dfi' 



do 



^^^ii^+^.^ 



^d^^^do 

do 



'dof 



'^''=> 



de 



For a given parallel <2$=0, and 



d,"=^*» 



wo 
The above equations of condition are, then, in general 

|l=^^^cos^ ^^%o^0 

dijj do da) do 

[Multiply the first of these by ^ and the second by —■ and add; there results 

do dof'^do d<o 

the well-known condition of orthogonality of the lines f=const. and lyssconst.] 

We know that any variable quantity z a function of two independent variables w and 6 can be 
given in the form of the series 

z=IAtO^+wzBtO^+(o^IOt0^+ 
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where A, B, 0, &c., are constants to be determined when we know a sufficient number of values of 
z or its successive derivatives for the given values of and m. The series may be still more com- 
pactly written if we denote the A^ in the above by A|°^ the B^by A^^^the O^ by A^*\ &c. The series 
is then 



The form chosen by Lambert for this series, in the two particular cases of representing ^ and rj in 
such aform^is 

?^fj 2' a!f cos iO ,=1* J S' A,"' sin io 

• 

a term A^*^4-A^*^<tf+A^*V having to be added in the second formula, since sin 0^=0. Now, the 
equations 

give on expanding the above forms 

(1) "^ aW 

2 1 



Similarly 






(1) 1 . <i) 



a- 4 [(♦-!) A- +(.•+!) A-] 

(0 1 .(l-l) 

2i < 

«i"=i[Ar>+3A;-] 

«r'=^.i(i-i)A-+(i-i)A->] 

Ar=j[(*-i)<'.+«+i)«:;.] 
Ar=|-/[«-i)«;::;;+(«+i)«;::;] 
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We find readily now 

a^;^=l [ii^i)AZ+ (i + 1) a;;\]=^ [((-d 0-2) a- + 2.v+(i+i) (i +2)a;;J 

+(i+l) (3t»+3< +2) a;;,+ (i+1) (♦+2) (<+3) a''^ } 

It is not necessary to give the general case of a|*^ the law being obvious^ the reader can readily 
construct it for himself. 

In the particular case mentioned above, Lambert's orthomorphic cylindric projection, take for 
the central meridian a straight line {vide figure), and upon it lay off the actual lengths of the 
degrees of latitude; a second straight line at right angles to the first denotes the equator; other 
parallels and meridians are orthogonal curves cutting in such a way that the degrees of longitude 
shall be representee! in their true length. 

Taking for axes of co-ordinates the central meridian and the equator, it is clear that, the 
figure being symmetrical with respect to these axes, 17 should contain even powers of a> and odd 
lowers of 0j and that f should contain even powers of and odd powers of w. Also for ^=0 we 
should have ^=0, and f a function of ta only; for oi=0, 1^=0, and f =0. These series are thus, 

' * 

* * 



Satisfying, as before, the equations of condition 

dri d^ 

ato do 



dS dri 

dw do 



and these series are readily found to become 



\ 720 -tAAtX^^ 



1440 



•I 



By properly dividing the numerical coefficients in these series, they are readily found to assume 
the forms 

t_ ^ , 8 cos ^+ cos 3^ 5 4 cos ^+1 cos 3^+6 cos^ 

, 7 34 cos 0+154: cos 3^+210 cos 5<?+90 cos 70 , 
■*■"' 4. 8. 12. 1. 3. 6. 7. "*" ••• + ••• 

— /?4- 2^20 ^4 s in 2^+3 sin 4^ g 34 sin 2^+60 sin 4^+30 sin 60 
■n- +^ 4 +"* 4 g ^ 3. ■•"" 4. 8. 12. 1. 3. 5. 

, 8 ^9^ Bin 2^+1512 sin 4^+1620 sin 6g+680 sin 8^ ^ 



4. 8. 12. 16. 1. 3. 5. 7. 



Digitized by 



Google 



TEEATISE ON PROJECTIONS. 53 

Again, gronp the tenns in sin 2o, sin 4<', &c., and those in cos 0, cos 30, &c., and these become 

e=3 cos tf tan %+^ cos 30 tan' "+^ cos 50 tan'^+J cos 70 tan'^ + && 
Jo Jo J 7 J 

iy=^+sin 2^ tan* ^+]^ sin 4^ tan* ^+^ sin 6^ taii«^+^ sin 8^ tan^^ + &a 

J J Jo J 4 J 



The law of these last two developments is obvions, the general term of S being 
that of ri 



'-2^l^os{2i^l)0Um^^'"^ 



=~ sin 2 (i-1) tan"^'-»J ^ 
t— 1 ^ ' 2 

$ denoting the number of the terra. A final grouping of the terms will conduct us to the formulae 

rl+2tan^cos^+tan2^\ / sin2(?tan2j 

— — - ,=^+tan- 



\ 1—2 tan^j cos tf+tan* -, 



f 8in2(7tan»^ \ 
Q-( ?- I 

\ l-cos2tftan«^ / 



or, by introducing the colatitade (f, 

^=* ^og( l-BlnySi^l) ,=90o_^+co1r'(cot 25,+cot»| coseo 2?) 

or simply 

fr 1 1 /"cosec c»+sin o^N . x 

$=^]og( — ^-^—, — I cot i7=co8 w tan ^p. 

^ ^\cosec f»— sm wy ' ^ 

Forming the differential coefficients of f and 17 with respect to f> and oi, we obtain 

df _ sin tti COS y diy — cos^ 

3^9 "~1— sin* 01 sin* ^ 3^""1— sin* w sin* ^ 

d4^ cos to sin 9P d)^ sin <w sin ^ cos f» 

da»'~l— sin* itf sin* ^ 3o>"'l— sin* m sin*^ 

These obviously satisfy the known equations of condition which must exist between these differen- 
tial coefficients, viz: 

— sin — ^ ^? • — _^ 

dtp d«* dip ^"" 3a» 

The ratio of the change in elementary areas is easily arrived at from the above values of the 
differential coefficients; using the formula d<r= Vd^+3^ consider a small quadrilateral on the 
sphere comprised between two parallels and two meridians; its area is ^do dta cos 0. Kow, making 
^=900—^, we have for the arc of a parallel, when d^=0, 

dwcos^ 

"" 1/I— ^s* ^sin*^ 

and for the arc of a meridian, for which da»=0, 

do 



da'^ 



the area of the rectangle is then 



and for the ratio of increase 



Vl— cos*^sin*ai 

dotdOi^^O 
V i~^cos*ir8in*'£J 



m 



2 



'1— cos* sin* o# 
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If c(;=0, m=l; or, the ratio of areas on the sphere and on the projection is = unity along the 
central meridian. The principal advantages of this projection are thus seen to be : 

(a) That it preserves aU the angles in their true size, and consequently gives orthogonal inter- 
sections of the meridians and parallels. 

(b) The degrees of latitude are equal upon the central rectilinear meridian, and the degrees 
of longitude in the neighborhood of this meridian differ but little from their true size. This projec- 
tion will be obtained, as we have already seen, by passing a cylinder tangent to the sphere along 
a meridian, projecting the sphere upon the cylinder and developing the latter. It is on this account 
that the name orthomorphocylindric has been chosen for this projection. 

The general subject of orthomorphic projection will be resumed in another place, and a fuller 
mathematical theory given of this most interesting |>roblem, but before leaving the subject it is of 
importance to note that if either of the variables f or ?? be given, the other can be found by simple 
integration. For, from the equations of condition 



d$ dn ^ dm dS 

we have 



diu^To'^' ^^do'^' 



.^ dri ^_ d» do J d$ do d$ ., 

do da> COS ' dot cos do 

If, then, either $ or 17 is given, forming its differential coefficients, and substituting in the corre- 
sponding one of these two equations, we have the means of obtaining the remaining co-ordinate. 
For example, let ij=a»] then 

dtu do 

and 

d-zs— 

cos^ 
from which 

e=logtanj(90o— ^) yj=u> 

the equations of Mercator's projection. Lithrow' gives the projection of which one of the equa- 
tions is 

f =tan ^ cos a# • 
The differential coefficients are 



by means of which we find 
Integrating this 



d^ . „„ ^ ^. d^ cos <tf 

diii do cos' 



^ (sin sin todo+ co^ cos wdio) 



Smcei 



COS^ 



Combining the value of f with this value of ti in such a way as to eliminate <«, we have for the 
equation of the parallels 

^+71^ sin' (/—tan' ^=0 

and in like manner for the meridians is found 

^ sin' w— ij' cos' itf-fsin' w cos' w^O 

Thus the parallels are projected into ellipses and the meridians into hyperbolas having their 
common center at the origin of the co-ordinates and their major axes in the direction of the axis ti. 
Littrow speaks of both the meridians and parallels as being projected in hyperbolas,* which is 
evidently a slight error on the part of the eminent astronomer. 



* Chorographic, pogo 143. 
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Finally assume 

A=:X loff l+sin 01 cos g 
^ ^ 1— sin 01 cos ^ 
Di£Eerentiating this gives 

d$_ sin o ; sin^ d^_ cos q» cos ^ 

d^""l— sin^ 01 cos* ^ . dw 1— sin^wcos*^ 



From these we have 
of which the integral is 

which is identical with 

the formula already obtained. 



'^""l— sin^o; cos*^ 1— sin^ o* cos* 

COSoi 

cot ij=cos (o tan ^ 



§111. 

ORTHOMORPHIO PROJECTION— (Continued). 

We will in this chapter take up two projections closely allied to each other, and very interest- 
ing in the methods of development employed by the illustrious authors. The first of these is by 
Sir John Herschel and is found in Volume XXX of the Journal of the Geographical Society of 
London for 18G0. The paper is entitled "On a New Projection of the Sphere'' and the author 
further calls it "Investigation of the conditions under which a spherical surface can be projected 
on a plane, so that the representation of any small portion of the surface shall be similar in form to 
the oiiginal ^ " this is, of course, merely the fundamental proposition of all orthomorphic projections. 

Assume the radius of the sphere=l and denote as usual latitude and longitude by and ui, 
and the plane coordinates by ^ and ^. We must clearly have, since ? and r^ are functions of and oi, 

d^=Mdw+'SdO dri=zVdw+Qd0 

M, N, P, Q being, of course, functions of and w. The elementary rectangle included between 
two meridians, whose difference of longitude is dw^ and two parallels whose difference of latitude 
is dOj will have for its sides do and dw cos 0, having to each other the ratio 

dot „ • 

do"^' 

In passing along the projection of any one meridian oi does not vary. In passing then from the 
point whose projection is defined by f, 17 to the point on the small meridian whose projection is 
defined by f +(if, 1?+^^, f and ly must vary by the variation of alone, or 

dS=^dO drj^Qdo 

and the distance between these two projected points is, on the same meridian 

z=doVW+(y 

Similarly supposing ourselves to pass along the same parallel we have for the distAuce between 
two infinitely near points, do being z= 0, 

dioVW+¥^ 

These, then, are the sides of the elementary figure on the plane of projection corresponding to the 
infinitesimal rectangle on the surface of the sphere, and these two figures must be similar; which 
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condition, being satisfied, obvionsly carries with it the similarity of an inflnitesimal figure on the 
sphere and its projection. The sides then most be in the same ratio and the angle they include a 
right one. The first of these conditions gives 

or 

The tangent of the angle made by the projected element of the meridian with the ordinate 19 is 
evidently represented by 

dv, P 

am 

and that of the projected element of the parallel by 

^ ,, N 

because, lying on opposite sides of the ordinate ^, if one tangent be taken positively the other 
must be taken negatively. The condition, then, of rectangularity requires that the product of 
these tangents shall be = 1, which gives for the other essential equation 

M N ^ 
or 

PQ=r-MN 

Bnt 






or 

cotf 



whence we get the following 

P = NC08^ M=:— Qcos^ 

Assume now 

+ to p= I — a» 

COS^ J COS^ 

which gives 

All = i (da — 5/9) d0^i{da + dp) co's 6 

and by substituting these in the equations 

^=:M&«i + Nd^ diy = PAtf + Qd^ 

we find 

de = i(P + M)da + i(P-M)5A d[i? = i(P-M)da-i(P + M)ai9 

whence, adding and subtracting, we obtain 

<f (e+i?) = P5a-M(7/9 d{^^ri) =^Mda+Vdfi 
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The first members of these equations being exact differentials, the second must be so also. The 
conditions for this are 

dS da da dp 



But universally 
whence, substituting, 






The first member of this being an exact differential, the second must be such also. This gives 

d^^'^W 

The known form for the integral of this partial dift'erential equation is ^ and ^, denoting arbitrary 
functions 

Substituting this for M in the expression for dP, reducing and integrating, 

P=<[* (a+ii5)-y(a- ti5] 

and putting for brevity 

we find 

d{S+7i)=i[(P{A)dA^¥(B)dB] d($-ij)=^(A)dA+r(B)dB 

which, by writing 2F(A) for/^(A)dA, and 2/(B) for/r(B)dB, affords the following values of e 
and 17: 

e=(l+<)F(A)+(l-t)/(B) -,=(l-t)F(A)+(l+i)/(B) 

in which P and/ are the characteristics of any two ftinctions, both completely arbitrary and inde- 
pendent Suppose, for example, we take 

F(t£)=/(«)=u 
Then 

e=(l+t) A+(l-i) B=:(A+B)+< (A-B)=2 (a-./9)=4a* 
and 

-,=(l-i)A+(I+*)B=(A+B)-*(A-B=2(a+/5)=4r^=41ogtani(90o_tf) 

which is the law of Mercator's projection. 
The equations 

e=(l+t)F(A)+(l^t)/(B) -,=(l-<)P(A)+(l+<)/(B) 

being subject to no restriction, it is evident that we may superadd to the general conditions of 
the problem any which will suffice either to determine altogether or to limit the generality of the 
arbitrary functions F and/, in the view of obtaining convenient forms of projected representations. 
Suppose, for instance, that we assume as a condition that the projected representations of all 
circles about a fixed pole on the sphere shall be concentric circles about a fixed center on the plane. 
Since the origin of the co-ordinates S and t^ is arbitrary, we will fix it in that center; and since the 
condition is that when is given, and therefore 

a const, say k 



h 



eoBO 

the equation between f and ij shall be that of a circle about the center, we have 

$»+Ty»=/)»=:a function of ^ or fc 
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For brevity put 

P(A)=X . /(B)=T 

Then we have 

f=(l+i)X+(l-»)T -,=(l-»)X+(l+t)T 

and substituting and reducing 

that is to say 

F(A)/(B)=| 

Since any function of an arbitrary function is itself an arbitrary function, we may without any loss 
of generality write a'^^^ for F (A), and e^"> for/(B). Now 

because 



' J cos^ 



It does not appear that this equation can be satisfied by any forms of F and / more general than 
the following, viz: 

F(w)=(flr+iA)w /(w)=(-A+tsf)w 

which give for the value of ^(a+^) 

[{g-h)+iig+h)](a+fi) 

or, what comes to the same thing, 

do 



2Hs-h)+i(g+h)]f^„ 



Practically speaking, this expression is useless unless the imaginary term vanishes, or ^+A=0, 
(/— &=2(7, in which case it reduces itself to 



_ 20rd0 



whence also 

/>»=:86^* /o=2 V2 c"^««^ 

which, since 

reduces itself to 

/?=2V2tan2'i(90O-^) 

Suppose g=^i. This is the law of the stereographic projection, and the values of f and rj become 

f =2jo [cos fi>+sin (o\=z2p v'2 sin (450+^;) 

^7}=2p [cos fi>— sin fi;]=2^ Vg^ cos (45o+a») 

/>=2\/2tanJ(90O-e?) 

In the more general case ot 2(/=n, we find 

^=2^ [cos nw+sin nw\=z2p V2 sin (45o+n<w) 

—1^=2/? [cos na>— sin na*]=2/>\^2 cos (45o+n<») 

/)=2\^2tan«J(90o-^) 

To interpret these expressions we have only to consider that when w increases by any number of 
degrees nw increases by n times that number j so that if « increases from to 360^, nw increases n 
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times 36(P. The coordinates of the projection of any point, therefore, are those corresponding to 
n times the longitude in the case of the stereographic projection. If, then, n be a fraction less 
than unity, the projection of the whole spherical surface will, instead of occupying the whole area 
of a circle, be comprised within a sector, the same fractional part of the whole area. Thus if »= J, 
the projection of the whole sphere in longitude will be comprised within a semicircle; if n=J, 
within a sector of 12 P; if n=§, within a sector of 240°, &c.; and the entire parallels of latitude 
will in like manner be represented by the portions of concentric circles comprised between the 
extreme radii of these respective sectors. If ^ be the polar distance of any parallel of latitude, 
and p the radius of the circular segment representing that parallel, we have, neglecting the coeffi- 
cient —2 y/2 or taking 1 for the equatorial radius in the projection, 

^=tan* I 

from which it is easy to calculate p for each polar distance from 0^ to 18(P. The values for the 
four cases n=l, J, J, § for ^ = 0°, IQo, 20^, &c., are given in the table. 

The second case that we take uj) is in its development very similar to HerschePs projection; 
it is an investigation of orthomorphic projection by Professor Boole. The idea was suggested to 
Boole by reading HerschePs paper. The investigation is contained in the supplementary volume 
to Boole's Diflferential Equations, published by Todhunter, after the author's death. The general 
theory as given by Boole is applicable to the projection of any surface upon a plane. 

Let X, y, z denote the rectangular rectilinear co-ordinates of any point of the given surface; 
f , 1? the co-ordinates of the corresponding point on the plane of projection. Let the equation of 
the given surface be 

F(x,y,z)=0 
or simply 

Begarding S and i? as ultimately functions of x, y, z we have 



dXj dy^ dz being connected by the relation 
Now for brevity write 



^dx+|'%+§d.=0 



dx-^ 




dy 






dy 


dx 




dy 




d<= 


=adjo+bdy+cdz 




d-n- 


=a'dx+b'dy+&dz 




0= 


=Adx+Bdy+Gdz 



dF 

dz 



dz 
dz 



then 

(1) 

(2) 
• (3) 

The two conditions to be fulfilled are, as we already know, the equality of corresponding 
angles, and the proportionality of corresponding sides, of the element on the surface and the cor- 
responding element on the plane of projection. 

Assuming now any point ^, 17 on the plane of projection, let ^ alone vary, and the infinitesimal 
line generated by d^; and since ^1^=0, we have 

a'dx+b'dy+&dz=0 Adx+Bdy+Gdz=.{S 
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Denoting by v the detennlnant 



write 






=L 



A, B, O 



db 



=M 



do 



=N 



then the above equations give 



dx^dy^^da 
T7"M""N 



so that the direction-cosines of the infinitesimal line on the sorface F corresponding to the line dS 
on the plane are 

L M N 



-^U+W+W 



Vl^+m^+n* 



In like manner, if 17 alone vary we shall find for the direction-cosines of the infinitesimal line on F 
corresponding to drj on the plane 



1/ 



M' 



N' 



Vl"+M''+N'* 



Vl/'+M''+N'' 



where 



I/= 



d^ 
da' 



,_dv 



M'= 



dh' 



VU'+M^+W* 



^ d& 



Since the angle between $ and 19 is a right angle, the angle on the surface between the lines whose 
direction-cosines have been found must also be right. This gives at once 

LL'+MM'+NN'=0 

The ratio of the element of length d$ to the corresponding element on the surface is 

d^ 



or 



and finally 



Vdx^+df+d^ 

adx+hdy+cdz 
VW+df+dz^ 

aL+&M+oN 
i/l7+]VP+N2 



EquatiDg this ratio to the corresponding ratio of the length of drj to that of its projection on the 
surface, we have 

aJj+bM+oN a'L'+VW+&W 



Now we know that 
and 



aL+&M+cN= — V 
a'JJ+b'W+&W=v 



the numerators of the last equation only differing in sign. But Vj being the determinant of the 
system 

adx+ bdy+ cdz=0 a'dx+ Vdy+ &dz=^(^ Adx+ Bdy + 0(fe =0 
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expresses, when eqaated to zero, the condition that if d^ vanishes dri mast also vanish; and d^ and 
dji being independent, this condition cannot be 3a'tisfied; so that the above equation reduces to 



=0 



or 



(a) L''+M''+N''-(L'+M"+N")=0 

and this, with the already-foand condition of orthogonality 

(/9) LI/+MM'+im'=0 

will fully express the conditions of similarity. If we multiply p by 2i, and add and subtract the 
result from a, we obtain the equivalent system 



Now 



(L'+tL)3+(M'+iM)2+(N'+tN)2=0 



(L'-iL)2+ (M^— tM)2+ (N'— iN)2=:0 



I/±tL= 



Writing then 
we have 

Similarly 



dy dz dz 



^ .i(^Ayi_dFdri\^¥^ {^:Liri) d¥^(^±iyi) 
% ^\dydz dz dyj dy dz dz dy 



f+iiy=i* 



T , , ^__dF du^dE du 
''Aydz dz'dy 



M'+iM= 



^du^dEdM 
dz dx dx dz 

d¥ du OF du 



T, ^_dFdvd¥dv 
^dy dz'^dzdy 

M'-$M:=— ^_^ ^ 
dz dx dx dz 

N'— iN=^— — — — 
dx dy dy dx 



dx K/if dy dx 
Substituting these in the la«t equations, there result 

\dy dz dz dy) "^Vcte dx dx dzj "^xdx dy dy dxj "" 

f^dv_dFdv\^/^dF dv^dFdv\^ 4./^^^_^Z^Y =0 
\jAy dz dz dyJ "^Kjdz dx dx dzJ \dx dy dy dxJ "" 

Each of these can be written in the form of a symmetrical determinant of the second order. Desig- 
nating by ^1, ^a, ^3, any three quantities whatever, make U equal to the determinant 



^1, 

diF 

dx^ 

du 
Tx' 



dy' 

du 
dy' 



O2 

dz 

du 
~dz 



Then the first of these two differential equations is simply 
and,' as is well known, can be written 



(I) 



Jx J ' \dy J 



^Y j-/^^V-u/^^Y ^^ du diF du dF du 
' ^"^^ -"- ^'^\dzj^ dcdi'^dyTy'^dzdz 

Q'<|)V(g)* 



dF du dF du dF du 
dx dx'^dy dy dz dz^ 



=dO 



Digitized by 



Google _ 



(H) 



dx dx dy dy dz dz 
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and in like manner for the second 

GI)VQ*+(f)'. 

dF dv dF dv dF do /"dv '\ ,{"dv V , /^V 

dx dx'^dy dy^dz da' \dx J '^\dy J ^\dzj 

These are the partial differential equations of the first order, serving to determine u and v as func- 
tions of x^ yj and z. 

But it is not necessary to solve these equations in their general form. It is well known that 
the co-ordinates x^ y^ and z of any point on a surface, being connected by the equation of the sur- 
face, can always be expressed .as functioDS of two independent variable parameters, and these 
parameters, when fixed upon, become the independent variables of the problem. Let and w rep- 
resent such parameters, and let their expressions in terms of a?, y, z give 

O—^i (a?, y, z) a#=4>,(ii?, y, z) 

which equations, combined with that of the given surface, will reciprocally determine x^y^z qa 
functions of and a>. The differential coefficients 

dF dF dF 

dx dy dz 

which are functions of x^ y, Zj now become functions of and (&; and further 

du^dudo dudw du^dMdO dudw du^dudo dudat 

dx'^dd dx'^dwdx dy^'dody'^dwdy dz'^dodz'^dataz 

and as ^-, .-, &c., are known functions of x^ y, and z^ they are also expressible in .terms of and 

w. The result of these substitutions will then be to convert (I) into a partial differential equation 
in which u is the dependent and and oi the independent variables, and this equation being, like 
(I), of the first order and second degree in the differential coefficients of tt, will be of the form 



'(£)'+« ^a^+KBy^" 



For V we have an exactly similar equation, with the same coefficients. 

The above equation is, by the solution of a quadratic, resolvable into two equations of the form 

du du ^ du s du 

dd^^'du,^^ do 'dii^-^ 

To these correspond the respective auxiliary equations 

dw-\-XxdO^O daf+X^dO=^0 

If the integrals of these are 

S=<H T=c, 

respectively, then we have 

w=<i>(S) «=r(T) 

Now, V being determinable by an equation of the same form as «*, it follows that of the above two 
values of u one must be assigned to t?, so that the solution of the problem will be contained in the 
system 

or in the system 

w=(P(T) v=U^{S) 

The particular forms of the arbitrary functions ^ and tf^ will depend solely upon the nature of 
the problem under consideration. 

The first members of (I) and (11) are obviously essentially positive; and so, if the intermediate 
transformations are real, is the first member of the equation whose coefficients are P, Q, R. Hence 
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the qnadratic determiniDg Xi and A, will have imaginary roots of the form a ± ip. Ultimately, there- 
fore, it will suffice to integrate one equation of the aaxiliary system 

dw+X^do=0 dw+X^dO=:0 

and then to deduce the solution of the other by changing i into — i. 

Suppose, now, that the surface to be represented is an oblate spheroid, such as the earth; take 
the plane of the equator for that of projection and the center for origin. Let the co ordinates rr, y 
pass through the meridians of 0° and 90^, respectively, and z through the poles. The equation 
of the surface will be 

when a is the earth's equatorial, and b its polar radius. Let also the latitude of the points (a?, y, z) 
be represented by o and its longitude by w. We have 



F=— 



a^+y^ , ^ 



+p=l=0 



dx'^c? 



dy ""a* 



dz^V 



and substituting in (I), we have 






X du y du z du 
c? 55+ a* d~y'^¥ dz 



X du y du z_ du 
^ 55+^ dy'^V dz 

/'du^ /^du\^ rdu\ 

Kdx) -^Kjy) -^Kdi) 



or, expanding this and writing p=ik^ 



Now as 0?, j^ are coordinates in the plane of the equator, and x passes through the first meridian 
we have 



-=tan«tt 



x 




Fig. 12. 
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Again, representing in Fig. 12 the meridian of the point P, or (a?, y, z) touched by the straight 
line QR in the same plane, we have CM= Vx^+y^ and MF=z. Therefore if y/a^+y^=zp, the equa- 
tion of the meridian is 

and that of the tangent is 

„j + ^ -i 

p', xf being current rectangolar co-ordinates of the tangent. Hence 



tanCQE=^=^7P^ 



But (1QR=^. Therefore finally 



^=taii-^-^^^= «;=tan-» t 

and we must now transform (III) so as to make and <o the independent variables. From the last 
equations combined with that of the surface we have readily 

ale cos (o ok sin w a tan 



VA;2+tan« ^'^ VJc^+'^u^J "" fcVF+tan?^ 

and substituting in (III) we obtain 

(IV) o=sec^^{ (^3^) +(^^) +{j^) } -(^cos.g^+sm -g-^+tan^g^J) 

Again 

du^du do du dto du^du do du da* du^du do du dm 

dx^do dx^dw dx liy^do dy dm dy cb^do dz^dm 35 

Now 

do __^ --Ic^zx ^ _— sin^cos^ cosfi> VK 

dx V^+72-(524Y+>^^7 oK^ 

when K=&^+tan* o. In like manner 

dO_ —sin ^ cos ^ sin m VK d^_Kco8^^j/K 

dy~~ aK 5^?"" a 



Hence 



dm^— Bin mVK dm__COBmVK ^— A 

dx" oK 5y""~" oK da^ 

du \^K r • /» /, du , du'] 

: =—^ — sm cos o cos m^~ — sm w -^ 
dx aK L do dm J 

du VEr . . du dul 

^^=:^?K2cos^/^ 
dz aK ^ ^^ ^ do 

Substituting these in (IV), and dividing by the common factor -^^ we have, on reduction. 



which is resolvable into 



(^) +«»* ' [1+(K»-1) cos' <^) =0 



f^-ico8<?[l+(K*-l)cos»<»]^=0 £+tcos<?[l+(K^-l)co8»og=0 
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partial differential equations, of which the integrals are included in the common formala 

J co8tf[l+(K*-l)coS»«]~J costf"*"^ ^'J T+(K«-l)C08»ff 

"jcostf^^ 'J K«- (K»-l) sin» 

/do , , r cos.odo /" . , a*— ft*\ 
55-» + ^i 1=;. w-« C"°°"^ — r) 

-<«{ai^:)'-<E-)} 

or chaDgisg ^ (cv) into ^ (a**), siDoe ^ is an arbitrary function 

1 ct p and <r denote the polar co-ordinates of that point in the plane of projection which corresponds 
to the point whose latitude and longitude on the surface are and w] and let 

then the complete solution assumes the very simple form 

(V) ^e<'=*(8c±<-) >6«'=r(8e=Fi-) 

Assume that the parallels of latitude are projected into circles round the pole. This requires that 
ft be independent of w^ a condition which is satisfied in the most general manner by assuming 

* (M?)=Otr* ^ (tt?)=C'w* 

We then find 

whence, on multiplication and division, 

whence, A and B being new arbitrary constants derived from G and C, 

/o=AS* tf=±»i«i + B 

Observing that (t and ta should vanish together, we have B=0, and the equation <r=:tnai shows 
that the surface of the sphere will be projected into a sector of a circle, the arc of which is to the 
6 T p 
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circumference of the circle u : 1. Thus if n=4, ^, &c., the sphere is projected into a quadrant, a 
semicircle, &c. These are of coarse the results that we have already obtained in several diilerent 
places. 

The other equation for p gives 

If 6^=0, we find 

P=A 

whence A is the distance of the equator from the pole in the plane of projection; and if that dis- 
tance, which is arbitrary, be assumed as the unit, we have 



-!-"<^')"CteiO'J 



into a more familiar form by assuming p=^ +0y and introducing an auxiliary quantity q define<l 



for the distance from the pole of that parallel whose latitude is 0. We can throw this expression 
into a more fam 

by tlie relation 

e cos;)=co8 q 

We have then 



.=(tang(cot5)" 



Table IV gives the values of p for the sphere and for the spheroid whose eccentricity is .08 
(about that of the earth), for each ten degrees of polar distance, for the values w=l and n=J. 

The preceding investigation by Boole is seen to be much more general than that of Berschel, 
the latter confining himself merely to the projection of a sphere upon a plane. 



§ IV. 

PROJECTIONS BY DEVELOPMENT. 

In order that a surface may be represented upon a plane without any change of angles or 
areas, it must be such an one as can by actual development be rolled out upon a plane— all parts 
of it coming by a continuous motion to coincide with the plane — as, for example, all cones and 
cylinders. If we desire to make a projection of a comparatively small region, the oi>eration will 
be rendered quite simple if we can substitute for the actual surface to be projected a certain portion 
of some developable surface upon which are drawn the meridians and parallels. The construction 
of these lines upon the developable must of course be such as to make the new elements corre- 
spond as closely as possible with the actual elements of the sphere. The attempt to make i)ro- 
jections of this kind has naturally given rise to two methods: (1) Conical Projections, (2) Cylindric 
Projections. We will first consider the former of these. 

Conceive a cone passed tangent to the sphere along the parallel of latitude which is at the 
middle of the region to be projected. Also imagine the planes of the different parallels and merid- 
ians to be produced until th ey cut the cone. We will then have upon the surfac<». of the cone small 
quadrilaterals coiTcsponding to those of the sphere ; the magnitudes are difierent, but the angles 
are obviously the same. Now develop the cone upon a plane; the meridians will clearly become 
right lines from the vertex of the cone to the different points of the developed parallel of tan- 
gency (or any other), and the parallels will be concentric circles, the vertex of the cone being the 
common center. The parallel of tangency is obviously the only one unaltered by the development. 
The quadrilaterals upon the sphere are reproduced upon the plane still as rectangular, but the 
magnitudes are difierent, as equal distances of latitude upon the sphere are represented by dis- 
tances which diminish towards the pole and increase towards the equator. The differences of 
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longitude are all greater upon the surface of the cone than ux)on the sphere, except for the parallel 
of tangency. The error in latitude may be completely, and that in longitude partially, eliminated 
by laying ofl: along the middle meridian of the development the rectified lengths of the distances 
between the parallels, and through the points thus obtained, with the vertex of the cone as a center, 
describing arcs of circles. By this means we obtain for the differences in latitude their true 
values, and for the differences in longitude values which are more nearly correct than those given 
by the first method. Fig. 13 shows both methods, the dotted lines corresponding to the second 
method. 

V IT 





Fig. 13. 



We have clearly, horn the first figure. 



180O 



TrrCOS ^0 ^wi' 



when 0Q is the latitude of the middle parallel BM, and tt is the difference of longitude of the ex- 
treme meridians which are to be projected. Let also Y denote the angle of the extreme elements 
of the cone which appear in the development. The radius VM of the middle parallel is given by 

VM=r cot Oo 
and from figure (2) follows 

180O ^ V 
nr cot Oo^mm' 

Combination of these two values for mm' gives 

V=;r sin ^0 

It is obvious now how to construct the projection: The angle V being determined, we have for the 
radius of the middle parallel, VM=r cot Sq. Lay off flpom M the distances Ma' and Mfc' as obtained 
by actual rectification. If the distance ab contains n degrees, 



and MVj Ma' each 



ISOO 



rrrn 



Having then the center and one point in the circumference, we can draw the circles which represent 
the parallels of latitude. If we call ^ the angle between the projections of two meridians corre- 
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sponding to a» upon the sphere, we have clearly 

-=— =8m^o 

The radios of the parallel at latitude will be 

=r[cote?o— (^— ^o)] 
and the corresponding arc of longitnde to will be 

=riii sin ^0 [cot <?o— (^— ^o) | 
The error for each degree of the parallel will then be 

=r(^— ^o) sin^o 

Euler investigated at some length the theory of conic projection and determined a cone fulfill- 
ing the following conditions: (1) That the errors at the northern and southern extremities of the 
chart should be equal. (2) That they shall be equal to the greatest error which occurs near the 
mean parallel. 

The cone in this case is obviously a secant and not a tangent cone to the sphere. Let 6^ denote 
the least latitude of the region to be projected, and e^ the greatest value of the latitude. Let AB 
denote the portion of the middle meridian comprised between these extreme latitudes. Designate 




Fig. 14. 

by d the length of 1^ of the meridian, and let P and Q be the intersections of the central meridian 
with the parallels along which the degrees shall preserve upon the map their exact ratio with the 
actual degrees of latitude; also call o^ and e^ the latitudes of these two parallels, upon each of 
which a degree of longitude has respectively the values d cos 0^ and d cos 0^. Lay off these two 
values of 1^ along the lines Vp and Qg perpendicular to AB, and join pg; this line will represent 
the meridian removed one degree from AB. The point of intersection O will obviously be the 
common point of meeting of all the meridians and the center of all the parallels. The distance 
from O to any parallel is readily found; we have, since OPp is a right angle 

PQ ^PO 
or 

d (cos ^ y— COS 0,) _^C08 0^ 

Op-0q " PO 
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from which 

pQ^C08^(Vl?g) 
COS ^y— COS ^, 

Having determined the center O, it is only necessary to draw an arc of radius OP and upon it lay 
off lengths =d cos 0,; these will give the points through which the meridians pass; then laying off, 
along the middle meridian, distances equal to the number of degrees of latitude of the different 
parallels to be constructed, draw through the points thus found circles having their centers at O, 
and the projections of the parallels will be constructed. 

We will now determine the errors resulting from this constniction upon the extreme parallels 
through A and B. Galling w the angle PO^p, we find 



_ Pp _ ^ (cos ^j,— COS 0^) 

which becomes 



"'-PO- 0,^0^ 



_COS gp— COS 0^ 

if we take ^=1^, and express the denominator in parts of radius, which is done by making 

«;=0.01745329 

the value of 1^ in a circle of radius unity. Gall z the distance in degrees from the center O to the 
pole. The distance from P to the pole will be 90©— ^p, from P to O will be 9(P^0,+z'y the value 
of this in parts of radius will be 

It is easy to see now that we must have 

COS tf'p— COS 0^ ' 

The distance of the extreme parallel A from O will be, in parts of radius, 

AO=o (90O-^.+«) 

Multiplying this by the value of a;, we have for the value of the degree upon this parallel 

A^- A {^(P-e.+z) (cos <yp-cos 0,) 
0,^0, 

instead of d cos 0^. The difference of these two values gives the error along the parallel through 
A. For B the error is the difference of 



^(90o^,,+.)(cos.,-cosO^^^^^^^ 



Euler's proposition was to determine the parallels P and Q in such a manner as to make 
the extreme errors at A and B equal. Equating these two errors and reducing, we have 

{0^—0l) (cos ^,— COS 0t) + {0^—0p) (COS ^a— COS ^j)=0 

For the length of one degree upon the parallels of A and B we have 

o (90O— tf.+2f) w and u (90O— ^j+«)fl» 
We have from these 

u{W>'-0^+Z)(O—COB ^.=w(90O— ^j+a?)— COS 
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_ cos ^a— COS 0^ 



Farther, eqaate both of these errors to tlie greatest error which occurs between A and B, suppos- 
ing in the first instance that it occors at the point X half way from A to B. The latitude of X is 



' 2 



The error there is 



=_[[„(90o_?.+^_.)._cos^+^a] 



its sign being opposite to the signs of the errors at A and B. The condition is iiow expressed by 
the two equations 



Giving tt its value 
we find readily 
which reduces to 



COSO , — COStft 

(ISQo^f 0.-^ e,+2z) (COS g.-eos 0.) _ _„ . . -^ *-+*» 
^^f-^ = cos e,+ cos — 2— 

(180o-}..-i.,+2z)=^^^A=^[cos..+cos^] 



from which z is readily found. Applying this to the construction of a map of Bussia, it is only 
necessary to write 

^.=400 0^=700 ?i!+^=:55o 

The formula ft)r (o gives now at once 

COS40O— CO8 70O 



aow 



-=48' 44'' 



The equation 

gives now 

Now 

therefore 

or 



(180O-f 0^^i 0,+2z) e;cii=COS 0^+COB ^^^ 



(850-2af)c>a^=1.33962 

wfti =0.0141 

L33962_ 
^ 0.0141 ^ ^^ 

«=5o 



So far we have assumed that the maximum error lay at the middle of AB, but we will now find 
the correct point, and assume that for this place the latitude is 0; the error will now be 

u {WP^O+Z) Of— COS 

Differentiating this with respect to and equating to zero we find for the position of maximum 

error 

sin ^=itf =0.8098270 
or 

/?=540 4' 
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Equating the error at ^ to those of A and B 

o {180O-^0^^0+2z) ii;=C08 ^«+C08 

from which 

The values o{z and o differ very little from their assumed values of 6° and 55^ respectively. The 
errors at A and B are then equal to 

ufl>(90O— ^,+^)— cos ^^=0.00946 

A degree on the parallel of 4(P is then expressed by 0.77660 instead of 0.76604, its true value upon 
the sphere. This degree is, then, about ^ greater than the true degree on the parallel of 40o« 
and the degree on the parallel of 70^ is about ^V too great, its true value being 0.34202. 

muedoch's projection. 
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In Fig. 15, let 0^ and Oj, denote the latitude of two extreme parallels Aa and B6, which limit 
a spherical zone whose projection is to be determined. The latitude of M halfway between A and 
B is — vr-^' Murdoch's projection consists in making the entire area of the chart equal to the entire 

area of the zone to be projected. In order to effect this it will be necessary, supposing PK and PO 
the radii of the extreme parallels of the chart (obtained by rectification), that the surface generated 
by the revolution of ON (= AB) about PO shall be ==2rr(a5), when r=radius of the sphere expressed 
in degrees. Let d denote the equal angles i^OM, COM; we must then have 

27rKAjAB=27rr(aft) 

From the similar triangles Kck and MFO, give 

Kfc_KO 
FO^MO 

Oonsequently 

KA:=rco8^^i^cos^ 

and substituting this in the above equation 

?*=^cos^+-^cos a=sin^,«8in^.=2sin?^ cos?5+l» 



This gives for cos ^ the value 



sin o 



C08^=- 
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It is easy to see that foi* the radios Kp=B of the middle parallel we have 

Kp=rco8^-t-— ?i- R=rcot?-Ji-'oos* 

The quantities which we have already denoted by r and V are here connected by the relation 

Murdoch, in order to draw the intermediate parallels, divided the right line iu into equal 
parts, giving for the radius of any parallel e 

R+?4l^.=* 
2d 

This method, although perfectly arbitrary, had the effect of diminishing the errors in the chart. 
Mayer, who resumed the problem prox>osed by Murdoch, gave the radii jiC andjpi; as 

and since 

Kiy=K:=r sin ^ 

cos (£4^*+ A 
©w=E— r sin ^=r — ^^^ — ^ 

l»:=K+r sin d=r, ^ - -. -^ 

2 

A second method of projection was given by Murdoch, in which the eye is placed at the center 
of the sphere, as in gnomonic projection, and a i>er8pective is made which is subject to the condition 
of preserving the entire surface of the zone which is to be represented. Lambert was the first to 
indicate a method of conic development which should preserve all the angles except the one at 
the vertex of the cone, when the 360^ having upon the sphere the pole for center will obviously 
be represented in different manners, according to the different conditions to be fulfilled. A full 
account of this method is given in the chapter on orthomorphic projections. 

bonne's projection. 

^ This method of projection is that which has been almost universally employed for the detailed 
topographical maps based on the detailed trigonometrical surveys of the several states of Europe. 
It was originated by Bonne, was thoroughly investigated by Henry and Puissant in connection 
with the map of France, and tables for France were computed by Plesses. In constructing a map 
on this projection a central meridian and a central parallel are first assumed. A cone tangent 
along the central parallel is then assumed, and the central meridian developed along that element 
of the cone which is tangent to it, and the cone is then developed on a tangent plane. The par- 
allel falls into an arc of a circle with its center at the vertex, and the meridian becomes a grad- 
uated right line. Concentric circles are then conceived to be traced through points of this meridian 
at elementary distances along its length. The zones of the sphere lying between the parallels 
through these points are next conceived to be developed, each between its corresponding arcs. 
Thus all the parallel zones of the sphere are rolled out on a plane in their true relations to each . 
other and to the central meridian, each having in projection the same width, length, and relation 
to the neighboring zones as on the spheroidal surface. As there are no openings between consec- 
utive developed elements, the total area is unaltered by the development. Each meridian of the 
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projection is so traced as to cut each parallel in the same point in which it intersected it on the 
sphere. 

If the case in hand be that involving the greatest extension of the method, or that of the 
projection of the entire spheroidal sorface, a prime or central meridian must first be chosen, one- 
half 6f which gives the central straight line of the development, and the other half cuts the zones 
apart and becomes the enter boundary of the total developed figure. Next the latitude of the 
governing parallel must be assumed, thus fixing the center of all the concentric circles of de^^el- 
opment. Having then drawn a straight line and graduated it from 90^ north latitude to 90^ south 
latitude, and having fixed the vertex or center of development on it, concentric arcs are drawn 
from the center through the different graduations. There results from this process an oblong 
kidney-shaped figure, which represents the entire earth's surface, and the boundary of which is 
the double-developed lower half of the meridian first assumed. This projection preserves in all 
cases the areas developed, without any change. The meridians intersect the central parallel at 
right angles, and along this, as along the central meridian, the map is strictly correct. For mod- 
erate areas the intersections approach tolerably to being rectangular. All distances along par- 
allels are correct, bat distances along the meridians are Increased in projection in the same ratio 
as the cosines of the angle between the radius of the parallel and the tangent to the meridian at 
the point of intersection are diminished. Thus, in a full earth ])rojection the bounding meridian is 
elongated to about twice its original length. While each quadrilateral of the map preserves its 
area unchanged, its two diagonals become unequal; one increasing and the other decreasing in 
receding towards the comers of tiie map, the greatest inequality being towards the east and west 
polar comers. 

O 




Denote the radius of the central parallel by pq] then 

OAo=:^o=^ cot (?o 

Denote by d the length of the arc AAo, and the arc i)assing through a given point M; Oq of course 
denotes the latitude of the central parallel, and o that of the parallel BG. The latitude of M is 

=^o + -j and thus 

MA=/>« =ieir cos r^o+ - ) ^=/>o— ^=^rcot ^o— ^ 

a7=:MQ=/>sin cei y=MP=rcot^o^/>cosaf 

It is not difficult in this projection to take account of the spheroidal form of the earth. It is only 
necessary to multiply cot Oq by the principal normal «o, and replace the spherical arc ^ by the 
elliptic arc 8, given by 

S=za(i''e^)[A{0'-'Oo)''B»m{O^Oo)coB{0+Oo)+iCBm2(0'^Oo)cos2{o+OQ)] 
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Theu 



/>o= 



acot^o 



(l-e^sin^^o)* 



=nocot^o /o=tiocot^— S w=— -CO8M0+ ) 



These give the radii of the projections of the parallels, which are then readily constructed. Lay- 
off from the central meridian, upon the parallels now constructed, lengths equal to one degree upon 
each different parallel, and through these ijoints pass a curve, which will be the projection of the 
meridians. The lengths are given by the formula 

. 2;r ^ ^ ra COS 

^=360^ COS ^=i80Tl=e^Th?^ 

The concave parts of these curves are all turned towards the central meridian. 
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Fig. 17. 



The angle a?, in Fig. 17, is the angle which the tangent to the meridian at M makes with the 
radius OM of the parallel through that point. This angle is also the difference between the angle 
that the meridian makes with the parallel at this point and 90<^. 

We have obviously 



but 

therefore 
Now 

Differentiating this givee 

and we have 
But we know that 

Consequently we may write 



taniP=^^ 
dp 

dp=d8 tana?= 



~~d8 



Out COBO 

pdo) + todp =:pd(0'{- tods 



dsz 



a{l'--e')do 
'(1-c* sin* 0)^ 



pdw . . ^ 

ds ^ 
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and 

For o=zOq 

_ aa> COS Op _ acot^o 

Combining these 

w=zaf sin Oq 

and for this case tan x=:0 or af=0, which only shows what we akeady know, viz: that the merid- 
ians and central parallel cut at right angles. 

If for the central parallel we assume the equator, the vertex of the tangent cone is removed to 
an infinite distance, the parallels all fall into straight lines, and we have the so-called Flamsteed's 
projection. The kidney-shaped Bonne becomes an elongated oval with the half meridian for one 
axis and the whole eqnator for the other. The co-ordinates for any point in this projection are 
readily found to be 

The form of the equation giving x has induced M. d'Avezac to give this projection the name 
8inv>8oidaL 

This projection, which should really be called Sanson's projection, is evidently only a particular 
case of Bonne's method^ it is based upon a resolution of the earth's surface into zones or rings by 
parallels of latitude taken at successive elementary distances laid off along the central meridian of 
the area to be projected. Having developed this center meridian on a straight line of the plane 
of projection, a series of perpendiculars is conceived to be erected at the elementary distances 
along this line. Between these perpendiculars the elementary zones are conceived to be developed 
in the correct relations to each other and the center meridian. Each zone being of uniform width 
occupies a constant length along its entire developed length, and consequently the area of the 
plane projection is exactly equal to that of the spheroidal surface thus developed. The meridians 
ot the developed spheroid are traced through the same points of the parallels in which they before 
intersected them. They all cut the parallels obliquely and are concave towards the centre meridian. 
Thus while each quadrilateral between parallels and meridians contains the same area and points 
after development as before, the form of the configuration is considerably distorted in receding 
from the centi-al meridian, and the obliquity of the intersections between parallels and meridians 
grows to be highly unnatural. 

WEBNER'S EQUIVALENT PEOJEOTION. 

If the vertex of the cone approaches the sphere instead of receding from it, as in the preced- 
ing case, we have finally, when the tangent cone becomes a tangent plane, the projection known as 
Werner's Equivalent Projection. The parallels are now arcs of circles described about the pole as 
a center and with radii equal to their actual distances from the pole, i. «., equal to the rectified 
arc of the colatitudes. The meridians are drawn by laying off on the parallels the actual dis- 
tances between the meridians as they intersect the parallels on the sphere. This projection is not 
of enough importance to spend any time in obtaining any of the formulas connected with it. 

POLYCONIO PROJECTIONS. ^ 

In all the cases of conic projection that we have treated so far we have supposed that a narrow 
zone of the earth was to be projected and that for the zone was substituted a developable surface 
upon which the parallels and meridians were constructed according to any manner that may be 
desirable. We have seen that this kind of projection is only available when but a small portion 
of the earth is to be represented and that to make a projection of a country of great extent in 
latitude some modification would be necessary. 

The system which is used in America and in England replaces each narrow zone of the earth's 
surface by the corresponding conic zone in such a way as to preserve the orthogonality of the 
meridians and parallels. This is the projection of which we have already spoken at length in the 
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introdactioD, under the title of Polyconic Projection. As a very full account of this system has 
been already given, and comparisons made with the other ordinarj"^ methods of projection, we will 
not say anything on the subject here, but will proceed to develop the theory of the system. 

The name reclxmgular polyconic projection is applied to the method in which each parallel of 
the spheroid is developed symmetrically from an assumed central meridian by means of the cone 
tangent along its circumference. Supposing each element thus developed relative to the common 
central meridian, it is evident that a projection results in which all parallels and meridians inter- 
sect at right angles. The parallels will be projected in circles, and the meridians in curves which 
cut those circles at right angles. The radii of the parallels are equal to the cotangents of their 
latitudes (to radius supposed unity), and the centers are ui>on the line which has been chosen as 
the central meridian. Along this meridian the parallels preserve the same distance as they do 
upon the sphere. 




Fig. 18. 



In Fig. 18 let M be any point of the central meridian of which the latitude is ^=9(P— w; P the 
pole, the arc PM=rtt. The center of the paraJlel through the point M is given by CM=rtani*. 
If M' be a point infinitely near to M (♦. «., MM'=trdtt) and C the center of the corresponding 
circle, we have 0'M'=rtan(i*+dtt), or 



p=r tan u 
Expanding the second of these, we have 



p+dp=zr taxi (u+du) 



but 

Therefore 

We have from the triangle CO'B 

or 

and integrating 



dp=zr sec* udu 

dp=:OG'+ViW=OG'+rdu 

CO' =r toia^ udu 

sin y _C'B 
sinB^OU' 



— ^= tan udu 

SlUf 



logcos tirslogtan JJ -f const. 
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or passing to exponentials 

tan|^=ccosii 

How 

tantt=^ 
r 

therefore 

C0Stt=> 



Sabstitnting this in the equation for the meridians we have 



r^c»- 



tan«| 



tan^ 



or 



A^=r^6^cot^|«l=-^^o»-sin»J(l+(?) 



sm^ 



Gnie distance from any point A to the central meridian is=/>sinf or=rtanttsin^; but 

rtan«sin^=2c^ ^^^^^ 



Mn=:^sin«=csiu« 



l+c*cos« 
Forif=9<P, or^ at the equator, this becomes 

=2er 

The constant o must then represent one-half the longitude of the given meridian, the equator 
being developed, in its true length and divided into equal parts in the same mannex as the central 
meridian. The following construction for this projection is due to Mr. C^Farrell, of the topograph- 
ical department of the War OfBce, England. All data being as already given, draw at M the 
tangent nn' perpendicular to PM. In order to determine the point A, whose longitude is given 
as a», lay off from M the lengths Mn=:Mn' equal to the true length of the required arc on tiie par- 
allel ^, «. 6.,=the ai*c -^ described with a radius=r sin t«. With n and n' as centers and n'G and nO 
as radii, draw arcs cutting the given parallel in the points A and A', 

and, since 

CM=rtan« 
we have 

tanMGn=c costt=tan ^ 
or, finally, 

AGM=:f 

and the distance from A to the central meridian is 

=:rtani«8in^ 

The radius of the curvature of the meridian whose longitude is cv is readily obtained. We have 

AA'=(fa CC'^rtsin^udu 

Now 

d»s=r(sec^ti — tan'iiCOSf>)dti 
also 

SCO'S ^— — csintedie 
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therefore, if p denote the radius of curvature of the meridian, we have by easy reductions 

l+c*+c»sin*w 
pzszr—^—-' . — 

Kow consider the distortion in this case, and for this purpose imagine a small square described on 
the sphere, having its sides parallel and perpendicular to the meridian. Let u and w (=^ o) define 
its position, and let <r be the length of the side. If we differentiate the equation tan ^=c cos u on 

the supposition that u is constant, we have 

sec^f (ff=co8«^c 

also, the length of the representation of 2 do is tauue?^, or 

8in*ttCOS*^^2c 

Hence that side of the square which is parallel to the equator will be represented by a line equal to 

ff cos*^ ^ 

Similarly the meridian side will be represented by 

<rcos*^(l+c*+<?^8in2«) 

The square is therefore represented by a rectangle whose sides have the ratio 

l+o2^-c2 8in2w: 1 
and its area is increased in the ratio 

{l + i^ cos'^ w)* 

If we make this ratio = unity, then results the equation 

c* cos* w4-3c2 cos* tt— 2c2r=0 

which is satisfied either by c=0, i. e., <w=0, or by 

<? cos* tt4-3 cos* w— 2=0 

We see from this that there is no exaggeration of area along the meridian or along the curve given 
by the last equation. This curve crosses the central meridian at right angles in the latitude of 
about 540 44'; it thence slowly inclines southward, and at 90^ of longitude from the central 
meridian reaches 50^ 26' of longitude; at 180^, or the opposite meridian, it has reached 43° 46'. 
The areas of all tracts of countries lying on the north side of this curve will be diminished in the 
represent<ation, and for all tracts of countries south of this curve the areas will be increased in 
the represeutation. 

If we represent the whole surface of the globe continuously, the area of the representation is 



r*|^(4+.7r*)tan-»^+2;r] 



which is greater than the true surface of the globe in the ratio 8 : 5. 

The perimeter of the representation is equal to the perimeter of the globe multiplied by 
V'l+^-l, or 2.72. 

It is desirable in certain cases to retain the lengths of the degrees on all the parallels at the 
sacrifice of their periMjndicularity to the meridians. We thus obtain what is known as the ordi- 
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nary polyconic projection, which applied to the representation of the entire surface of the globe 
gives a figure with two rectangular axes and from equal quadrants aa in the rectangular polyconic 
projection. The central meridian alone is perpendicular to the parallels and is developed in its 
true length; upon each parallel described with the cotangent of its latitude as a radius we lay off 
the true lenjgths of the degrees of longitude and draw through the corresponding points so 
obtained curves which will be the projections of the meridians. The ordinary polyconic method 
has been adopted by the United States Coast Survey because its operations being in great part 
limited to a narrow belt along the seaboard, and not being intended to furnish a map of the country 
in regular uuiibrm sheets, it is preferred to make an independent projection for each plane table 
and hydrographic sheet, by means of its own central meridian. 

The method of projection in common use in the Coast Survey Office for small areas, such as 
those of plane-table and hydrographic sheets, is called the equidistant polyconic projection. This 
is to be regarded as a convenient graphic approximation, admissible within certain limits, rather 
than as a distinct projection, though it is capable of being extended to the "largest a^eas and with 
i-esults quite peculiar to itself. In constructing such a projection a central meridian and a central 
parallel are chosen, and they are constructed as in the rectangular polyconic method. The top or 
bottom parallel and a sufficient number of intermediate parallels are constructed by means of the 
tables prepared for the purpose, and the points of intersection of the different meridians with these 
parallels are then found and the meridians drawn. 

Then starting from the central parallel the distance to the next parallel is taken from the 
central meridian and laid off on each other meridian. A parallel is tra<;ed through the points thus 
found. Each parallel is constructed'by laying off equal distances on the meridians in like manner, 
and the tabular auxiliary parallels are, all except the central one, erased. In fact, as only the 
points of intersection are required, the auxiliary parallels should not be actually drawn. From this 
process of construction results a prqjection in which equal meridian distances are intercepted 
everywhere between the same parallels. 

CYLINDRIC PROJECTION. 

So far, in treating of projection by development of some auxiliary surfaee, we have confined 
ourselves to the case of intersecting or tangent cones. The next most natural case to consider is 
when the developable surface is a cylinder. We cannot obviously, as in the case of the cone, pass 
one cylinder through the upper and lower parallels of a spherical zone, so that we cannot here have 
more than one of these parallels developed in its true size; if the zone is above the equator, the 
lower parallel may be developed in its true size by circumscribing a cylinder, and the upper 
parallel may be represented in its true size by inscribing a cylinder. The better plan, however, 
and one which in general reduces distortion, is to pass the cylinder through some parallel inter- 
mediate between the extreme parallels of the zone to be projected. We will, however, first con- 
sider the case where the cylinder is tangent to the sphere either along the equator or along a 
meridian. 

THE SQXJABE PROJECTION. 

The simplest, but rude, method is one in which the cylinder being tangent along the equator, 
the meridians and parallels appear as equidistant parallel straight lines, forming squares. Degrees 
of latitude and longitude are here all supposed equal in length. Distances and areas, especially 
in an east-and-west direction, are grossly exaggerated, though for an elementary surface the true 
proportions of a figure are preserved. This method is occasionally used for representing small 
surfaces near the equator. 

PEOJEOTIONS WITH CONVEBGING MERIDIANS. 

This is a modification of the square projection designed to conform nearly to the condition that 
arcs of longitude shall appear proportional to the cosines of their respective latitudes. The 
straight line representing the central meridian being properly graduated, that is, the true length 
of an arc of a degree of latitude (or of a minute or multiple thereof, as the case may be) having 
been laid off according to the scale adopted, two straight lines are drawn at right angles to the 
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meridian to represent parallels^ one near the bottom and the other near the top of the chart 
These parallels are next graduated, the arcs representing degrees (multiples or subdivisions) of 
longitude on each having, by scale, the true length belonging to the latitude. The corresx)onding 
points of equal nominal angular distance from the middle meridian thus marked on the parallels, 
when connected by straight lines, will produce the system of convergent meridians. The disad- 
vantages of this projection are in the facts that but two of the parallels exhibit the lengths of arcs 
of longitude in their true proportion and that the central meridian is the only one which cuts the 
parallels at right angles. The projection is suitable for the projection of tolerably large areas, the 
above defects not being of a serious nature within ordinary limits; it also recommends itself by 
the ease with which points can be projected or taken off tljie chart by means of latitude and 
longitude. 

THE BEOTANGULAB PBOJECTION. 

A less defective method of delineation than the square projection consists in presenting the 
lengths of degrees of longitude along the middle parallel of the chart in their true relation to the 
corresponding degrees on the sphere; they will therefore apx)ear smaller than the degrees of 
latitude in the proportion 1 : cos Oi. In an east-and-west direction the chart is unduly expanded 
above and unduly contracted below the middle parallel. 

THE BEOTANGULAB EQUAL-SUBFACE PBOJEOTION. 

This differs from the last in that the distances of the parallels, instead of being equal, are 
now drawn parallel to the equator at distances proportional to the sine of the latitude. This gives 
it the distinctive property of having the areas of rectangles or zones on the projection propor- 
tional to the areas of the corresponding figures on the sphere. The distortion, however, becomes 
quite excessive in the higher latitudes. 

CASSINl'S PBOJECTION. 

This projection makes no use of the parallels of latitude, but substitutes for them a second 
system of co-ordinates, viz, one at right angles to the principal or central meridian; it is conse- 
quently convenient in connection with rectangular spherical co-ordinates having their origin in 
the middle of the chart; the projection of Gassini's chart of France consisted of squares and had 
neither meridians (excepting one) nor j)arallels. This simple form is, however, not the one which is 
generally known under Gassini's name. In the projection commonly called Gassini's the cylinder 
is tangent along a meridian ; through the different points of division of the equator, planes are 
passed parallel to the plane of this meridian ; and through the points of division of the meridian 
planes are passed intersecting the plane of the equator in a common diameter of the sphere. The 
first system of planes, of course, cuts small circles, and the second great circles, from the sphere. 
The cylinder is now developed, the generatives passing through the points of division of the 
meridian representing the great circles perpendicular to this meridian, while the small circles 
which are parallel to it have for their projection the development of these intersections of the 
cylinder with their planes. 

This projection is not now employed, as it offers no facilities for platting positions by latitude 
and longitude; moreover, the distortion rapidly increases with the distance from the central 
meridian of the chart. 

We wUl now obtain formulas which will enable us to find the forms of the projections of the 
parallels and meridians. In Fig. 19, M denotes the center of the sphere of radius MA=r; P is 
an arbitrary point in the surface, for which we have 

EP=AD=:e? DP=AB=a» 

AB denotes a quadrant of the equator and AQ a quadrant of the first meridian. The determina- 
tion of the position of P in the case of Gassini's projection is effected by means of the great cii*cle 
passing through B and P, and the circle GH whose plane is parallel to that of the first meridian 
AQ; write 

FP=AG=^i GP=AF=a,, 
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We have now, in.fhe right triangle MPN, 

PN=r8in^ 



81 




PN=PKsinii»i 



and consequently 

Equating the two ralues of PN 

and in like manner 



and from the right triangle PE[N 
bat from the triangle MPK we have 

KP=MP sin BP=r cos dx 

PNasr cos^i sinitfi 

sin 9 scos Ox sin wx 

sin tfi=cos sin a* 
From these two equations we obtain readily 

cot <tf sssCOS a>i cot Bx COt of | =COS ftf COt 9 

and we also have tie formulas 

sin ^|=cos B sin «» sin ^scos B^ sin o^i 

cot a>,scCOt B cos a» COt oPssCOt B^ COS m 
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A M' 









c 















Fio. 30. 

Let now, in Oassini's projection (Fig. 20), O, O' denote the center of co-ordinates, i7=OA=(yA', 
^=AM=rA^M'^ also call Oq the latitude of O; then ^o+? is the quantity denoted by », in the pre- 
ceding formulas, and S is identical with By so we have 

sin ?bcos b sin w cot (^0+7) ^cos 01 cot ^ 

6 T p 
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By elimination of w from these equations we have for the equation of the projections of the parallels 

sin* f +cot* (^0+'?) sin* ^=co8* o 

and by elimination of o have for the meridians 

[cos* a»+cot* (^+1?)] [sin* a*— sin* f]=sin* w cos* w 

Both meridians and parallels are thus given in this projection as transcendental curves. In these 
last equations we have regarded the rad;Lus of the sphere as =:1; now make the radius =r; then 

for c and iy we must write - and ^. When the projection only represents a narrow region included 

between two meridians and two parallels very near together, the ratios- and ^ are very small and 
so is the difference O—Oq) so we can write 



sin$= 



cosf=l-i^ 



tan»=- 



and the equation of the parallels becomes 

{Ti^r cot e?o)*+^*=r* cot* o^ [cot ^o+4 sin } {OS^)] 
and tbat of the meridians 



(ij+rtane?o)*4 



2r 



cos Oq tan <o 



f=r*(2+tan*^o) 



We see that in this case the meridians are projected in parabola and the parallels in circles. 

Write for convenience ^0+7=^, and let the angle x^ i» ^^^' ?1» denote the angle which the 
tangent PM to the projection of a meridian makes with the axis ^ ; also, let X' denote the angle 
which the tangent PL to the projection of a parallel makes with the same axis. Then we have 



tan;^= 







viQ, 21. 
The equation of the meridians is easily thrown into the form 

tanf=cos A tan cei 
and that of the parallels also becomes very readOy 

sin tfssin A cos $ 
For these we may substitute in practice the group 

cotisscot^cosic sin^sscos^sinoi 
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We now have 

dS^ tau tti sin ^ _ . 

and also 

tan;^=— tan w cos^ sin e 



Now, from the equation of the parallels, we have 

dS 1 



,=.tan;ir' 



dX tan X tan S 
or, since tan £"=008 X tan a» 

tan/=.^-i ^cosfcoU. 

sin >l tan at sm 

Combining these valnes of tan;^andtAn;^' by maltiplication, there results 

tan;^tan;^'=co8*f 

The condition that the projections of the meridians and parallels should cut at right angles is 

tan;^tan/=l 

So it is clear that in general in Cassini's projection the meridians and parallels are not represented 
by orthogonal curves. For f =0 we have 

tan;jrtan/'==l 

or tlie projections of all parallels are perpendicular to the central meridian. If ^=90^ we have 
X=ofy or the projections of the meridians make the same angles with each other as the meridians 

themselves. From the equations for the meridians and parallels obtain the values of Jl and ^, 
and substitute each set of values in the formula 



._ '^(S7 



d^ 
and by very simple reductions we find for the radius of curvature of the projections of the meridians 

rsecy 

sin;^[cot^cos;^+2tan^sin;^] ^ 
and for the parallels 

^ rsin^ilsin^^ 

^' ^cos V cot S (sin* ^+ coU) 

For the case of 7=0 and XssOj or the point where a meridian cuts the equator, the expression for 
p^ becomes indeterminate, but by the ordinary means for finding the value of indeterminate quan- 
tities p^ is found to be for this point 

_ 2r 
sin 2a» 

The radius p, becomes infinite for the same latitude, i. e., for A=0, but is indeterminate for the points 
at which ^^0; one has for these points 

^''""tauil 

or 

r 

^' tan<? 
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meroatob's projection. 

If a cyliuder be passed tangent to the sphere at the equator, and the planes of the meridians 
and ])arallels be produced to cut the surface of the cylinder, the meridians will be represented 
upon the cylinder by right lines and the parallels by circles, the right sections of the cyliuder. If 
the cylinder be developed, we obtain a projection in which both meridians and parallels are repre- 
sented by right lines, the angles between the lines being right angles. 

It will be convenient here to define a loxodromic curve, or simply a loxodromic; this is a line 
drawn upon the surface of the sphere in such a manner as to cut all the meridians at the same 
angle. Any straight line drawn up on a chart constructed as above will of course represent a lox- 
odromic upon the sphere. This projection has already been alluded to under the head of the square 
projection; its disadvantages are obviously very great, only east-and-west and north-and-south 
directions being preserved, and degrees of longitude only preserving their true length upon the 
line of contact of the cylinder and sphere, i. e.j upon the equator. 

Beduci d charts, or Mercator's charts, are charts whose construction is such that not only are 
the meridians given as right lines, a necessary condition that the loxodromic curve may be repre- 
sented by a right line, but so that the angle between any two curvilinear elements upon the sphere 
is represented upon the chart by an equal angle between the representatives of these elements. 
This is effected by a proper spacing of the distances between the parallels, which are also repre- 
sented Bs right lines upon the chart. We will now give the means of determining the proper 
position of any parallel upon the chart by observing the condition that the angles formed by two 
curvilinear elements upon the sphere shall be preserved upon the chart. Ijet oft, Fig. 22, denote 




B 



an element of a loxodromic cutting the two infinitely near meridians Pa and Ph; draw the parallel 
ab\ Now, in order that the angle ABB^ upon the chart shallsso&fr^ upon the sphere, we must have 

BB'AB' 

bb'" ah' 

Now, OS the distance between any two meridians is everywhere equal to the distance between the 
same meridians at the equator, AB is=sa/9, the element of the equator. Let da repi^esent an element 
of a meridian upon the earth (hereafter we will write earth instead of sphere, as the intention is to 
tiike account of the true shape of spheroid) and ds the element corresponding to this upon the chart. 
Let represent the latitude of the extremity of the elliptic arc d<r (which is measured, of course, iVom 
tlie equator), p the radius of the parallel of latitude <?, e the eccentricity, and, as before, a the radius 
of the equator. The condition 

BB'_AB 

bVab' 

becomes now 



ds 
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but 
and 
therefore 






acos^ 






Maltiplyiug ^ in the numerator of this expression by sin^ ^+co8' 0^ this becomes 

COS^ 1— e*8m*^ 

Integrating from ^=0 to 0^ i. e., from the equator to latitude 

\edd 



J^^ cos O d^ r^ e cos 0dO 

cos«<r ^Jol^^sm*0 

J'« i2 (sin 0) nj^ino) 

l-8in»^""*Vo 1-^2 sin»<? 

=« f ^iog ;-H»!^; ^^eiog^«!g-n 

M; ^ »1— sm^ ^ ®1— csin^J 



where M =0.4342945 is the modulus of the common logarithm. Since 

l«gS=K*+B+§+ • • •) 

this.formula can be written 

10800 1 10800 

Again expressing a in minutes of arc, and writing for tz^'-^, ^ and their values, wo have 

It M. It 

finally for s 

»=7915^7O46741ogtan^46o+0~3437^7(^«*8in^+?^-^!^+ ^ 

where powers of e above the fourth may be neglected. The further consideration of this projection 
is reserved for Part U. 

C 




1?^G. 23. 



A brief investigation will be given here of the loxodromic curves upon the sphere; at another 
time a more rigorous and general study of these curves will be given. From the definition it is 
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clear that a loxodromic carve upon the sphere is a species of spiral which winds around the sphere 
approaching indefinitely near but never passing throagh tbe poles, which are consequently 
asymptotic points to the curve. This is obvious when we consider that the loxodromic making 
equal angles with all the meridians, at the pole it would have to make the same angle with all the 
meridians, which would be impossible. 

Consider two points A and B (Fig. 23) on consecutive meridians, the geographical co-ordinates 
of A being o and <tf, and those of B being Ox and oi]. The angle CBA, measured from the north, 
is the constant angle that the loxodromic makes with the meridians; call this angle Q. The arc E£' 
of the equator measures the angle between the meridians. Let do represent the change of latitude 
in passing from B to A, and dui the infinitesimal arc EE^ Draw the parallel B&; then, calling the 
radius of the equator r, we have, since "Rb^dot cos 0^ 

, .^ rdo dmiS 
dtt»cotQ= ^=r- 



"cos^ 1— sin*(? 
Integrating this, we have 



tan 
(A) ^ (tt>— wj)cotQ=rlog 

tan 



(«o+t) 



For Q=0, or 180o, this reduces to ai— wi=0, which gives the curve as the meridian of B. For Q=90o 
the equation is satisfied only by 0=0^^ or the curve is the parallel passing through B; for the 
particular value ^,=0, the loxodromic is the equator itself. For tbe computation of the arc oi— oi, 
in minutes, we have 

tanr46o+|^ 

ii;-aii=7915'.706 tan Q log ^ ^ 

tan(^45o+^J 

In the above equation (A) we have, by passing to exponentials, 

, . tan (^460+ J^ 

• exp.(J5i:^)cotQ = _V 1< 

ten(45o+|) 

Now 

tan / 450+2 J = g , or say, =a 



then 



l-teng 



. a— 1 



Substituting the value of a as obtained fh>m the above equation, we have finally 

^ tan C45o+§^ exp. '^^^ cot Q-1 

/g\ tans= -^^i — <^ 

^ ' ^ tan(45o+|)exp."-:;:^icotQ+l 

The introduction of rectangular rectilinear co-ordinates in this equation by means of the formulas 

a?=r cos 01 ctwj Xi=r cos wi cos Oi 

y=r sin w cos yi=r sin wi cos Oi 

z=r sin Zx^r sin Ox 



* Exp. is tued as an abbreviation of *^eio ihe power of." 
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gives us for the general equation of a loxodromic passing throogh the point xi, yi, Zy on the surfcice 
of the sphere a^-\-f+^=r* 



r—y/a^+y*=z 



(«.- VS?+^»+r) exp. ^ [cos-' -^^-co8-» -^=^J-f;^,_ Va^.Hy.^-r] 
- Vi7+y?+r) exp. S^ [cos-' ~^-C08-' ;^~,] +h- V^+Vr'-rj 



EQUATION OF A OBEAT OIBOLE. 

All the data remaining as before, conceive a great circle to pass through B; its azimuth ;?= 
CBG. 




Fig. 24. 
In the triangle GBG, Fig. 24, we have 

cot CG sin GB=oos OB cos 0+sin G cot B 
tan cos ^i=rsin Oi cos {w-^wi)+wi (cei— ai|) cot Z 



or 

and, since 



2 tan 



tan o=- 



2 



l-tan» 







it follows that 



tan|=4 A— tan2|^ j tan ^, cos (w^w,)+^-^Bm{w—a,,) [ 



which is the equation of the great circle passing through B, and making with meridian of B an 
angle=Z. 

In Fig. 25, pADp* represents a circle which is parallel to the meridian PBP^ and distant 
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from oD=OD— Oo=fl»,— «»i, if the longitude of D be taken a8=a»^ Draw AB' perpendicalar to 
PP'; AB'=oD, and the right-angled triangle PAB' gives us for the relation between the latitude 
FA=(/ and the longitude oF=<w— ai, of any point of this circle 

(D) 6in(a.-i.0=?^^"^^ 

^ ^ ^ cos^ 

EQUATIONS OF THE PROJEOTIONS OF THE LOXODBOMIO, THE GBEAT OIBOLE, AND A PARALLEL 

TO A MERIDIAN. 

Since the equator is developed into it« actual length, taking the rectification as the axis of Sj 
we can replace w—w^j expressed in the same unit as the radius r of tlie equator, by f , and equation 
A becomes 

(E) ^cotQrrrlogtanAso+l^-rlogtanAGo+J^ 

Now, in order to find out upon the chart how many of these curve units are contained in the 
abscissa c of a point of the curve corresponding to any latitude o upon the sphere, it will be neces- 
sary to introduce in this equation the already-found values for Q, ^i, and 0. The ordinate 19 of the 
same point will be found by making E=0 in the value already found for the length s. This gives 



(F) ry==rlog tan (^450+1^ 



Eliminating between E and F, we have, for the equation of the projection of the loxodromic, 



17 =$ cot Q+r log tan A6o+^»^ 



a straight line making an angle Q with the meridian, which is here taken for the axis of 17, and 
passing through the point of the chart which corresponds to the point on the sphere of latitude ^j. 
The equations of the great circle and parallel before spoken of are obtained by eliminating 
between equation F and equations G and E I'espectively. Write equation F in the form 



tan (^460+1)=^ 
then we deduce immediately 



1 



tan^ = 

Substituting this in equation G, and writing to — wj=i, we have for the equation of the projection of 
a great circle 

Since 

l-tan»^ 

the projection of the parallel is readily found to be 

(H) siui^isinlQ^-l) (-.-..»^') 

Thus we see that both the great circles (other than meridians) and the parallels to any merid- 
ian ai*e projected in transcendenta.1 curves. The discussion of these equations is very simple, and 
need not be given here; the subject will, however, be resumed in another place, and more general 
forms of equations obtained for the loxodromics upon the general ellipsoid and upon the ellipsoids 
of revolutiou. 
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ZENITHAL PEOJBCTIONS. 

A projection is said to be zenithal when all i>oints npon the earth's sorfieM^ that are equidistant 
fh>m a certain assumed central point are represented upon the chart in the circumference of a 
circle whose center is the projection of the assumed point upon the sphere. 

The new co-ordinates to which the position of a x)oint is referred are the almncantars and azi- 
muthal circles of the assumed central point, and, as in the case of perspective projections, these 
circles of the sphere are given upon the chart as concentric circles, the almncantars and their 
diameters the azimuthal circles. The angles between the azimuthal circles are conserved, as in the 
case of perspective projection already alluded to. The name zeniikal projections is obviously derived 
fh>m the fact that they can always be considered as the representation of the hemisphcfh^ situated 
above the horizon of the given point, and having the zenith for pole. For the determination of 
the new co-ordinates in terms of the latitudes and longitudes, supposed known, we have only to 
solve a very simple spherical triangle. 




Let G (Fig. 26) be the point upon the horizon of which the projection is to be made, P the 
pole; then BPCB' is the meridian, and BBB'B^ the horizon of O. Let A denote any point whose 
latitude and longitude and w are known, and let X represent the latitude of 0. Now, in the spherical 
triangle PGA (the circles of PG and PA being, of course, great circles) we have given the side 
PG=s90o— a, the side PA=:90o — ^, and the angle at P= the longitude w counted fh>m the meridian 
BPGB', to find the side OA=a and PGA=^. We have at once 

cos a=sin sin >l+cos cos X cos w 

or, introducing an auxiliary angle C given by tan C=cos ut cot>l 

cos a=z ^ ^ ' Sin X 

cosC 



and 



sm fisz-,- - cos i 
*^ sma 



In the case of ^IsO, or the center of the chart assumed upon the equator, these become 

cos asscos ctf cos ^ tan /^sastau <v cot ^ 

The construction of the projection is now, of course, quite simple, if we know the law which is to 
connect the radius of the representation of each almucantar upon the chart with the corresponding 
angle a; i. a., if we know some such relation as p^F{a). It would only be necessary in using this 
projection to have tables giving the values of p for each value of a, and to lay off these values of 
P upon the diameters making with the meridian PO the corresponding angles fi as determined by 
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another table. The projection will evidently be symmetrical with respect to the meridian PC and 
also with respect to the equator if the center be chosen upon that line. The simplest form that 
we can give to /o is evidently p=ira. This is equivalent to saying that the radius of each almucantar 
is equal to the arc of the great circle upon the sphere which joins the center of the region to be 
projected to the small circle under consideration. K the pole is taken for center, the almucautars 
become the parallels and they are given by 

,=r(90O-a)j^ 

This projection was first employed by Guillaume Postel in 1681 ; afterwards by Lambert in 
1772, he regarding it as a zenithal projection; then again in 1799 Antonio Cagnoli believed that he 
had invented it for the first time, and gave it his name. We shall adopt the name apparently 
given for the first time by Germain, and speak of it as the equidistant zenithal projection. 



Expressing in units of angular measui'e, or degrees, the radii of the sphere and of the different 
circles that we wish to project, we have obviously, fh>m Fig. 27, 

A/B'_90o^_ 90 

AB ""1800-67.29 
Ifow 

ef^AR sin a 
and 

A'B''"90 
therefore 

A'B'_ ^__^^ sing 

AB""67.2y~ a " ef 
from which 

&f^ a _ 

e/ ""57.29 sin a 

This ratio tends to unity as a diminishes and becomes, for a = 30o, 

""67.29 

which shows that the degrees upon the projection are a very little smaller than those which cor- 
respond to them upon the sphere. From the ibrmnla p^ra it is clear that the central distances 
are conserved, and from what we have just seen it is clear that, if the projection be not extended 
more than 30o from the center, the distances perpendicular to the radii p will also be very nearly 
conserved. With the pole as center this projection has been much used by the Yr^wcAx Bureau des 
Longitudes for the charts of eclipses published every year in the Connamance des Temps. This 
equidistant zenithal projection may be considered as the final one of a series of projections of 
which the first two terms are the gnomonic and the stereographic projections respectively. For 
the gnomonic we have 

p=r tan a 



Digitized by 



Google 



TBBATISE ON PROJECTIONS. 91 

for the stereographio 

/9=2r tans 
Now write 

/9=nr tan - 

for »=1, 2, respectively we have the last two equations. This can be written, however, in the form 

a a n 

n tan - = • 

n a a 

COS- - 

n n 

let n=oo 

a 
sm- 
a ^ t 
= a :=1 



and thas 



a a 

COS- - 

n n 



/)=rQO tan — =ra 

^ 00 



PROJECTION BY BALANCE OF EBBOBS. 

We will now take up the projection invented by Sir George B. Airy and give the full account 
of it that is given by the illustrious author himself in the first part of his paper published in the 
Philosophical Magazine for December, 1861, having the title *< Explanation of a Projection by 
Balance of Errors for Maps applying to a very large extent of the Earth's Surface; and Compari- 
son of this projection with other prqjections. By G. B. Airy, Esq., Astronomer Boyal " As a 
slight mistake was made in this paper it will not be given in full exactly as it appears in the 
Philosophical Magazine, but Captain Clarke's correction of Sir George Airy's error will be inter- 
polated in its proper place. Captain Clarke's account of the correction to be made and the con- 
sequent necessary changes in some of Airj's conclusions, is to be found in the Philosopbical 
Magazine for April, 1862, "On Projections for Maps applying to a very large extent of the Earth's 
Surface. By Col. Sir Henry James, E. E., Director of the Ordnance Survey; and Capt Alexander 
R. Clarke, R. E." 

In this projection, as in all zenithal projections, any point of the earth's surface may be 
adopted as the center of reference to be represented by the central point of the map. The pro- 
jection is subjected to the conditions: (1) that the azimuth of any other point on the earth, as 
viewed from the center of reference, shall be the same as the azimuth of the corresponding point of 
the map as viewed from the central point of the map; (2) that equal great-circle distances of other 
points on the earth from the center of reference, in all directions, shall be represented by equal 
radial distances from the central point of the map. These conditions include the stereogi'aphic 
pnrojection, Sir Henry James's projection, and others; but they exclude the Mercator projection, 
and the projections proposed by Sir John Herschel. The two errors, to one or both of which all 
projections are liable, are, change of area, and distortion, as applying to small portions of the 
earth's surface. On the one hand, a projection may be invented (called by Airy, "Projection with 
Unchanged Areas") in which there is no change of area, but excessive distortion for parts far 
from the center; on the other hand, the stereographic projection has no distortion but has great 
change of area for distant parts. Between these lie the projections usually adopted by geographexs 
with the tacit purpose of greatly reducing the error of one kind by the admission of a small error 
of the other kind. The object of the projection invented by Airy "is to exhibit a distinct mathe- 
matical process for determining the magnitudes of these errors, so that the result of their combi- 
nation shall be the most advantageous." The theory is founded upon the following assumptions 
and inferences: 

First The change of area being represented by 



p rojected area ^^^ 
original area 
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and the distortion being represented by 

ratio of projected sides - _ projected length x original breadth .. 

^tio of original sides "" projected breadth x original length 

(where the length of the rectangle is in the direction of the great circle connecting the rectangle's 
center with the center of reference, and the breadth is transverse to that great circle), thcs<; two 
errors, when of equal magnitude, may be considered as equal evils. 

Second. As the annoyance caused by a negative value of either of these formulas is as great 
as that caused by a positive value, we must use some even power of the formulas to represent the 
evil of each. The squares will be used. 

Third. The total evil in the projection of any small part may be represented by the sum of 
these squares. 

Fourth. The total evil on the entire map may therefore be represented by the summation 
through the whole map (respect being had to the magnitude of every small area) of the sum of 
these squares for every small area. 

Fifth. The process for determining the most advantageous projection will therefore consist in 
determining the laws expressing the radii of map circles in terms of the jpeat-circle radii on the 
earth (i. e., to determine /o=Fa), which will make the total evil, represented as has just been stated, 
as small as possible. 

Let a and h denote the length and breadth of a small rectangle on the earth's surface, and 
a+da, h+dh the length and breadth of the representation of this rectangle upon the map, neglect 
powers of da and db above the first. Then the change of area 



And the distortion 



projected area - _ (a+^a)(ft+^ft) i _^ i ^ 

~ original area "" ah "^ a"^ b 



— pr oj^ted leng th original breadth - _ a+da 6 ^ _^_^ 

"■projected breadth original length ~'b+db a ^ a b 



The sum of their squares, or 



IS 



and we may therefore use 



\a^bj'^\a^bj 



as the measure of the evil for each small rectangle. 

Let a denote the length, expressed in terms of radius of the arc of a great circle on the earth 
(u>iiuecting the center of the small rectangle with the center of reference; p the corresponding 
distance upon the chart, expressed in terms of the same radius, of the projection of the center of 
the small rectangle from the center of the chart; to find p in terms of a. Let the length of a small 
rectangle on the earth be ^a, the corresponding length on the map dp. Also let ^ be the infini- 
tesimal azimuthal angle under which, in both cases, the breadth of the rectangle is seen from the 
center of reference or the center of the map. Then we have 

a-:=da a-|-^a=^/o da=idp — da 

h^fiBina b+db=Pp ^ft=/r(jt)— sina) 

©■+(f)"=(^0'<a^.-0' 

This quantity expresses the evil on each small rectangle. The product of the evil by the extent of 
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sorfiice which it affects, omitting the general multiplier /9, is 

Consequently the summation of the partial evils for the whole map is given by 
Or if p^a=y and if we put p for X the expression is 

VOL 



r ( 4 • . {y+ a—sin a)* \ - 



and this integral over the surface to which the map applies is to be a minimum. Just here it will 
be of interest to give Oaptain (now Colonel) Clarke's elegant method of obtaining this fundamental 
equation. 

Let P be the poinMb the sphere which is to be the center of the map, and Q any other point on 
the sphere such that the arc PQ^a; if Q^ be the representation of Q on the development, PQ'=:^. 
Suppose a very small circle, radius a», described on the sphere having its center at Q; then the 
representation of this small circle on the map will be an ellipse having its minor axis in the line 
PQ' and its center at Q'; the lengths of the semi-axes will be 

dp w 

da '^ sin a 

the differences between these quantities and tjiat which they represent, that is, c», are 

\da J \Wia J 

and the sum of the squares of these errors is the measure of the mx^TeptewwUifion at Q^ The 
sum for the whole surface from a=0 to a=r is proportional to 



X'iCI-OXi^-OI''— 



which is to be a minimum. 

Besuming now the expression 



ilV^'^'^'^^^Y 



write it as 

Make 

Ha by dp ^ 

and giving to y only a variation subject to the condition that dy&>0 when assO, the equations of 
solution are 

where Pr is the value of 2jp Mn a when arsr. Kow 

^ 2(tf+a— sina) SP ^dN . , ^dy 



Digitized by 



Google 



94 TREATISE ON PROJECTIONS, 

and the equation 

becomes 

^-^—. sin a ^^ — cos a ^= 

Sin a da* da 

or 

sm* a^ + sin a cos a ^— y=a^sm a 

For a— sin a nse the symbol A and assame 

dv 
z=Bma./^+y 

Then, by actual differentiation and substitution, 

dz . . <Pv . dy 

em a g-— ;?=sin* a j^ +sin a cos a ^r-y 

or 

dz 
sma^— je;=A 
da 



This equation is integrable when multiplied through by ; the solution gives 

' a 
SlI 

PAda 
i / -a 

J «^^'2 

f*w , - . « PAda 
sina^+y^itang ^-^ 

This last equation is integrable when multiplied by ; the solution gives 



sm»2 

^=itan^, ^^ 

therefore 

dy , i . a P ^da 



COS* 2 



/ ^l*^ /'Ada 
cos'iy 8in»| 



y=icot| 

y cos'gc/ 8»n*2 

If ,^ =v'', the Bolation may be put in the form 

*'^2 Bin <J cos <Jj sin*<ft * J sin* ^ cos' v^ 
y=J tan ^/^-i cot v^J^ 
Replacing A by its value a— sin a, we have, finally, 

• ys— a— 2cot|logcos| + tan S+C' cot| 
[n this, as y=0, for a=0 we must have C'=0, 



or 



or 
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The second condition 

is easily seen to become 

co8ec*^logcos^ + JO sec* 1=0 
which g^ves for 

C=— 2cot?glogcos^=scot*| log sec* I 

For the center of the chait, where a=0, we have, on sabstitating for y its value, 

\daJo Z 

And finally 

/D=— 2 cot^logcos^ + tan^cot* | log sec* g 

The logarithms ^^^oie Naperian, and to transform to common logarithms it will be necessary 
to divide by M=0.43ffl!48. 

The limiting radius of the map is S=2G tan 5. This quantity does not increase indefinitely, 

but is a maximum for t=126o 24' 53''; and, for quarter values of t, E diminishes. As in all that 
precedes we have tacitly assumed the radius of the sphere as equal to unity, we must, for any 
radius r, multiply the found values of p and B by r. 

Sir Henry James has invented a perspective projection which is nearly enough allied to the 
present subject to be included under the head of zenithal projections. In the attempt to make 
the misrepresentation on the map as little as possible, he has been led to choose a position for the 
point of sight given by the formula c=1.50r. Colonel James, wishing to apply this projection to 
the representation of a portion of the earth's surface greater than a hemisphere, takes for the 
plane of projection no longer that of a great circle but a plane parallel to the ecliptic and passing 
through either the tropics, t. 6., at a distance from the center of the sphere =r sin 23^ 3(K. The 
radius of the bounding circle of the chart is =r cos 23jo--o.91706 r and the equal lengths upon 
the spherical surface are at the boundaries of the chart only one-sixth greater than towards the 
middle. Colonel James has chosen this particular position for the plane of projection because, 
with the central point assumed upon the tropic of Cancer, in this circle of projection can be repre- 
sented Europe, Asia, Africa, and America. The name chosen by Colonel James, ^'a projection of 
two-thirds of the sphere," is not exactly correct, inasmuch as in reality seven-tenths of the surface 
of the earth is represented. 

For the projection of a hemisphere the above system is the best possible, for in it the misrep- 
resentation is a minimum; but for extending the projection fix>m 9(P to 113^ 3(K Captain Clarke has 
shown that the true position for the point of sight is at a distance irom the surface given by the 
formula c=lf^ instead of e=l^. Taking the radius of the sphere as unity, and making h the 
distance of the eye fh>m the center, and 1c the distance of the plane of projection fix>m the same 
point, we have 

_ tsina 

^^""^+008 a 

for the radius of any almucantar. This involves two arbitrary constants k and A, and these may 
be so determined as to render the integral 

yjXJ sin ada 
a minimum, where 
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Beplacing ^^ by its value, k \ J^ J j .and p by its valne, we have 

^ ® Az ' (*+COS a)* ^ ^ 

This must be a minimum with respect to Jc and &• Effecting the integration, we get 

Q=*»Hi+2ftH,+48in»g 



where the symbols Hi and Hs are 



„_!+*» &(y-l) (&>-!)» 1 (!-&)» . 



and 



Now, the conditions for a minimum are 



H.=(l+A)log^+*!^-(A-l) 



G=&+COSr 



S=» 



or 

from which 

hence 



tHi+HasO 
J, H, 






Q=4sin.I-gi* 

Now h must be so determined that^ shall be a maximum. This is most easily done by cal- 

■til 
culating the values corresponding to assumed values of h* We have the following: 



h 


log H.'— log Hi 


1.35 
1.36 
1.37 
1.38 
1.39 


0.420732 
0.420756 
0.420762 
0. 420747 
0.420665 



By Interpolation the maximum is found to be 



therefore 

and consequently 



h 


log H,*— log H, 


1.36763 


0.4207623 



5iL*=2. 634889 
-til 

Q==0. 16261 



The point of sight is here at the distance of about H of the radius from the surCeuse of the 
sphere^ instead of K as in the previously-described projection by Oolonel James. We have also 

^ 1.66261 r sing 
'""'l.36763+cosa 
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For a=113° 30', the radios of the limiting circle of the chart is 

R=1.6737 
and by Sir George Airy's "Balance of Errors'^ 

E=1.5760 

The yaliies of p from tbe above formula are found in Table XXVI. This species of perspective 
projection is very useful for representing large portions of the earth's surface, and for the construc- 
tion of physical or geological charts; for the large star maps it is preferable to the stereographic 
projection, because it* is capable of representing with but little error at the limitjs a very large 
portion of the sky, but, not possessing the important attribute of conserving the angles, does not 
show the constellations in their true forms. 

OLOBULAB PROJECTION.* 

This projection, which is often wrongly confounded with Postel's equidistant projection, is 
very simple of construGi^, all of the lines drawn to represent meridians or parallels being arcs 
of circles. ^^ 

A circle is drawn of arbitrary radius, and two rectangular diameters are also drawn, repre- 
senting the first meridian and the equator respectively. The parallels are drawn passing through 
points of equal division of the first meridian, and the meridians are made to pass through the two 
poles and the points of equal division of the equator. If the centers are too far removed to con- 
struct the circles by that means, they can be constructed by means of points. The formulas for 
the radii of meridians and parallels are readily found to be 

— ^— £ 

where ^ is the distance from the point of intersection of the meridian with the equator to the center 
of the meridian which limits the projection, and r is the radius of the sphere, and 

^' 2{h-d,) - 

where ^i=the distance from the point of intersection of the parallel with the central meridian to 
the center of the hemisphere, and h=r sin o. If n denote the number of points of subdivision of 
the equator and central meridian, then 



and, in consequence, 






Before leaving this subject we will study briefly the alterations in angles, lengths, and areas 
caused by projection, a general investigation of the theory of alteration being reserved for the 
purely theoretical part of this work. 

Denote by 9 the angle made by an arbitrary line upon the sphere with a meridian, and by W 
the corresponding line upon the chart, and make, for brevity, 

We have now /9, as before, denoting the azimuth, 

« tan ^=f ^ sin a tan 9^=p ^ 

aa dp 

* Improperly called "Arrowsmiih's projection ; '' it was invented by J. B. Nicolosi, of Patomo, Sicily, in 1660, ^vbilo 
Arrowsmith did not use it until 1794. 

7 T P 
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These two equations give by elimination of dfi (and consequently of fi) 

tan ^=: J tan 9 
where 

dp sin a d log p 

and also 

(J-l)tan<^ 
^*^^-l+Jtan»^ 

It is clear from this that 4>, which is the angular alteration, is independent of the azimuth fi. 
We can now calcalate ^ in all cases where the form of the function F is known, which defines p by 
means of the relation p=F(a). Since tan * ==0, for ^=0, ?, we have for these two cases 6=9^^ 

which we already knew, this only expressing the fact the projections of the almucantars and 
azimuthal circles are orthogonal as are the lines themselves upon the sphere. We will now deter- 
mine the maximum of ^ regarding 8 as the independent variable; denote the resulting values of 
6y ^, and by the same symbols with the suffix (o). Forming t^e fir^^fferentipl coefficient of 
tan ^y we are conducted at once to the relation 

1- J tan« 6^=0 
tvom which 



tan6?o=±J^*=± /AJ^JP_ 

/\/ dlogtan| 

There are thus two directions upon the sphere symmetrically situated with respect to the meridial!, 
the angle between which is most altered. The same is, of course, true upon the chart, and we 
have, in feet, for tan ^, 

/d log tan ^ 

tanro=±J*=V-TOg7^ ' 

Combining these two, we find 

tan ^0 tan y''o=l 
or 

excluding negative arcs and arcs > 5. We are able now to find the maximum of tan ^, t. e., 

Substituting for J its value 

—d log ^+d log tan I 
tantfo=- 



2jd\ogpdlogtAu~ 



This gives ^o^O for a=r/7=0, or there is never any alteration at the center. For J=sl, that is, for a 
projection in which the angular alteration is everywhere zero, we find 



d log p:=d log tan ^ 



and consequently (there being no constant) 
which is the law of the stereographic projection 



/o=tang 
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ALTERATION OF LENGTHS. 



Denotiug upon the sphere the co-ordinates of two infinitely near points by ay /9 and a+da^ 
,8+dfiy we have for the distance between them 



^1= Vsin^ ad^+da* 
and for the corresponding distance upon the chart 



d2= y/dfy'+p^ d^ 
Make 

thence 

dp^+P^dfi^^m^(&n^ adff^+da^) 

The ratio m is, of coarse, different in different points of the chart and also, in general, differs with 
the direction of the element under consideration. This last is equivalent to saying that m is a 
function of and of coofse varying with 

tan Bssz^ sm ai 
da 

To find, then, the valae of 8 which makes m a maximum or minimum. The above expression 
for m* gives 



m' 



dp^+f^d^ 



'sin* ad^+da* 
Dividing numerator and denominator by da^ and substituting tan for its value, 

do* ^'^ 8in*a 

Equating to zefo the derivative of this expression with respect to By there results 

sin^ cos^(^-/|--:,V)=^ 

Tliis shows that m is a maximum or minimum for 9=0 ot^; i. 6., either for an almucantar or an 
azimuth (the diameter of the almucantar). Taking the second derivative, we are conducted to 

\sin* a darj 

We must examine the sign of this under the two suppositions of ^sO, or % Suppose first that 
the factor in parenthesis is positive; i. e., 

p* 8in"a 

there results at once 

^<tan| 

This condition being supposed satisfied, by any means whatever, we will have the second derivative 
positive for ^=0 and negative for 0=^/y consequently m will be a minimum for e^=0, and a maxi- 

mum for B=^. If the same factor is negative, we must have 
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aud the converse of the above will take placed, m being a maximam for ^=0, that is, along the pro- 
jection of the a 
cantar. From 



jection of the azimuthal circle, and a minimnm for ^=^, i. e^ along the projection of the alma- 



sin* a da? 
there follows 

/t>=tan| 

the stereographic projection. This is, then, the only system in which the ratio of corresponding 
elements upon the sphere and upon the chart is independent of 6. To find the actual maximum 

and minimum values of m, substitute ^=0 and ^ in the formula 

2 

m'=^ cos* e+ -T^-sin" 9 
dor BUT a 

For brevity, write mo=:m for ^=0, and mi=m for ^= ^5 then 

inQ=:-/ upon the radius mi=-J^ upon the almucantai 

da ^ sina *^ 

The alteration of areas will obviously be expressed by the product inomi=fi*; then 

sin a da 
or 

^ d cos a 

The application of the preceding results to the different cases of zenithal ]Mrojectiou that we 
have studied is very simple. Beginning first with the alteration of angles, we have for the radius 
of the almucantars (or parallels) in perspective projection 

csina 



C+COSa 

and consequently 

dlOgp 1-fCCOSa 

Now 

. ^ , leco&a+l 
tan ^Q=j:^ ^ , ^7^ 

" V o+COSa 

and 

tan *o=— i^^M^^il^ 

2 V(C+COS a) (cCOSa+1) 

In Colonel James's projection, 

/.-I 50 T- l»50+CO8 a / 1.60 cos a-fl 

'-^•^ •^-l.SOcosa+l tango=v/ igo^^J^ 

and 

tan *o= 0-26(l^cosex) 



V(1.60-fCO8 a) (1.50 COS a+1) 

For a=90O 

tan ^o=. A-L= ^7666+ ^o=39o W nearly, 

vl.oO 

that is, at a distance of 90^ iit)m the center the angle most altered is about sSO^ 14'; this is rep- 
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resented upon the map by 5(P 46^, the alteration being 11^ 32^ In Captain darkens modification 
of this projection, 



0=1.36763 



tan ^,- 0.36763 (1-cosa) 



2 V(1.367G3+co8 a) (1.36763 cos a+1) 
In this case, making a=9(P, we find for the maximum alteration at that distance from the center 

In ihe equidistant zenithal projection 



p==a J=:^?- tan^o=±J?5_i . tan<Po=- 

Sina V a S 



a — Sin a 



a 2^/ a sin a 

At the center^ a=0, J is equal to unity, and in consequence 

^o=±45o ?Pi=±45o *o=0 

00 now decreases until a=~ ; then tan ^o=±-/?, or ^0=38° 36' IC', and also iPi=61o 24' 30"; the 

maximum deviation being tfo=12o 49/ 40//. Jq the projection by Balance of Errors we must cal- 
culate $0 and ?^o by means of the rather complicated formula 



/5=:-2cot|logcos|+tan| ^cot*Ilogsec»|^ 



The angular alterations in the gnomonic and orthographic projection are' readily found to be equal 
with contrary signs. 

For perspective projections we have more generally 

(/sin a 



O+COSa 

from which we can find 

(g/t>^c'( CCOSa+ l) ^ ^ = ^ 2^f[l(£C08a+l) 

da (c+COSa)^ siua C+COSa (c+COSa)' 

For stereographic projection, 

c'=2 fMo=-^: — m=-^ M*=-^ 

«a »a .a 

COS*- COS* 5 COS*j^ 

J» ^ z 

The ratios of alteration thus depend only upon a, beginning at the center, or a=0, with the values 
of unity, at the circumference or a=:90o, 

9no=mi=2 /Li*=4 

In Colonel James's original projection the plane of projection coincides with one of the tropic8| 
and o'=1.1012. Consequently for the center 

^=^^=2270 
At 90O from the center 

^_1 «,-»! 2«1 

'"2.043 '"i:362 ^ -2.7825 

At the limit of 113© 30^ 

Wo=j-|^^ t»i=2.265 M*=1.88 

In Captain Clarke's modification of this projection we have, for the same limits, 
iWo= 1.149 Wi=2.436 /x2=2.79D 
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For the equidistant zenithal projection 

sm a Bin a 

At the center, a=0, the ratios mi and fi* are=l; from this point they increase until a=90o, when 

Wi=At*=^=1.6708 

JO 

a continuing to increase, mi and p^ also increasing until a=180o, when 



§ VI. 

EQUIVALENT PROJECTIONS. 

The only condition which is to be fulfilled in this class of projections is the equivalence of an 
elQpientary quadrilateral upon the spheroid with the corresponding quadrilateral upon the map. 
The quadrilateral upon the surface to be projected can be formed by two meridians and two par- 
allels, each indefinitely near the other; the corresponding quadrilateral upon the map will also be 
very approximately a rectangle. The general mathematical investigation of this kind of projec- 
tion will be given in another place, and for the present we confine ourselves merely to the equiva- 
lent projection of the sphere. Denote, as usual, latitude and longitude by 6 and w respectively; 
call p the radius of the parallel of latitude ^, and s the meridional distance of a point from the 
pole; then for the area of the small quadrilateral included between two infinitely near meridians 
and two infinitely near paraUels, we have 

rpdsdat 

Writing here, since p and s are ftinctions of 0^ 

TpdB^Bde 

where ^ is a function of ^, the element of areas is 

For the earth we have, without any difficulty, 

^_ r^(l— e^)cds^ 
^~(l-e»sin»<?)» 

The co-ordinates of the comers of the infinitely small quadrilateral on the sphere are 

0j Of Oy Qt+dof 6+d0y Of 0+dOj w-^-dw 

Taking $. i? as the projection of 0j m, Taylor's Theorem gives for the remaining co-ordinates 



and, consequently, for the area of this parallelogram 



d$ dl 

dw do 

dr^ drj 

dw do 



dwdo 
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The condition of projection thus requires 



daP do 

dri dt) 
dii' do 



= e 



It wUl clearly be necessary to choose some value for either f or 17 which shall be a fimetion 
of e and a»: suppose we take 

then the differential coefficients ^ and ~ will also be known functions of and <ai writing: 

dw do / o 

d* d? 

the above equation of condition can be written in the form 

To integrate a partial differential equation of this form we know {inde Boole's Differential Eqna- 
tionSy page 324) that it is necessary to form the system of simultaneous differential equations 

do ^ do} d^i 

deduce their general integrals in the form tt=a, <o=h^ and construct the equation V{Uj t^)=0 which 
will be the general solution sought. We can proceed directly as follows: From the first and second 
differential expressions given above we have 

which leads at once to the integral 

f{0, «)=0 

when is an arbitrary constant. Solve this equation for at and we obtain 

which being substituted in P will make that quantity a function of only; designate this form of 
P by the symbol P^. Of course, P^ contains c also, but that will not affect the integrations, so we 
need not indicate its presence. !N^ow we have again, from the above simultaneous equations, 

, edo 
This becomes, on substituting the new value of P, 

, edo 

firom whid) 

Now, in general, since /{^, a>)=(if, we have 

Vdw+q,dO=dS 
writing then 

and forming the arbitrary relation </=P(c), we obtain 
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and for tlie equations of projections without alterations of areas 

or, finally, regarding $ as constant in the expression for ^, 

Designating the integral / ^ by ^'{0^ ^) and forming the partial deiivatives of 17, we have 






^^^ + dio d^ 



do^do^ ^^^^do dS^de 



Eliminating F'(f) and^-, we have 



dS dl 

da! do 

dij df) 

'dH! do 



d^ d^ 

'do dw 



^S 



which IS the equation implying the principle of the conservation of areas. Therefore, if equations 
(I) are satisfied, the areas of corresponding parts of the surface and the plane of projection will be 
the same. 

From the usual considerations we know that the cosine of the angle between the projections 
of a meridian and a parallel is proportional to 

d? d^ df) dri 
d<oWrd(ii)db 



and if this angle is right, we have the condition 

d^ d^ drj dr^^^ 
dto do'^dm do'^ 



which, combined with 



dto do do da) "" 



removes the indeterminate nature of the functions F and/. If the angle is not right, we have stiU 
the relation 

d? dri d$ dr^ 
. do* do do dot 

rf$ d^ dri dri 

do) do'^dw do 

The arbitrary functions of the problem might also be determined by the condition that the 
meridians and parallels should be projected into curves of a given kind. The general solution of 
the problem in this case would be extremely difficult, .if, indeed, not quite impossible, though par- 
ticular cases are readily solved. Suppose, for example, that we wish the parallels to be projected in 
right lines. Take the equator for axis of ?, then 17 must be independent of the longitude, and thus 

Therefore in the general formulas it is necessary to place F (f )=0, and to have the differential 

coefficient ,^ independent of at; that is, S must have the form 
dof 

^=a)/{0)+W{0) 
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or, if f is to vanish with Wy 
then 

from which 

and consequently 



redo ,.: 

are the equations of the problem. These become for a spherical earth 

//ii * r^wcos^ 

For a spheroidal earth they are 



^ ^^ ^ . (1— €»sin2^)V(<?] 



If n is any arbitrary constant, we can write for the simplest value of 17 

from which ^' (^)=«r, and consequently 

^_rw cos (1— g^) 
^-^•(l—fi^sin^^)* 
or, for a spherical earth, 

t r<tf cos ^ ^^a 

If we place n=l we hav6 a proj^tion in which the lengths of the degrees of the parallels are 
conserved upon the projection. This is Sanson's projection, ordinarily and improperly called Flam- 
steed's. It has been often employed to represent the entire surface of the globe. The general 
appearance of the projection is that of a species of oval, with the major axis twice the length of 
the shorter. The angle of intersection of the representations of meridians and parallels is seen 
to be right only upon the central meridian and the equator, 

^^+^^=_a»a,cos^sin^ 
the equations for the projection being 

fssr^ rjssTw COB 

and this is zero only for «i=0 or ^=0. The value of the right-hand member, orcein 20 increases 

very rapidly with ^, and the angle of intersection consequently changes very rapidly from its value 
of 90^. For the equation of the projection of the meridians we have 

n=rai cos £ 
r 

a transcendental curve. 

The co-ordinates of this projection are now, for a sphere, 

for a spheroid they are 

180 (1— e*sin"^)* '^""180(1— «" sin" 6>)l 

If a is the complement of the angle between a meridian and parallel 

tan a=-^- wsin^ 



180 
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If B is the angle on the sphere formed by a meridian and any other curve, and p the projection of 
this angle, we have 

tan (i9— a)=tan B— tan a===?i5L(^r:fi) 

^ cos B cos a 

For the element d<r of a meridian on the projection we have 

COS a 

ds being the corresponding length on the sphere; this is, for a sphere, 

d<T=zTdo Vl+oi" sin" 
and consequently 

a=zr f{l+w^ sin" 0) i de 

This is an elliptic integral, and depends for its solution on the rectification of an arc of an ellipse 
with semi-axes=r-/r4:^« and r resi)ectively. 

If the meridians are to be projected into right lines perpendicular to the equator, we must 
make ^ a function of w only, thus: 

n 
and 

^' {p)=n cos e 
then 

i^=^(^)=wsin^ 

This projection is a projection of Lambert's, called by Germain << Lambert's isocylindric projection." 
For n=l and a radius of r these formulas are 

$=rfl> iy=rsin^ 

We have thus a projection consisting of a series of equidistant parallels, straight lines at right 
angles to the equator, representing the meridians, and another series of parallels at right angles 
to the first, whose distances from the equator vary as sin 0^ representing the parallels of latitude. 
The value of B is, for the sphere, ^=r"co8 ^, and for the spheroid 

{1-Vsin"(?)" 
making sin ^=0? 



or 






If 17 is to vanish with ^, must = 0. Developing the value of 17, 
J— ^i-^v^=l+e"siu"^+e*sin^<?+ «"'sin»'^+ 



Neglecting powers of e higher than the third 

iy=r(l— c") (8iii<?+f ^ sin'^) 
or 

ij=r sin O—re^ sin (1— f sin" 0) 

Another simple example of the use of the general formulas is to write 

^ TO) GO^O 

^=/>ai=— . ^-- ... -T-r 

VI— e*8m"^ 
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Then 

i^d?\ r cos^ 

V^ )i^ -/l— ^ sin'^ 
and conseqaently 

,=r(l_c')Jp-i^, 

This is, of coarse, an elliptic integral, but as it is quite simple we may reduce it a little further. 
Passing at once to the usual notation employed in elliptic functions, 



'=^<'-*'^/f^» 



As e is the modulus, Vl—^ is the complementary modulus, and as usual write it e'; then 






Now 

d^ sin d cos ^ _ 1— 2 sin' ^+e' sin^ e 

Writing, for more convenience, A instead of A (d?), 
and thence by integration 



, d^ sin^cosg _ A*— e^' _ _e^' 
do A " A» " A» 



^ 1 /-w Jo e* sin ^ COS ^ 



/f.=^/'^* 



e'-A 



Denoting as usual the elliptic integral of the second kind by E(^), the modulus being understood 
to be e, we obtain for r^ 

The further discussion of this general value of ri would only be interesting from a purely 
mathematical point of view; so we shall not dwell any longer upon it, but will expand A in otSqt 
to get the approximate value of 19. Expanding A and neglecting higher powers of e than the third, 

/Vl-e«8in«(? d0=fde[\^^ c> sin" ^]=/d^[l— J e'+J ^ cos2<?]=(l-i e") ^+i c> sin 20 

also, under the same conditions, 

re* sin cos ^ • . o^ 

— -^ =^ =i ri? sin 20 

^/l-£«sin»(? ^ 

Thus we have for 17, if the constant of integration be assumed =0, 

i?=r(l-J €») ^—1 re* sin 20 
which, for the sphere, becomes 

iy=r^ 
and also 

^^roi cos 

the Sanson Projection. We have seen that the isocylindric prqjection of Lambert had the equator 
divided into equal subdivisions, and the central meridian into divisions the upper (or lower, if 
below the equator) points of which were at distances from the equator proportional to the sine of 
the latitude. This would obviously not be a very advantageous projection for countrii^ which, 
like America, have their greatest extent in a north-and-south direction. For such a case, Lambert 
proposed, so to speak, to turn the preceding projection through a right angle, dividing the central 
meridian into equal parts and the equator into parts depending upon the sine of the longitude. 
This projection is Lambert's transverse isocylindric projection. The conditions of the problem are 
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that for a»=0, ?=0 and iy=^j and that for ^=0, *=sin m and iy=0. These require for $ the valae 

^=r sill a> cos ^ 
This gives 






=r COS «w COS I ^)= y/r cos' O-^p 



As iy is to be =0, for ^=0 we must have F(^)=0; then 



'=/ 



cos^d^ . . sin^ 

=BITI~' =r-_ 



The equations for the transverse isocylindric projection are then 

sin 



f=rsinwcos^ sinij=- 



Vi— r^sitfo/cos'^ 
or 

. tan^ 

tan w = - >- o- .= =T= 

' Vl-r^sin^ce; 

Eliminating we have for the meridians the equation 

^^ (1+ tan* 7i cos^ w) =r* sin* 01 

and similarly for the parallels 

tan* Ti (r* cos* ^- ^) =r* sin* 

These are transcendental curves, and in order to construct them a series of points mast be found, 
and the carves drawn through them. This projection is symmetrical with respect to the equator and 
the central meridian, and this allows us to obtain at once the four points which have for geograph- 
ical co-ordinates the same northern or southern latitude, or the east or west longitude. The formula 

^=rsino* cos^ 
shows further that we obtain the same value of $ for the points 

and 

^=91o-fl>==30o . €c*'=90O-^=40o 

From the equation of the meridians we obtain for the tangent of the angle made with the axis of 
S by the tangent to any meridian 

drj (l+tan*<?)cos<tf 

3^"" (cos* w+ tan* 0] sin a> sin 

For ^=0, ^=00 » which shows that the meridians cut the equator at right angles. For ^=90^, i. e., 

at the pole, the tangent of the angle made by a meridian with the first meridian is =^ and is equal 
to 



^/COSw \ . 

_ i (co8*<^tan*<?) s ina; i _l Vtan*<?"^V^'^'" ( 
I (l+tan*^) cosw ) )/ 1 .A ( 



=tanai 



or, at the poles, the meridians make their true angles with the principal meridian. In like manner 
we find for the parallels 

drj^ sin ^ tan 01 

~dk ""cos*T(co8* w"+ tan* ^ )• 
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For ai=0, 5^=0, or the parallels are perpendicular to the central meridian; and for c»=90, ^ = oo, 

which shows that the parallels are perpendicular to the meridian of 90^, or that this meridian is 
parallel to the equator. 

Considering the earth as spherical, let 6 denote the angle made with a given meridian by any 
other curve on the sphere, and let ^ denote the corresi)onding angle on the plane of projection. 
Of course this 8 has no reference or connection with the function 6 already used in this chapter. 
For the determination of ^ we have the formula 



tan?r=^ 



tan^ 



cos*^ 



As we already know, ^=^ for ^=0, or ^=^. The maximum alteration at each point corresponds to 



or to 



tan^o=± cos^ 

1 



tan^'o-dt: 



cos 



The alteration 0o then, or ^0—^09 is given by 



tan *o=r 



sin*^ 



2cos^ 



This is=:0 for ^=0, and increases rapidly, with becomings oo for 0=~. 

Besuming the formulas by means of which the parallels are projected into straight lines 

r*ctf cos^ 



e=- 



^{0) 



yj=Si0) 



let us find the equations of the system which permit the parallels .to be projected into right lines 
and the meridians into a group of right lines, passing through the projection of the pole. 



M 




Pig. 28. 



Take O, Fig. 2Sj the origin, at the intersection of the equator and first meridian, and let PA denote 
the projection of any meridian passing through P, the projection of the pole. Then the equation 
of PA is 



b denoting the ordinate of P. Now, since r^s=e (^), 



therefore 



e^(0) 



Wo 

r*a»cos^ 



dri 



djj 
do 



The right-hand side of this equation is linear in i», ^ being a function of only; the left-hand side 
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must therefore be also of the first degree^ ot f(O)zsc0^ o being a constant. Clearing of fractions^ 
we obtain the differential equation 

(b—7i) dr)=zt* cos do 
and by integration 

Now 71 vanishes with Oj therefore (/=0; and since 17=6 for ^=90o, we must also have 

2r» 



The equations of this system are thus 



0= 



W 



$=2(6-1^)^1. 



M. Gollignon determined the constant & as a function of r by making the projection ftdfill the 
condition of being in the form of a square; that is, by making the limiting meridians compose 
the sides of a square. This is accomplished by assuming that for ^=0 and 01= ± '^^ we must have 

^= J: b. On the substitution of these values we come immediately to the relation b^r Vn^ and thus 
the equations of projection are seen to become 



f=^(rV^-,) 



ly*— 2r'/5ny4.7cr*sin ^=0 



Since rj is always <r y/n^ we need only to use the root 

ij=r y/iz (1— Vl— sin 0) 
or _ _ 

Ti^ry/^ [1- V2sini (90O-^)] 

The figure being symmetrical with respect to the equator, its construction is very simple, and we 
need not go into the details here. 

The next case that we shall take up is that of equivalent projection, when the parallels are pro- 
jected into concentric circles. 

o 




Fig. 29. 

Take O, Fig. 29, as the center of the projections of all the parallels, OM as the initial line of 
a system of polar co-ordinates (/j, a), and, for final simplicity, choose OM as the projection of the 
first meridian; then of course a=0, whence ai=0. The area of the small quadrilateral, as AB, 
included between two infiuitely near concentric parallels and two meridians, making an infinitely 
small angle, <7^, with each other, is pdpda. Equating this to the corresponding element on the 
surface, we have 

pdp dassBdw do 
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from which is obtained 



da 





dw' 


"d-p 




^do 



For the integration of this it is only necessary to note that p is a ftinction of alone, and as, for the 
surfaces which we are considering, the sphere and spheroid, 9 is also only a ftinction of ^, the right- 
hand side of this equation is independent of wj and consequently we have at once, by integration, 

the arbitrary function 9^(0) being added instead of an absolute constant; but we assumed a=0 
when tti=0, therefore ^(^), and we have, for the equations defining this projection, 

The simplest case that we can assume is when /o is a linear function of Oj or p=r(a*+aO)j or 
simply p=m+nO. Then for the spheroid 

_r*(l— e*)o) cos(? 

and for the sphere 

The constants m, n, can be determined by subjecting the projection to further conditions. First, 

2' 



assume ihe projection of the pole for the centre of the circles, then, since 0=z^ gives />=0, we have 



n 



and consequently 

or, since the absolute value of p is all that we are concerned with, 



,=«(^-0 



'=»G-0 



The simplest supposition that we can make with reference to the constant n is n=r; then the 
equations of projection become 

01 cos (7 



K5-') 



p=^\ 



2-' 



The radii of the projections of the parallels are in this case equal to the complements of the arcs 
of the meridians upon the sphere which measure the latitude; from the second of these equations 
we also have 

* pa=:rat COS 

or the degrees of longitude are projected in their true lengths. This projection was invented by 

Johann Werner, of Niirnberg, in 15145 it is obviously a desirable way of representing polar 

regions. Still another method of determining the arbitrary constants is to assume that for o=Oi 

we have />=/t>i. This gives 

Pi:^m+nO 



Subtracting this from p^fK>+nO^ 



P=Pi+^i (O-0i) 
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If, in the case of a sphere, we assume for pi tlie value pi=r cot 0i and also n=z^rj we obtain 

P=zrcot0i+r{0—0i) ' 

This gives us Bonne's projection which has been treated at length in another place. 

Resume now the formula which determine the projections of the parallels as concentric circles; 
these are, for the case of the sphere, 

The function/ may be determined by introducing the condition that the meridians and parallels 
shall cut at right angles. Since the parallels are concentric circles, the meridians must clearly be 
diameters of these circles making equal angles with each other. If we assume that the angle 
between the projection of any two meridians is to the angle between the meridians themselves as 
1 is to n, we shidl have 

a^ - 

n 
and, as an easy consequence, 

pdps=nr^ cos 0do 
from which, by integratiDg, 

^ =:c— »r* sin o 

The minus sign is necessary, for as p increases, diminishes, and thus dp and dd have opposite 
signs. Since p is =0 at the pole, or for ^=90^, we have for the constant of integration 

Therefore 

^=nr«(l— sin^) 

or, introducing the complementary angle ^=90o— ^, 

p^=4rH sin^ Z 
The equations of this projection are now 

^=2Vnr8in^ Q=- 

the value of p is very easy to construct from this formula, in which 2r sin ^ denotes the chord of 

the arc of the meridian which joins the pole to the parallel of latitude 0. 

The coefQcient n being aibitrary, we can give it what value we please, or can determine it by 
subjecting the projection to some other condition. Representing by the mean latitude of the 
region to be projected, required to determine n in such a manner that the degree of mean latitude 
01 shall preserve its true ratio to the degree of longitude. For this condition it is necessary that 



Now 
then 
irom which 



pa^=p-~:=pat sm fi 



2r , fx 



"cos»§ l+<^8^i 
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If we take fis=:45<^y we find nssl.lTl, and the entire angle at the pole of the hemisphere 
equals 307^ 25^ This projection has been called by Germain '< Lambert's isophencal stenoteric 
projection."* For n>l it is an actual conic projection, i. e.^ one obtained by the development of a 
cone eitheir tangent or Hecant to the sphere. 

Before .taking up the important case where n=l it will be well to speak of Alber's projection,! 
obtained by developing a secant cone which passes through two parallels of latitude whose lengths 
it is required to preserve. Gall these two parallels d and O2} then if A be the area of the zone 
included between them 

A=2jrr* (sin ^,— sin <?,)=27rr» cos ~^-* sin ^^^ 

The area of the corresponding portion of the cone is 

A'=3rr^ (cos ^j+cos ^1) =2jrr^ cos ^'^ ' cos -^"T - 

when dsszpi — p^ the difference of the radii of these two parallels upon the chart. From the con- 
dition of equivalence A= A' we derive 



d=s2r tan 



<?2-^, 



2 
The radius pt is readily found to be 



. 9 cos O2 r cos 02 
r= == 

and, since pi^^p^+dy 



co?^i— COStfj . 01+ 61 Oi^Oi 
sm 'T^ ^ cos -^-o— 



These may be written simply 
in which 



— r c os^i 

^'^'. 0t+0i o^h 
sm -^- cos— - 



r cos 01 r cos 0% 



ft= 



. 0% + Oi 0t—0\ 

sm-^^cos-'^— 



We have, obviously, by equating the length of the arc (^1) on the projection to the corresponding 
arc on the sphere, 

pia:=:wr CO^0\ 

or 

that is, the angles between the meridians are altered inthe ratio 1 : h. 

The area of the infinitesimal element of the conical surface comprised between two consecu- 
tive parallels, and two consecutive meridians is =^apdp) the same element upon the sphere is 
a»H cos 0dO] then, as dp and d0 are of opposite signs, we have 

apdp = wr* cos 0d0 

Substituting here for a its value ^, we obtain immediately, on integrating, 

/t>»fc2r»Jfe(sin <?i— sin 0) +/»i* 

* Projection isoeph^riqne st^not^re de Lambert. 

t Beschreibuug einer neoen Kegelprojection, von H. C. Albers, Zach's Monatliohe CorrespoiideDSy 1805. 

8 T P 
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From this we can derive the radius of the projection of any parallel ; for example, make $=0^ i. e.^ 
the eqaator, then for the radios of its projection there results 

^o2=2r»& sin <?i4-/»i* 

Again, the i)oie is projected into an arc of a circle; for make 0=:^ and then 

/j2=^,a_2r*Aj(l— sin 0^) 

When the difference of latitude of the two parallels whose length is to be preserve is very 
small the alteration in this system is very slight. The distances in the central zone are increased 
from north to south, and diminished from east to west, and the greatest error is upon the central 
parallels. 

CENTRAL EQUIVALENT PROJECTION. 

The projection that we designate by this title is spoken of by Germain as <^ Zenithal equiva- 
lent," bat in adopting the above title the author has preferred to choose a term as nearly as possible 
like that adopted by Collignon when he described the projection. This was '^ Syst^me central d'6gale 
superficie.'^ * This system is founded upon the principle of elementary geometry that the area of a 
zone equals the product of the circumference of a great circle by the height of the zone. The 
same law of area holding for a spherical segment or zone of one base, we have, calling h the altitude 
of the zone, (area of zone or segment) =;r2rA. But 2r/i=(chord of half the arc)*; therefore the area 
of the zone is equal to the area of the circle whose radius is equal to the rectilinear distance from 
the pole of the zone to the circumference which serves as a base. If from the pole of the zone we 
draw two arcs of great circles including a certain definite angle, and from the center of the equiva- 
lent circle two radii including the same angle, the portion of the zone bounded by its base and 
these two arcs will be equal to the sector of the circle cut out by the two corresponding radii. 
This gives us, then, an obvious manner of representing any portion of a given spherical surface 
without alteration of area; any point can be assumed upon the sphere as center, so for simplicity 
the pole of the equator is chosen ; the parallels are seen to be transformed into concentric circles, 
and the meridians into straight lines passing through the common center. 

Taking now the projection of the principal meridian as the axis of ?, and as usual writing 
f>=90o~^, we have, for the equation of the meridians. 



and for the parallels 

from which 

and consequently 



ij=^ tanw 

^+T,»=4r» sin* ^ 
2 

?=2r sin f. cos w r)=2r sin ~ sin w 

= — 2r sm J; smw 



l=2r sin.tcosoi 
Substituting these in our general differential equation 





d^ a> 
^^=_rco8jcos«. 


din 9 . 
3^=rcos|sina, 


1 equation 


5? dc 
da»^ do 

dj) dr} 

1[^^ do 


=0 



and we find 



* Journal de r£cola Polyteohniqne, cahier 41 ; " lepreBentatioii de 1* Butfiwe du globe tertMtre"; E. ColUgnon 
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which verifies oar sapposition of eqaal areas. It is also easy to see that 

or the meridians and parallels cut at right angles on the chart as on the sphere. 

ALTERATION OF ANGLES. 

The alteration of angles is zero at tiie center of the chart. At any point whatever of the 
chart, Mj Fig. 30, draw a line MM' such that the corresponding direction upon the sphere shall 
make an angle S with the meridian; we wish to find the angle ^ upon the chart made by this line 



M' 




Fig. 30. 

with the projection of the meridian, «. e., with the line drawn from M to the center O. Let and w 
represent the geographical co-ordinates of M, and 0+ddy <u-f doi the geographical co-ordinates of 
M' infinitely near to M; theki 

tan^=cos^ j^ = sm f> ^^ tan ^^==2 tan ^ ^^ 

ao do 2dd 

from which 
SiDce 



COB'^ 






(l-COB*!) 



1+tanirtan^ ^f., ,^ 

^ cos*|+tan*d 



the maximum of alteration ^— ^, or ^, corresponds to the direction for which 

and in seeking for the maximnm of this, since l-«cos* ^ is constant, we need only consider the factor 

tan^ 



cos* I + tan* B 

Equating to zero the derivative of this with respect to 9j there results simply 

tan^ss:tco82 
Consequently 

tan?r=±- ^ 



cosf 
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the upper signs being taken together, and also the lower ones. From these follows 

tan ^ tan r=l 

from which, as in a former case, excluding negative arcs and arcs greater than ^, there results, 

2 

We can deduce from this that the maximum deviation for the direction OM is given by 

tan(?^-f^)=J (tan ^T-tan ^)=:J tan | sin | 

The angle 8^ upon the sphere, of maximum deviation is =45^ for ^=0, t. e., at the center of the 

chart; 9 then decreases while ^(aiid consequently <P) increases. When ^=~ 

2 

tsm=6 1- tan y'= y/2 

v2 

The angular alteration is thus seen to increase continuously fi'om the center to that point of the 
sphere which is diametrically opposite the assumed center. It is evidently useless to prolong the 
chart BO far as that, and, indeed, the custom is, in this projection, to represent the map in two parts, 
one for each hemisphere. 

ALTERATION OF LENGTHS. 

In the direction OM the projection substitutes for the arc on the sphere the chord of the same 
arc. Let f, as usual, represent the angular distance OM; then the length of this line upon the 

sphere is =r^ and its length upon the chart^ i. e., the length of the chord of the arc OM, is =2r sin ^. 

Dififereutiation of each of these giyes us the lengths of the element of the meridian upon the 

sphere and upon the chart; these are rdip and r cos ^ d^. Thus the meridional elements are re* 

duced upon the chart in the ratio cos ^ : 1.- The converse is true concerning the elements of the 

parallels; they are augmented in the ratio 1 : coa ^; this is obvious on account of the necessity 

for conserving the areas. 

Suppose now that upon the sphere we take any element ds making the angle 9 with the merid- 
ian OM; its projection upon MO will =d8 cos By and i>erpendicular to MO will be =ids sin 6^; 
similarly, if d<T correspond ui)on the chart to ds upon the sphere, d<r cos 9'' will be the projection of 
dff upon the radius OM, and dtr sin V^ will be the projection of the same element in the direction 
perpendicular to OM. Kow, since the projection does not alter the right angle at which ds cos 6 
and da sin 9 cut each other, we will have 

d8 cos 9 cos t=d<F cos ^ ^ sin ^ =rf<r sin 9^ 

2 4p 

COS — 
2 

from which, by squaring and adding. 



dtf«=d«*/cos« 9 cos* I + sin» 9 



'd 



I " COS' 

"Sow the expression in parenthesis reduces to unity when ui>on the sphere, 

tan^scos| 

or, when upon the chart, 

tan«^r=~A^' 
I oos^ 
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that is, for the direction of maximum deviation. This direction then possesses the remarkable 
property of conserving the lengths. 

Now, throngh any given point ni>on the sphere, and upon the chart, as M, we can draw two 
curves which shall cut all the meridians MO of the sphere, and the radii MO of the chart under 
the angles B and (T in such a way that the distances on these two curves between any two corre- 
sponding points shall be the same. The curves so constructed are called by GoUignon '^ isopeiimetric 
curves." The curve upon the sphere passes through O', the antipodal point to O, and winding round 
the sphere becomes indefinitely near to O, a logarithmic spiral which cuts the meridians at an angle 
of 450. Upon the chart, the isoperimetric curve for small values of f , that is for points near the 
center, is very nearly the logarithmic spiral which cuts the radii under the angle of 45°; for 
increasing values of v>, 8 also increases and is =90^ for ^=180O; the curve then touches the circle 
into which the point O^ has been transformed and is continued beyond this point in a branch 
symmetrical to the first. 

To obtain the polar equation of the isoperimetric curve ui>on the chart, take p=dm and a the 
angle between p and some fixed axis. Now 



da . ,„ 1 
but 



^=2rsin| 
therefore 

the differential equation of the sought curve. For the integration, observe that we have 

dp^roo%f-d<p 
which, substituted in the first written equation, gives 



sin? 



and by integration 



a=logtan^+ 

4 



This equation joined with /9=2r sin ^ gives the means of constructing the curve. 
For the element of arc of the isoperimetric curve we have obviously 



ds— Vdp^+p^da^^d^ \r^ cos* -J-l-4r*sin» ^-- 

V ^ ^4sin*$ 



t9 
2 
or 



ds=zrd^l 



l+cos»J 



If we write ? =^, this equation becomes very simply 
2 



or 



dii=s y/2 r v'l— pin* do 

«= \/2 r C^ ( A", 0) do k=z V^ 

an elliptic integral of the second kind, which gives the rectification of the arc of the ellipse, 
whose eccentricity is= V^. 
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The element of the ifioperimetric cnrvea is, in polar co-ordinates, 



and the integral of this is 






=con8t.— 2r* cos % 



TBANSFOBMATION OF A GBEAT GIBGLE. 



The angle between the planes of two great circles on the sphere is measured by the arc of a 
great circle joining their poles. This i)roperty affords the means of determining the differential 
equation of the curve upon the chart which represents the great circle on the sphere. 




Fig. 31. 

Take O, Fig. 31, for the central point, and P for the pole of a great circle which passes through 
a point, M. • The same letters accented denote the corresponding points upon the chart. It is pro- 
posed at M' to draw a tangent to the curve which passes through this point and represents the 
great circle through M. Join O' and M', and call 0'M'=/? and M'0'P'=a, the line O'P' being taken 
as the initial line. Let S, upon the sphere, denote the pole of the great circle OM, which passes 
through the center, O, and cuts the given circle at M^ this point S will be found in the plane of a 
great circle, OS, perpendicular to that of OM at the point O; the angle V is measured by the arc 
SP. We have now, in the spherical triangle OSP, 

cos 8P=:cos OS cos OP+sin OS sin OP cos POS 

or, since OS is a quadrant, 

cos 8P=sin OP cos POS=sin OP sin a 

OP is a constant arc that we may call A, then we have 

cos V==sin I sin a 

The angle V on the sphere of course corresponds with V upon the chart, and the connecting rela- 
tion is 

tanV=tMZ: 

COS*?- 

f being the angular distance OM. But taking the radius of the sphere as unity, 

tanV'=?^^± /t,=2 8in^ 

dp '^ 2 

Eliminating V, Y^, and ^ between these four equations, we will arrive at the differential equation 
sought The first of these equations affords the relation 



sin 



V=Vl— sin^^sin^a 
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and, consequently, 



and then 



tanV= 



%^1— 8in^>lsin^a 
8in X sin a 



pda _ Vi— sin' A 8in^ g 1 

dp"^ sin X sin a ' r ~p* m 

The constant of integration will be determined by observing that the great circle of which P 
is the pole passes through the pole of the great circle OP; so,for ^=^or -'^, we should have />= ^/2. 

The equation of the projected great circles can be better arrived at in another manner, to the 
explanation of which we shall now proceed. 

Conceive, first, that a stereographic projection has been made^that is, the parallels and merid- 
ians have been constructed — with the point of sight at the center, or the antipodal point to the 
center, of the proi>osed central equivalent projection. 




Fig. 32. 

Let El (Fig. 32) denote any point of the stereographic projection, and Oi the center, or i>oiut of 
sight, represented on the central equivalent projection by OiM,Ni, the meridian through O repre- 
sented on the other chart by MN ; OjMi is equal to the radius of the sphere. Keqnired to find the 
position of the point on the central equivalent projection represented by Ei on the stereographic 
projection. Lay off at O the angle MOE=MiOiEi. The point sought is on the line OE, and the 
distance OE is consequently all that has to be determined. Draw the diameter FiGi perpendic- 
ular to OiEi; join F,Ei and produce it to ETi 5 join QiHi; then GiHi is the distance required. 

Another method for constructing the central equivalent from a stereographic projection is as 
follows : 




Fig. 33L 
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In Fig. 33 the length KW.is the distance on the central equivalent corresponding to SY on 
the stereographic projection. The similar triangles KWL and YSL give 

SV:KW::LV:KL 

Dividing through by ST, the radius, and observing that LV= >/ST*+S"I?, we find 

KW SV 

which gives the ratio - as a funotion of ^ . Callingtheformerof these ratios C, and the latter 

S, we have for the formula of traDsformation from the st<ereographiCy or S, projection to the central 
equivalent, or G, projection 

Jf we write 8=tan <r, we have 

C=2 sin r 

We are now prepared to solve a much more general problem than the one proposed above, viz, 
to find the equation of the central equivalent projection of any circle of the sphere, whether great 
or small. Denoting as usual by $, tj the rectangular co-ordinates on the required projection, let 
^'y r/ denote rectangular co-ordinates on the auxiliary stereographic projection. The circle of the 
sphere will be a circle upon the stereographic chart, and if its center is at a'^'fi'y its radius p' will 
be given by 

But according to the proposed plan of transformation 



^'-N^f^^(p+rA '^'-'?V4r»-(| 



Consequently we have for the equation of the curve on the central equivalent projection, which 
represents a circle on the nphere, 

or, transforming to polars by means of the formulas f =/» cos Oy ij=/> sin Oj 

A still further simplification is possible by writing 

Jfe=Va'*+>* y=tan-'^ 

The equation becomes now 

This is merely the polar equation of the circle in which the stereographic radius vector /?. has been 

replaced by its value - . ^ — ^ as a fiinction of the radius vector in the central equivalent system. 

The equation in Cartesian co-ordinates shows that the curve is of the fourth degree. The equation 
in polar co-ordinates enables us readily to determine the condition that the curve shall represent 
a great circle of the sphere. Make ^= ^ then 
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From which we obtain 



•=-/^ 



r*+(jfc±>')* 



This affords four real values for-/>. The signs + and — in the numerator and denominator of this 
quantity are to be taken in this manner 

+ - 

^owy in order that the polar eqnation shall represent a great circle.of the sphere, it is necessary 
and sufficient that the sums of the squares of the two values of p obtained by taking p' first with 
the + and second with the — sign under the radical shall be equal to 4?^, or that we shall have 

(jc+p') (k^py 




Fig. 34. 



That this is a correct formula is easily seen fiom the following simple geometrical considera- 
tions. Let O (Fig. 34) denote the center, and AMBNP the orthographic projection of the sphere; 
P is the point of sight of the orthographic projection, and the plane MK parallel to the tangent 
plane at P is the plane of this projection ; let AB denote the trace of a plane cutting a great circle 
from the sphere; and flnaUy let A^B' denote the projection of this great circle; then we have 

CA!^lc+p' OB'=ifc-/i' 

and also, since PA'*=OP*+OA'*, 

But APB=A'PB^ is a right angle, and consequently PB'G and PA'G are complementary angles, 
and the sum of the squares of their cosines is equal to unity. Q. E, D. 

LOXODBOMIO CURVES. 

The iK>le being taken as center, it is very easy to obtain the loxodromic curve. Denote by B 
the angle made on the sphere by such a curve with a meridian; then, ^denoting the corresponding 
angle on the chart, we have 

tan ^=tan — — 
cos«| 

Now, tan 8 is constant, and, for r=l, 2 sin |-=/t>; and also tan W=s?^ The differential equation 
of the curve is then 

pda^SkU. B 

4 
from which follows 
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and integrating 

a=tan^log— =£=^+c 

PBOJECTION UPON THE PLANE OF A MERIDIAN. 

We will now take up the case of the projection upon the plane of any meridian of the paral- 
lels and meridians of the terrestrial sphere; the center will be upon the equator, and the given 
meridional plane will cut the equator in two points, distant each 90^ from the center. 

A few definitions will be adopted, both for brevity and clearness of language. 

The central station is the point of the sphere chosen as center by the map; this we shall desig- 
nate by O upon the sphere, and by O' upon the projection. 

The central distance of a point N of the sphere is the ratio of the length of the arc MO of a 
great circle to the radius of the sphere; this we shall denote by ;i; it is the quantity that, in the 
case of the pole being taken as the central station, we have heretofore denoted by ^ . 

The radius vector p of the point W upon the chart is the distance O'W of this i)oint from the 
central station. As usual, r denoting the radius of the sphere, we have 

^=2rsini;i 

The azimuthal angle of the point M upon the sphere is the angle a formed by the arc OM with 
the meridian through O; upon the chart it is the equal angle formed by the right angle O' M' with 
the meridian through O', which is also, afi we know, a right line. 

Now, having given the position of O, we wish to determine the values of p and a in terms of 
the geographical co-ordinates (^, w) of any point whatever, as M. We have already resolved the 
problem for the case when O is assumed as the pole of the sphere, and a very simple transforma- 
tion of co-ordinates enables us to resolve it for this more general case where O is taken upon 
the equator. 




Fig. 35. 

Take OP, Fig. 35, for principal meridian; w is the longitude of M with respect to this merid- 
ian ; the portion ON of the equator included between O and the point of intersection of the equator 
with the meridian through M is measured by w, and the arc MN is measured by 6) the angle MON 
is the complement of a, and finally OM is=>l. Now, since N is a right angle, we have in the tri- 
angle OMN 

cos >l=:cos ui COS tan a=sin a» cot e 

which determine k and a; /o is determined by 

pz=z2r%m^k 

It is obvious that ^, and consequently />, remains the same for all values of to and e which give the 
same value for cos w cos O) for example, for the two points of which the latitude of the one equals 
the longitude of the other. 
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Take for the axis of S and jj the right lines representing respectively the eqnator and the first 
meridian, and we have, in consequence, 

$=/9 sin a ^=/^ ^s A 

or 

/>= Vf»+^» tan a=: i 

But 

P=:2rsmiX cosA=co8aicos^ tan asssin a» cot ^ 

The second of these relations gives 



._ . ,_\/l— cosA Videos 01 cos ^ 

sin * ^ 2 "^ 2 

so that 

f*+ry*=2r* (1— cos a# cos ^) 

and 

f =1? sin w cot d 

These are the forrnnlas of transformation from angolar to rectilinear co ordinates. The elimina- 
tion of between these equations gives ns the equation of the meridian whose longitnde is w^ and 
the elimination of to in like manner gives the equation of the parallel of latitude 0. 

EQUATION OF THE MERIDIANS. 

The result of the elimination of e is the equation 

; ^' V \/««+ij»sin»fliy 

By clearing of fractions and radicals this becomes 

^+ (2+8in» w) e*ij«+(l+2 sin^ «) *»iy*+sin»aiiy«— 4r» (f*+iy* sin» w) 

— 4r» (l+siu« «i) ? 7i*+4r* (?*+'?') sin* «'=0 

This equation of the sixth degree is easily factored into 

(^*+'?*) (e*+[(l+8in»ai) ry»-4r»] !»+('?* -4r»i?»+4r*) sin» a»)=0 

The factor to be suppressed here is obviously the binomial ^+1^^ as equating that to z4ro would 
only result in giving an imaginary locus (or infinitely small circle), and, in consequence, would be 
of no practical use. We have, then, remaining a biquadratic equation in ^ and 17. 

If we write ^=^' and ry*=yy', the equation becomes one of the second degree in S' and r/y viz: 

f/»+(l+sin^ fli) f'ry'+r/* sin*a»-4r* r-4r* 8in*«»Ty'+4r* sin' w^O 

This last is the equation of an hyperbola whose center is at the intersection of the lines 

2^'+(l+sin» w) ry'— 4r»=0 (l+sin» w) S'+2 sin» mij'— 4r» sin* a#=0 

or at the point 

$'=— 4r* tan'w )y'=+4r*sec*a* 

Galling mi and nh the angular coefficients which determine the asymptotes, these quantities are 
obtained as the roots of the equation 

w»* sin*a#+(l+sin*ctf) w+l=0 
From which 

1 
sin* w ^ 

Confining ourselves to the region when S' and 1^' are both positive, we can readily construct this 
hyperbola, on any chosen scale, for each value of a»; then construct the required curve whose co- 
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ordinateSy measured on the same scale, are the sqaare roots of ^' and -^'^ the co-ordinates of each 
point on the hyperbola. For iy=0 we have 



e=±2r8in 



f=±2rco8 2 



For $=D we have 



i?=±rV2 



Since sin* itf=sin*(— !«») and the equation of the curve contains only sin* «», the equation represents at 
the same time the projections of the meridians of longitudes to and — <o respectively ; these two curves 
will be symmetrically situated the one to the other with respeot to the axis of 17. If on the axis of f 




'S 



lEL 

Fig. 36. 

we take (Fig. 36) OA=2r sin % and OB=2r cos ^, and on the axis of 1? take OP=OP'=r ^2, the 

curve will pass through the four points A, P, B, P' and the entire locus will be composed of this 
curve, and the curve A'PBP' symmetric to the first with respect to the axis of ly. 

EQUATION OP A PARALLEL. 

To obtain this equation we eliminate a» by the relation 

f tan 
sinofss 

, , . '^ 

and obtain 



e«+,-2r*(l_co» . V^?-^^) 



By clearing this of fractions and radicals, we arrive at an equation of the sixth degree in 17 and of 
the fourth in $, which will contain only the even powers of the variables. As in the case of the 
equation of a meridian, this will contain the factor ?+ry«, and dividing out by this factor we 
obtain, as the resulting equation of a parallel, 

ry4+(^_4^) ,y2+4r» sin»<?=0 
Substitute again $^=f ' and i?*=i?S and we are conducted to the equation 

^/^+fY--4r%'+4r^ sin*^=0 
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whidi is of the second degree in ^'^ tj' and, as in tbe former case, representing a hyperbola. The 
center of the h3nperbola is on the axis of ^' and is given ^'=41^; one asymptote is parallel to and 
therefore coincident with the axis of f . The same construction being made as before, we obtain for 
the projection of the parallel of latitude e the curve ABBS (Fig. 37) and of latitude — ^ the curve 
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FiO. 37. 

A'B'E'S'. These two curves are symmetrically situated with respect to the axis of $, and the 
sum of the squares of the intercepts made by any line OM' with one branch of the curve is con- 
stant and equal to the square of the diameter of the sphere, i. e., 

The truth of this is easily seen if we transform the equation of the parallels into polar co-ordinates, 
that is, write 

f=^ COS/ i}=/>sin/ 

The equation then becomes 

/»* sin*/+(/)2 cos*/— 4r«)/>« sin*/-f 4r* sin*^ 

Making the obvious reductions, this is 

Galling the roots of this pi and p%f we have /oi'r=OM' and piSzOW^'y and from the known principles* 
of the theory of equations 

MOLLW£n>£'S PROJECTION. 

This projection was invented by Prof. G. B. Mollweide, of Halle, in 1805, and in 1857 a num- 
ber of applications of it were made by Babinet, whose name thus became attached to it, the pro- 
jection being known commonly as "Babinet's homalographic projection.^ Hie problem proposed 
for solution here is to represent the entire surfa<» of the earth in an ellipse, the ratio of whose 
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major and minor axes represented by the equator and first meridian respectively shall be* 2: 1; 
the parallels are to be projected in parallel right lines and the meridians in ellipses, all of which 
pass through two fixed points, the poles, and each zone of the sphere to be represented upon the 
chart in its true size. 

Let b and 2b denote the axes of the limiting ellipse, then the included area will be=2{^ ;r; but 
this is to equal the entire area of the sphere, or 4^9^; this condition then gives us for the axes of 
this ellipse 

&=\/2r 26=2 \/2r 




The area (Fig. 38) of the elliptic segment ALK=area of circular segment LAJ multiplied by 

^?, that is, by \. Now, the area of LAJ is equal to the sector OAJ minus the triangle OLJ, or 
OA J 

LAJ=i (2r ^2)» «,«-• J^^^J^p^^ cos- 2^- -2?, 

and then for the elliptic segment we have only to divide this by 2; add to this result the area of 
the rectangle OLKH or Sr^j and we obtain, finally, 

OAKH=2r« cos""^ ^,--+i Sv 
Assume for the angle AOJ the symbol A; then follows 



cos-'^^, =A 
2ry/2 



and consequently 



$=2r\/2cosA 



OAKH=2r»A+r«sin2>l 



yjs=r^/2s\nX 



This surface is, however, to be equal to the area of the semi-zone between the equator and par- 
allel of Oy or equal to ttt^ sin 0. Equating these, and we have for the fundamental equation of the 

Mollweide projection 

n&inO=iBin2X+2X 

The values of X or sin X have to be obtained from this equation for each given value of o. Lay off, 
then, on the semi-minor axis of the ellipse, the lengths r y/2 sin x measured from the center, and 
the points so obtained will be the points of intersection of each parallel with the principal meridian 
or minor axis of the limiting ellipse. Through these points draw parallels to the equator, and they 
will represent the parallels. For the construction of the meridians by points it is only necessary 
to divide the equator and parallels in parts which correspond exactly to the points of division of 
these lines on the sphere. For example, if it is desired to draw the meridians of every ten degrees, 
we have only to divide the entire equator, and also the meridians of the chart, into 36 equal parts, 
and through the corresponding points thus obtained draw the ellipses representing the meridians. 
For the computation of X from the above equation, the following method of approximation 
answers very well. Assume a value X' such that 

sin2A'-f2>l'=;r8in^ 
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when 0* differs bnt little from $] call 6 the correctioii to l*^ that is, ^'+das^; then 

sin 2 (;'+a)+2 (A'+d)=ir sin $ 
Subtracting the first of these equations from the second, we have 

sin 2 (>1'+<J)— sin 2 X'+2 a=ir (sin e?— sin B') 

01 

2 cos (2 >l'+/:)+2 ^=;r (sin ^— sin 0*) 

As ^ will be a yery small quantity, we can write 

sina=a cos(2>l'+a)=cos2>l' 

Writing, then, for sin its value, we obtain for d the approximate value 

^^TTsin ^— (8in2^+2 k') 
"2(l+cos2A') 

This method of approximation can of course be carried as far aB we choose, or until we reach any 
required degree of exactness. Table VII gives the values of sin X for values of e differing by 3(K. 
This was computed by Jules Bonrdin, and is more accurate and extended than the one computed 
by MoUweide himself for the values of X. 

We may just observe before leaving this subject that the equation 

7rsin^=sin2>l+2A 

is readily derived from the differential equation for equivalent projections. This equation was, in 
our assumed case of the sphere, 

dw do do duf 
writing, for convenience, r=l. The equation of a meridian whose axes are \/2 and — — , is 

from which 

Combining this with the differential equation, we find for the determination of 17, since ^=0, the 
equation 

2JJ\/2^=7rcos<? 
By integration this leads to 

yj \/2^*+2 sin-'4|=^ sin O+o 

Since, however, i?=0 and ^=0 at the same time, wo must have c=0, and so 

in which we of course take the smallest arc whose sine is =-^. This equation shows t^at, since 17 

depends only on ^, all points of the si»me latitude lie on a line parallel to the axis of S, Writing 
Tj=:y/2 sin A, we deduce at once the fundamental equation 

7rsin^=:sin2;i+2^ 

In conclusion we will examine briefly a projection proposed by M. CoUignon, in which he repre- 
sents the central equivalent projection in the form of a square. Suppose that, as in MoUweide's 
projection, the parallels are parallel right lines, and that the meridians are also right lines, parting 
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from a common point, the pole. Let h represent the ordinate of the point taken as pole; then the 
equation of the meridians will be in the form 

The origin is supposed placed at the foot of the perpendicular from the pole upon the equator; the 
function /(oi) is independent of 0, As in the Mollweide projection, 17 is a function of only, or 

Octi 

and, consequently, 

The condition for the conservation of surfaces now becomes 

This would give/'(tt») as a function of Oy which is contradictory to the previous assumption made 
concerning /(w); the interpretation of this is, since /'(o^) does not contain «, that/'(a;)=w, a con- 
stant, and bo /(to) is a linear function of the longitude «>, or 

The equation of condition is thus 

from which, by integration, follows 

m Chrj--\)=€+r^ sin e 

Since for 0=^ we have 1?=^, we find c= J m¥-^f^'j and again, since ^=0 gives iy=0, c=0 or J wA*=r^. 
Finally, since we wish the extreme meridians limiting the chart to form a square, it will be neces- 
sary, since^=Oand w=±^, that we have f =s± A, the corresponding signs to be taken together; but 

^=:(/t—iy)(m<w+n) 

In this, making f==L A, and remembering that when 0=aO then ^=0, there follows 

Solution of these equations gives 

and so, by virtue of the relation h^^ — , 

and finally the equation connecting and ij is 

,y«— 2rV^ ^+^ 8in(?=0 

The projection need, of course, only be constructed for the positive values of Oj and then repeated 
symmetrically below the equator for the negative values of 0. 
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§ VIL 
OF THE GENEEAL THBOET OF ORTHOMOEPHIO PROJEOTIOK 

We have already given some accoant of the general theory of projections which preserve the 
angles, or, as we have called them, orthomorphic projections; but as the object in view heretofore 
has been merely the representation of the sphere, or spheroid, upon a plane, it ha« not been either 
necessary or desirable to linger long upon general theories which are ordinarily interesting only 
from a mathematical point of vjgw. We shall now, however, resume the consideration of ortho- 
morphic projection, give a fuller theoretical account of the subject, and make one or two applications 
to problems rather more difficult than any yet attempted. 

Let the equation of a surface be given in the form 

Xj y, z denoting rectangular, rectilinear co-ordinates. It is well known that fhe position of each 
point on this surface can be given in t^rms of two independent vaiiables, say u and Vy so that in 
general a definite point of this surface will correspond to certain definite values of u and t?, and 
conversely. For brevity, we write now, as usual in this case, 

\duj '^\duj ^\duj ""^ du dv'^du dv'^du dv"^ \dvj ^\dvj '^\dij 

The element of length dti^ is given now by 

d9^=:da^+df+ds^=Edu*+2¥du dio+Qdv* 

Conceive now an elementary triangle on the surface whose vertices are given by «, <?; w+^«, t?+^,; 
u+d'^j v+i'^ — where ^„ and ^'^ are infinitely small increments of w, and d^ and d'^ are infinitely 
small increments of v. The rectangular co-ordinates of these points are 

A: Xy y, Zy 

"■ '^»'-+i'-" »+t'-+t'' <'■+%'■ 



*+a«'-+si*- y+£'^+i''- ^+5i*'-+3^^- 



Now we have 



and also 
Again 



'B(?=^(9,-K)*+m'u-K){»,-K)+Q{9-9'.)' 
AB.AC C08BAC=(g.. + ^..)(|.'.+|.'.) 

and this, by virtue of the last formula, becomes 

It is easy to obtain the equation 

AB*. AC* sin» BAC=4ABC^=:(EG-F») (^. ^,-d'. djf 
9 T P 
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If we remember that 

=(B.5,^g+2F((J, ^',+(j'^(jJ+G^.(jg+ (EG-F2) (.5, (J',-^', ^,)«=1[B'. AC 

Substitating this in the equation giving SB*. AC* cos* BAG, we find readily the valae of sin* BAG, 
and this multiplied by the value of AB^.AO*, gives the above equation. 

It is now clear that if we have another surface upon which the co-ordinates (f , 17, C) of any point are 
also functions of Uj Vj the corresponding elements of both surfaces will be similar if the new functions, 
which we may designate as E', F', GK, are proportional to E, F, G; by corresponding points are 
meant points (a?, pj z) and (f , 17, C) which correspond on each surface to the same values of u^ v. If 
the second surface upon which the given surface is to be projeciSd is a plane, the problem is, of 
course, very much simplified. Gonsidering f , ^ as the rectangular co-ordinates of a point in a plane, 
it is clear that they must be determined to satisfy the relation 

df»+di?»=m* (E dw*+2 F du dt?+ G d'fi) 
or 

m<£)="^ (D'+CD'""^ gl+ll""' 

m denotes the ratio of alteration of lengths in the projection. 

Since the elementary quantities du and dv are independent of each other, and since dS+idrj 
an<l dS—idrj are linear functions of these quantities, we can define the quantities d^+idi^ and 
d^—idrj as linear factors of the quadratic expression E du^+2 F du dv+Gdif^j which are at the same 
time exact differentials. The same is true of the expressions which we may obtain by multiplying 
the quantities d^+idrj and dS—tdrj by any functions of S+ir^ and f — »iy respectively. In order, 
then, to obtain ^ and ^ in the most general manner as functions of u and v, divide the given expres- 
sion E du^+2 F du dv+G dv^ for the equal of the element of length into its linear factors, multiply 
each of these factors by the quantity necessary to render them exact differentials, and equate the 
corresponding integrals to arbitrary functions of S+iv and f — iiy. 

SUBFACE OF BEVOLtTTION. 

Apply this principle to the simple case of the projection of a surface of revolution upon a plane, 
plane. For such a surface, if z denote the axis of revolution, we h%ve 

so 
For one case, then, we can write 

x=uQO^v y:=zusmv «=F(tt) 



and then 



'='+(1) 



E=l+( ^ ) F=:0 G=tt^ 



f« 



and the element of length is 
The integrable factors of this are 

^/^du , ., \/E(!w ., 

\-%dv idv 

u u 

Write _ 

VEdw 



-/^ 



u 

then we have for the most general possible relations between ^, 17, and u, v the equations 

Fi(e+*^)='D"+it? F2(e-ti?)=U-w 

If we assume that 
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we arrive at once at the relations 

Now 

and 

,_ <n p+dt^ _ u» ^ 

or 

1 
ie 

This is the Meroator projection. K we assame 

Pi(f+<,)=l0g(f+ii?) F,(e-.t,)=l0g(f-<iy) 

we will arrive at the stereographic projection. 

PBOJECTION OP A CONE. 

In this case we have 

x=ucc&v yssiesint^cosa Zssumnvsma 

a being merely a function of v. These eqaations represent a cone whose vertex is at the origin of 
co-ordinates. Now, 

E=i F=o ^=«**[i+^(^y]=««^ 

therefore 

The two integrable fibctors of this are 

j^LSSume 

then for the most general determination of f and 17 as fnnctions of u and v we have 
Fi(f+ti7)=log«+t» P,(f-<i?)=log«-i« 

p,(e+<,)=iog(f+f,) F,(e-»,)=iog(e-.tiy) 

there results 

and consequently 

aS=u — ^ — =ttcos» jjssu — ^-5— =« sin « 

From these it is obvious that f and 17 satisfy the equation of a circle whose center is at the origin, 
and whose radius is =ie; these are, therefore, the conditions for the projection of a cone by actual 
development. 

If the surface to be projected is a cylinder, y is a function of 0, or conversely, and z is inde- 
pendent of both X and y; write then 

xs=u y=F(i«) z=iV 

then 

when 

is only a fiinction of «. The two integrable factors of the square of the linear element are 

VEdu+idv VWdU'-idv 
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Write 



fVEdu=: f yf{dj^+df):=6 



ff being the arc cut from the cylinder by a right section^ say by the plane of (^,y); we are thus 
conducted immediately to the desired general eqaations 

A^ssume 
then 

the eqaations for the projection by development of the cylinder. 

QUINCUNCIAL PROJECTION OF THE SPHERE. 

This projection was constructed by Mr. C. S. Peirce, Assistant, United States Coast and 
Geodetic Survey. The brief description here given of the projection is extracted fipom the Coast 
Survey Report for 1877, Appendix No. 15, and was written by Mr. Peirce himself. 

For meteorological, magnetological, and other purposes, it is convenient to have a projection, 
of the sphere which shall show the connection of all parts of the surface. It is an orthomorphic 
or conform projection formed by transforming the stereographic projection, with a pole at infinity, 
by means of an elliptic function. For that purpose, I being the latitude, aud o the longitude, 

we put • 

, VI— cos* I cns^ 6^— sin I 

COS^ 0= — : 

and then i F^ is the value of one of the rectangular co-ordinates of the point on the new projection. 
This is the same as taking 

cos am {x+y V— 1) (angle of mod. =45<^) = tan-^ (cos ^ + sin ^ V— 1) 

where x and y are the co-ordinates on the new projection^ p is the north polar distance. A table 
of these co-ordinates is subjoined. 

Upon an orthomorphic projection the parallels represent eqnipotential or level lines for the 
logarithmic potential, while the meridians are the lines of force. Consequently we may draw these 
lines by the method used by Maxwell in his Electricity and Magnetism for drawing the correspond- 
ing lines for the Newtonian potential. That is to say, let two such projections be drawn upon the 
same sheet, so that upon both are shown the same meridians at equal angular distances, and the 

same parallels at such distances that the ratio of successive values of tan ^ is constant. Then 

number the meridians and also the parallels. Then draw curves through the intersections of 
meridians with meridians, the sums of numbers of the iuters<'Cting meridians being constant on 
any one curve. Also do the same thing for the parallels. Then these curves will represent the 
meridians and parallels of a new projection having north poles and south poles wherever the com- 
poncDt projections had such i>oles. 

Functions may, of course, be classified according to the pattern of the projection produced by 
such a transformation of the stereographic projection with a pole at the tangent points. Thus 
we shall have : 

1. Functions with a finite number of zeroes and infinites (algebraic functipus). 

2. Striped functions (trigonometric functions). In these the stripes may bo equal, or may vary 
progressively or periodically. The stripes may be simple, or themselves compounded of stripes. 
Thus, sin [a Hinz) will be comi>osed of stripes each consisting of a bundle of parallel stripes (in- 
finite in number) folded over onto itself. 

3. Chequered functions (elliptic functions). 

4. Functions whose patterns are central or spiral. 
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PROJECTION OF AN ELLIPSOID. 

The position of a point on an ellipsoid is given in terms of the parameters of the two systems 
of confocal hyperboloids, and in general the position of a point on any one of these three qaadrio 
surfaces is given in terms of the parameters of the other two systems of surfaces. Call these 
parameters ^i, X^y X^y with the relation 

Xx>X^>Xi 

Now the co-ordinates of a point on the surface ^i= const, are 

x=¥i(^, X,) y=F2(X^ X,) z=¥,(X,, A3) 

It will be noted that, in the determination of x, y^ Zj X will also appear in the values, but as it is 
constant for the given surface the truth of the general statement is not impaired. 
Assume now the system of orthogonal quadric surfaces given by 

The first of these represents the ellipsoid and the other two the confocal hyperbolids. We may 
assume, if we choose, Ai=0, to denote the particular ellipsoid which we wish to project; there would 
be, however, no particular gain in doing so, but rather a loss by the expressions becoming less 
symmetrical. The following formulas are too well known to require anything more in this place 
than the mere statement of them : 

In each of these formulae it is only necessary to place successively Ai, Aj, A3, equal to constants, in 
order to obtain the formulas for any particular surface, ellipsoid or hyperboloid. For the element 
of length we have then the three cases — 

Ellipsoid (A, =const.) : 

«*•-( 2 '^\(d^-+X,)(lf^-+X,){(f+X^)'^(d'^^^^^ 

Hyperboloid of one nappe (A3=const.): 

^-K 3 ^^\(S^+Ai)(6^+Ai)(c^+A0"^(a^+A3)([^+A3)(c^+i3)y 
Hyperboloid of two nappes (A3=const.): 

«*--l^i ^«\(a»+-AO (6^+ Ai) (c'+ A7)"^(a2+^.) (ft^+T,) (c'+X,); 
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The linear mtegrable fiiotors of these are 

Write Li, L^, Ls, for the denominators in the above expressions which contain Xi^ 1^, X2 respectively. 
Then we have for the general determination of S and ij in the case of the ellipsoid — 

for the hyperboloid of one nappe— 
for the hyperboloid of two nappes — 

We will confine onrselves now to the case of the ellipsoid, and write, for brevity, 

The conditions 

are easily seen to be fnlfiUed if we choose for Xt the valne, in terms of a new variable Oy 

_ V{a\--(?) cos* ^+o«(a«-y) sin* 6 
^■" (a*— o»)cos»^+(a»— 6»)sin^ 
This gives, for ^=0, 



and for 0:=!, 






For all values of lying between these limits the above inequalities are satisfied. We can write 
X2 in a different form, which will be more convenient for the purposes of transformation, viz: 



^ l+^tan«l^ 

a*— 0* 
or, briefly, 

, y+o'a?* 

^^ 1+a^ 
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Now, for the determination of U we find the following expressions: 

, _ (a«-y)+(a*-c»)a!* 
«+^»- 1+^» 

^-''i- ri+^? 

, _ {V—i?)2xdx 

These sabstltations made, give ns at once 

J V(o»_6»)+(a»-c«)a!» ' l+«» 
Betoming now to the angle tf, by means of which we defined «, viz, 

we find 

[f^+h)+{C-+h)x-- (a«_<C)co8'tf 

Writing for oos^ o, in the unmerator, its value 1— sin* e, fhis reduces to 

(6'+^i)+(C+^i)*»= (a*-<s«)cos'tf 

The remaining &ctor under the integral sign is 



Now 



2<to 1 

1+a^ V(a»-6')+(o'-c»)a!' 






Multiplying these together gives 



2-/ 5^^008^^^ 



(a»-.c«)-(ft«-c«)8iii»^ 
The result of the substitution in U of these values of its components is 



or 



U=2 C A(V+h){a^-i^)+{fl'+h){V-i?)«ta'O h. 

1 r — ^sin*^ 
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Tlio quantity , ^ <i o^Mxn in both numerator and denominator; in the numerator we have also 
the factor^ ; '. This may be written aa 1+ ^-t-o <uid in thin fonn gives, for ']= oo, 

for A|a<f it gives 

In the former of theite cases there resolts 



(a'+J,)(6'-C)_&»-o». 



in the latter 

(fr'+^i)(a'-C)-^ 

This quantity being, then, either equal to or less than unity, ean be taken as the modulus of an 
elliptio integral, and we may write 

(t"-Pi)(a"-o»)"'' 
and, ninoe the corresponding fbotor in the denominator is smaller than %*, we may also write 

a*— o" 
when 

sin««=*;+il 
and also 

a"+A| a*— c" 

The substitution of these values in U gives again, on writing simply H for ^ 17, 



therefore 



Va*— d» J i— Jt*8in*asiii*^ 
*. siu«A« r A(»rf^ * , r*^ « . r sin'^il^ 

U»tn a on « I— Ir sn 41 en « dn « I , , . . ♦ » ^x- 



Write now 

d<K 

then 



or 

TT *^ -1 * rJt*8n<icn«dn«sniisn*f1?f 
J l-.i*&n*«8n»# 

Th^ quMitit^ under tlie integral sign is the elliptic integral of the third kind, or I7(<'^ff); thereforo 
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Now we have the formala connecting the three JacQbi functions Z, n, &,yiz: 

which gives 

U=[(tna dna-Za) t-i log||^|j] 
or placing 

tna dna-Za=:7» U=i log c~ f i|^! 

Concerning hj we can readily place it in a different form 

. *=tnadna— Za=—^ log (^a. en a) 



since 






bnt, introducing the H function, 

logH(a— K)=log-y/^7+log cna+log^a 
and consequently 

Introducing the q function defined by the relation 



4=« 
we have (Cayley's Elliptic Functions, page 296) 






oQ^ti\=,i^2q cos 2f +2g* cos 4t'-2g» cos W+ . . . 
H('^A=2<^j(sin«'-3»8in3t'+^Bin5e'-g«sin7«'+ . • 



* 2K^ 


2K , 




a= — a' 

n 



or writing 



these may be expressed in the brief form 

^e=l+22;^-»^2^ cos2;y He=2 Vg-S^-»>*-*g'^*-*^sin(2<-.l)f 

and consequently 

e(t+a) ^ l+2Z^-'^ 9^cos2;(f +aO 
e(t^a) l+22:^-»^g"cos2;(t'-aO 

and _ 

H(a+K)=2 Vg 2'fl'^*->^ cos(2t-l) a' 

From the above expression for a we have 

d ^ It d 

5a'~2K3a' 
and therefore 

*=^logH(a+K)=^^, logH{«+K) 

or 



, n i:(2j^l) q^^'^ sin(2;-l)a^ 

^^2K I<P^-'^ cos (2j- ) a' 
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By changing Ag into ^3 the expression for TJ becomes =iY. The quantities K, a, do not depend 
on either ^ or A3, and in consequence are unaltered by this change; the same is, of course, true of 
the constants a, a^, h which are functions of K, a, and constants. The only quantity, then, which 
can vary is t^ and in this case, on account of the prescribed limits of A3, t will become a pure 

imaginary, say % (K'+t) and so 

^=ami(K'+T) 
We have now 

but 

and 



__a^+^3 ft^+^i 



Bn^i(K'+T)=:™-^ 

^ ' K^sn^ir 

,. rr\ *Sn(r,KO ... ^,. 
sn (tr, K) = f-^trr/ =♦ tn (r, K') 



the above equation is therefore equivalent to 



-sn^rW-tn^fr K')-'i^^+}l)i^+^^) 
Writiife in this, V'=am(T,K'), we derive 

and for the complementary modulus X/, 
from which 



and 






■{a»-C)(A3-*i) 
l^ow we read for U the value 



or 



^-^o^^;^ 



="+'»«X-|B! 



and we have seen that 
therefore, since t=i (K'+t)^ 

Kow (Cayley's Elliptic Functions, page 156) 
and therefore 






V=ft(K'+r)_*- log ?i^'+*l±^) 



«(M+tK')=ie"'"''~^' H» 



As we are to equate TJ+iV to an arbitrary function of f and i;, there will be no gain in retaining 
the pure constant AK', so we shall omit it and write Y in the form 
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when 

Besnme now the formnlas 

u+»v=Fi{e+<,) u-»v=p,(e+i,) 

and 8api>08e 

P,(e+t,)=iog(n-t,) F,(e-»,)=iog(f-»,) 

We have then, on writing V=Ar+tan-' Q, 

log<^^l^^^-ihr-ittui Q=log(f-»,) 

iog(?+»7)+iog(e-ti9)=iog(f»+,»)=iog/>» 

log(f+i,)-log(e-t,)=log ^f±j^=log^^=2»^ 
where 

Now, adding and subtracting the above equations, we obtain 



^^P^r^ *.+ten-.Q=. 



These conditions give the projections of the lines of curvature on the ellipsoid, arising from its 
intersections with the system of hyperboloids of two nappes, a series of straight lines in the xy 
plane passing through the origin of co-ordinates. The lines of curvature due to the hyperboloid 
of one nappe are projected in a series of concentric circles having the origin as center. 
The point on the ellipsoid given by the polar co-ordinates (^, ^) is of course 

when ^1 is constant, and 

2 . a _ a»— y 3 , _ ( a^Py)sin»^ 

^■^^ 1— A^sin^asiff^ *"^^""sin*a+cos»asinV 

"'"*"" 1— Afsin'asin*^ "^ sin'a+cos*asinV 

. ^ __(a«— d')sin'aco s»^ . ^ _ (a»— d')sin* ai^'(0,y) 

"*■ *■" 1— *"sin"asin'^ "^ ^"" sin*a+cos*asin*^ 

or, introducing the notation of elliptic functions, 

^=:am t ^:=am (r, V) 

These may be written 

a'-f >lj|=(a«-y) 4-a«+;i3=:(a»-y)sn*(T, ft')-^ 

y +;,= (a«-.»») sn« asn* e-j- V+^3=(a'-»*) 8n»a cn» (t, J/)4- 

c«+>lji=(a»-d") sn»acn«*4-(^-f >l3=(a'-c")8n*adn»(T, Jfc')-^ 

where denominator =l—sn'asn't for 1st column, and==l-- sn'a8n'(r. A/) for 2d column. A num- 
ber of interesting relations can be obtained from these formulsB, but it is not in the province of 
this work to take up subjects entirely foreign to projections. Observing, however, the following 
relations, given in another place. 
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and substituting in these for A a its value dua, we can write for x^y,z the following values: 

a?=G.dn*a8n(T, J/) y=G.dn*asn"asn^cn(T,&') 2f=G.ft'8n'acn<?dn(T,ft') 

when 



"dnaV(l— ^sn*asn»(9)(sn*a+cn"asn"(T,Af') 

The angle a has been defined by the relation 

sm'a=: - ; / 
From Uiis we have 

and we can also find quite readily 

... (g'+AQfc^'sin'a 

'^+^^= A»a . 

The equation of the ellipsoid can then be written in the form 

a'+'^i (a"+;ii) sin* a"^ (a»+;ii) ;^« sin* a""-^ 



or 



a?*+y* cosec" a+«* cosec" a ^^ =a*+Xi 



or again transforming to elliptic functions 

If the ellipsoid is one of rotation around the axis of x^ the following conditions hold: 

fc=c J;=0 j=0 K=5 ^=t=t' a=:a=za' *=tana 

Further, since ^=am (t, V) and *=1, 
and 

For the i>osition of a point on the plane corresponding to x^y^z on the ellipsoid of revolution we 
have, then, the polar coordinates - 

^-.^tano.* fp=tanalogtanJ(9Oo+0)+tan~*cotasin^ 

the point on the surface being given by 

a?=G sin ^ y=G sin" a sin ^ cos z=^Q sin* a cos ^ cos ^ 

where 



G= 



Vsin* a+cos* a sin' </f Vsin* ^+sin" a cos* <p 
and for the sur&ce 



o*+Ai^(a*+>l,)sin»a" 
or 

aj*+ (y*+«*) cosec^ a=a*+;ii 

The case of an oblate ellipsoid is not arrived at quite so readily. As the general ellipsoid 
approaches the form of an oblate ellipsoid, the quantity Jcf becomes smaller, h gradually approach- 
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ing its limit of unity. The traDsformation to this caae is as follows: Denote the complementary 
fonctions of those thc^t we have been dealing with by the same fetters with a sufl^, e. g.j 

ti=K—t ai=K— a 
and also write 

BJnti^zOi amai^fli 
then 

8in>a,=^ COS»a,=^ ^^a,:=t+^ 

a^+Xi a'+^i V+h 

and for the equation of the ellipsoid 



' (i"-c*)(Ai-^)" 



a»+>li (a*+>li) C08*ai^(a*+^i)C0S"ai 
or 

ic»+y*A^ai sec* ai+s^ sec« ai=a«+/li 

the co-ordinates x^ y^ z becoming readily 

a?=Gii^*aiA^i Sin^ 3/=Q-i COS^aj COS^i COS^ 2f=Gi COS'aZ^^ai sin^iA(^,&') 

where 



Gi=- 



z^ai V(l— fc^ sin* ai sin* ^i) (cos* ai+fc'* sin' ai sin* y^) 

The product hi was before given by t^he equation 

^^^_dlogH(a+K)^ 
da 

and now becomes, on substituting for t and a their values, 

and also 

^(f+a)_^(fi+ai) 

so that IT now assumes the form 

U=K ^ log H(a,) + ^^ log fl(a.) f,-J log ||g;j 
or merely 

U=/^-logH(«.)^.-Jlog2g-±|| 

since the constant may be neglected without any loss or change in the conditions of the problem. 
Furthermore, we have for U expression 

■p,._ 8ingAg r^ ^ do 

"" cos a Jq l—fc* sin* a Biv?0 

This becomes by the transformation from (^, a) to (^i, ai) 

jy^ AK* C OSaiAdi r\ dOi ^COSaiAai /*, dOi 

"" sinai "J ^^(z^'aiA'^i— S*c6s*ai co8*^i)A^] — ~sinai J ^^ (1 — I? sin* ai siu* Oi)^e 
Since the integration / *only diflFers fipom I by a constant, we may write for U the integral 

^ COS aiAfli r^ dOi 

~ ~~8in aj J ^ (1 — A? sin* «! sin* o) ^ 0^ 
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This expression can be changed into another having an imaginary argament, and for modnlas the 
complementary one to fc, that is, V. We have, however, by immediate reference to the Jacobian 
notation 

e{t)=^^,<r^-U{K'A.it,V) H(«)=^^i<rs^H(t«,&') 

Now 

or simply 

We can write at once for hi its expanded value and have 

We have, furthermore, 

TT_ COSaiAgi f»i dd , -, ^( ^i+^) _i.^ 1, H(K'— t(fi+«i),KO 

^- Sinai j o(l-K« sin'ai sin»^i)A(?i-'^*^^~* ^^«^(ei-ai)-'^^^^"* ^^^ HVK'-i(ei-a,)7K0 
and again writing as above 

we obtain finally 



U -yiifi 4 log ^(r,-a'.)^^(f.-a',)^.^« (^(«'.-«'i))+e-^ 



For ^1=0 there results fi=0 and consequently this value for IT becomes =0; the same is true of 
the integral expression for XT, and these two solutions are identical. If we write Sfgain 

2K' 
we obtain the transformed expression for V 

V=^T+2 -r log w/ > ( =hT+2 - log YTlTT . { z=zhiT+2 - lOg ^) . \ -/< 

=Ai ^+f^^-^ q^(e^'-6-^^-)sin2r/~g^^ (e^^-~e-^«Vin4r^+ . . . 

l-g/(e2«'»+6r-2a'i)^g2r'+g^(6^''-.e^'»)COS4r'+ . . . 

For the oblate ellipsoid we have now 

a'i=ai=log tan J(90o+ai) t',=t=log tan ^(90©+^) 

tan^(90o+ai) +cot^(90o+ai) 
^-tan i (90o+a0-cot i (900+^0 ^""^ ^"^ * ^^ +^^^ 

* ^ coti(90o+a,) tan J(90o+^i)+tan J(90o+a,) cot J(90o+^,) 

1 i^«+««i/afto. /ii 1 i^^ 8in'^(<?i+gi)+co8'^(^i-ai) 
=s-nr7i 1^» tan i(90o+(;o-i log cosmo,+a,)+^in^i(Oi--i) 

= J_ log tan i(COo+^0-i log ;+«!^«^»!^;^ 
sinai "o "^ 2v -r 1/ a ^ 1— sin ai sin ^i 

sinai 
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If we snbstitate for Oi (which entered in the expressions for values obtained for the coordinates 
Xj y, Zy of a point on the oblate ellipsoid) the quantity G^ cos* ai^ these values become 

x=Qi' cos Oi sin <p y=Gi' cos ^ cos ^ 5?=Gi' cos* ai sin* Oi 

when 

Vi— sin" «! sin* Oi 
and for the equation of the surfaee there is 

a^+y84.;8« sec* ai=a^+Xi 

The angle ^ is here the longitude and 0i the eccentric anomaly of the meridians. 

The preceding projection of the ellipsoid is due to Jacobi, and is to be found in a slightly 
differing form in Orelle's Journal, vol. 59. 

In. what ha« been said up to this point, we have taken the plane as the surface upon which 
the projection has been made; that supposition, of course, simplifies much the actual forms of the 
results, but, as we shall see, does not have much effect upon the more general theory, though the 
steps to be taken in order to project one surface upon any other are more numerous than when one 
of the surfaces is a plane. 

Let X, yy Zj as before, denote the co-ordinates of a point upon one of the surfaces, and ^, 17, C, 
the co-ordinates of a point upon the other; the two independent perimeters, in terms of which the 
co-ordinates of a point on any surface can be given, are u^ v for the first surface, and TJ, Y for the 
the second. We know that it is necessary to determine TJ, Y as functions of t^, t^, though not as arbi- 
trary fuTfctions, since the projection is to fulfill certain assumed conditions; in our case the condi- 
tion is that the projections of the elements shall be similar to the elements themselves. 

Since x, y, z^ and ?, 17, C are all functions of ii, t?, we have by differentiation 

dx^adu+a'dv dy:=zbdu+Vd/o dz=odu+&dv 

d^=adu+a'dv dij=fidu+fi'dv drs=zZdu+r'dv 

ttyh p'j/ being determinate functions of Uy v. 

The condition of this projection is fulfilled, as we already know, first, when nil the linear 
elements that go out from a point of one surface are proportional in length to those that corre- 
spond upon the second surface; second, when the corresponding elements make the same angle 
with each other on both surfaces. 

The linear element of the first surface is given by 

V[{a^+¥+d')du^+2 (aa'+bb'+c&) du dv+(a'^+V^+&^) d^] 

and of the second by 

'^[{^+^+f) du^+^ (««'+/5/S'4./'/'') du dt?+(a''-fiS'«+;''») dr*J 

where, as we know, 

E=a»+fc*-fc* V:=^aa'+bV'\-c& G=a'*+6'*+c« 

and similarly 

E'=a*-f/52+^ W=^aa'+pp'-^rr' G'=a'*+/5'"-fr'" 

Now the first condition is satisfied when, independently of du and dVy the quantities E, P, G bear 
to E^, F^, G^, respectively, the same definite ratio, say m; that is, when 

B_r_G_^ 

E'— F''"(P~ 

This quantity m is then the ratio of the lengths of two corresponding elements on the first and 
second surfaces; or, if the elements of length are respectively da and ^, we have 



d8=mdc 
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which expresses an increase or diminution of length according as 

This ratio is in general different for different points; in the special case, however, where m is 
constant, the projections of regions of finite extent will also be similar to the regions projected, 
and if m=l, the areas will be eqnal, and the first surface will be developed upon the second. 
Consider two linear elements through the point given by Uy v, their extremities being 

w, v: u+duj v+dv «, v: u+dUy v+6v 

The cosine of the angle between these two lines is, in rectilinear rectangular co-ordinates, 

dx dx+dy dy+dz dz 

or 

E du att+2F {du dv+du dv)+Q dv dv 



^[(E dw'+2F du dv+i3r dtf) (E dv'+2¥ du dv+Q dv")] 

The cosine of the angle between the two corresponding elements on the second surface differs from 
this only by having E, P, G replaced by E', F', G'; we see then that, in order that these two 
quantities may be equal, E, F, G must be proportional to E^ F', G', which is precisely the con- 
clusion arrived at in examining the first condition of the projection; the two conditions are then 
identical, a fact which is indeed obvious from a priori considerations. Write for brevity 

Bdu^+2Fdu dv+Qdf^=Q 

We know that the equation Q=0 admits of two separate integrations, inasmuch as we can divide 
the trinomial into two linear factors, either of which equated to zero must satisfy the equation 
^=0, equating the two factors thus to zero and these results to integrations. As we already know 
the factors will be of the forms dp+idq and dp--idq; and these equated to zero give 

p+iq=QOiiBt. |>— i^=const. 

where ji and q denote real functions of Uy v^ and consequently 

fi=n {dp*+d^) 

where n is a certain finite function of {Uy v). 
The same process leads us to 

P+tQssConst. P— tQ=const. 

as the two separate integrals of 

Q'=Wdu*+2Wdu dv+Q'dv^=0 

and also 

fl'=N (dF*+dQ') 

where P, Q, N denote real functions of U, V. 

The difficulties of integration being supposed surmountable, these integrals that we have 
indicated conduct us to the general and complete solution of the irroblem. The condition of the 
projection has already been obtained as 

which gives us 

{ dF+id Q) ( dP-idQ )_m«n 

{dp+idq) {dp'-idq) 'W 
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The namerator of the first member of this equation is divisible by the denominator in two 
ways; either when 

dP+idQ is divisible by dp+idq 
and 

dP—idQ is divisible by dp—idq 
or when 

dF+idQ is divisible by dp--idq 
and 

(iP— idQ is divisible by dp+idq 

In the ftrst case dP+idQ will vanish with dp+idq^ or P+tQ will be constant when 2>+ig=const., 
wliich is equivalent merely to saying that P+tQ is a function of p+iq^ and also P— tQ a function 
of p—iq. In the second case the converse holds; P+tQ being a function of p+iq^ and P— tQ a 
function of p+iq. The solutions are then of the form 

P+tQ=F'(i>+ig) P-i:Q=F2(p-ig) 

or 

P+iQ=<Pi(|>-.tg) 'B-iQ^HP+k) 

but the second of these functional signs is not arbitrary; if the function Fi is real, the function F^ 
must be identical with it; if, however, Fi is imaginary, Fg differs from it only in being its conjugate 
function, or function obtained by changing i into — t. The same remarks, of course, also hold for 
the functions ^i and ^2; thus each of our solutions contains only one arbitrary function, which may 
be either real or imaginary. 

We have by solution of the first two of these equations — 

P=iFi(i>+ig)+iF,(i>-t(/) iQ=iF,(p+iq)^iF,{p^iq) 

or P will denote the real and t'Q (in the second case — tQ) the imaginary part of the function Fi. 
Solution of these last equations will now afford us the values of U and V as functions of u and v, 
and so solve completely the problem. Denote the derived functions of Fi and F2 by F^i and ¥% 

so that 

dF, (t)==¥\(t)dt dVi(t)=¥'i(t)dt 

Then we have 

also 



?»^«=F',(j,+t«)F',(i>-t9) 



The ratio of enlargement is tixerefore determined by the formula — 



_^^S*!+«.^|.^^p,,<,+<„p,.(,_<„) 



This will be reverted to in another place. 

Assume now that the two surfaces under consideration are planes; then 

X=:U y=V Z=:0 e=ir 1?=V C=:0 

We have manifestly 

E=G=1 F=0 

and 

• C=(!te»^+dr»=0 
which conducts to the integrals 

ie+ti7=const. 14— tt?=const. 

In like manner 

fi'=(2D»+dV»=0 
gives the integrals 

TT+tT=const. U-tV=con8t. 

IOTP 



Digitized by 



Google 



146 TREATISE ON PROJECTIONS. 

The two general eolations are now 

(I) U+tV=Fi(ii+it?) TJ-tV=F,(te-it?) 

(II) U+»V=F,(u-tt?) U-tV=F2(tt+tt?) 

These results can also be expressed as follows: / denoting an arbitrary fnnction, we equate 
the real part o{F{x+iy) to ^ and the imaginary part either to ly or — ly, as the case may be. Intro- 
ducing the derived fanctions F'l and F'j, write 

F'i(x+iy)=:X+iY F',(ar-iy)=X-tY 

when X and Y denote real functions of x and y. We have now for the first solution 

d^+id7i=z{X+iY) (dx+idy) <^^-idr^ =(X-tY) {dx-idy) 

and consequently 

d? = Xdx^Ydy dr^ =:Ydx+Xdy 
Make now 

X=S. cos G Y=S. sin G 

dx=ds cos g dy^ds sin g 

d^^=^dc cos Y d)j=d<r sin y 

when ds denotes a linear element of the first plane, and g its inclination to the axis of a;^ d<r denotes 
in like manner the element of the second plane corresponding to ds on the first, and y denotes its 
inclination to the axis of ^. The above equations give then 

da cos^^Scfo cos {Q+g) da sin ^=Sd« sin (G+^) 

from which follows, regarding S as positive, 

^=S ds r=6+^ 

It is clear, also, from this that S denotes the ratio of alteration of the element ds to its projec- 
tion da^ and further that S is independent of ^; and the independence of the angles G and g shows 
that all the linear elements proceeding from a point of the first plane and represented on the sec- 
ond plane by elements which cut each other under the same angles measured in the same direction. 

If we choose for F a linear function of the form 

F(i>+tg)=A+B(ii+ig) 

when the constants A and B are of the forms 

A^a+ib B=C+ic 

then we shall have 

F'(ii+t9)=B=c+t« S= V^T? G=tan-» ^- 



The ratio of alteration is therefore constant in all parts of the plane, and the projection of the first 
plane is throughout similar to the plane. For any other value of F the similarity would only hold 
for infinitesimal portions of the plane. 

Enough has been said in the previous pages on the projection of the sphere upon a plane, so 
that we need not allude to that subject here; but we will once more obtain the formulas for the 
projection of an ellipsoid of revolution upon a plane, solving the problem directly instead of deriv- 
ing it as a particular case of the more general problem of projecting the ellipsoid of their unequal 
axes upon a plane. 

Denote by a and h the semi-axes of the ellipsoid; then 



Digitized by 



Google 



TREATISE as PROJECTIONS. 147 

is the equation of the snr&ce, and we can write 

Q now takes the form 

Q=a* sin" i?dtt*+(a" cos" v+V sin'i?) dt^ 

and the differential equation Q=sO assumes the form 

^tt"+(cot" v+l—i*) dn^ 
when (assuming that b<a) 

" a" 

This gives 

dM^%dv^/(eot^ u+1— c")(ft?=0 
Assume 

a/(1— «■) tan v=rtan » 

where, in the case of the earth, WP-^w denotes the geographical latitude of a point and it denotes 
its longitude; this equation now assumes the form 

1 — £* 

' (1— e"C0S"ctf)Sina> 

the integration of which gives 

fe±tlogcotia,rj7i^?ii?V" 
Denoting now by/ an arbitrary functional symbol, we must equate ^ to the real part of 

/[.±<io,»t^;-:'_--):] 

and iti to the imaginary part If we choose for/ a linear function, «• e., write 

/(jp+^)=* (!»+<«) 
then we have at once 

which gives a projection analogous to Mercator's. 

Assume now for/ an imaginary exponential function, or 



/(Q=*t' 
then we have at once 



<w 



e=*tan^i«(^J+l??i!?Ycos.lii ,^lfetan^i«A±iJ??8i?V single 

\1— eCOSa»/ * Vs^l— C008»y 



which, for ^=sl, is analogous to the stereographic projection. 
For the case where V>a. we have 

a«-.y<0 
and e consequently imaginary; but 

( 1+5 cos i» \i 
1— ecos«y 
will be real. Write 

then, for the determination of of, we have the equation 

-•l+P" tan i^sstan m 

and the differential equation of the problem becomes 

14. ^n 

' (l+^oos'a»)sin» 
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giviDg the integral 

ujbi (log cot ^+e' tan""* e' cos <o) 

and this gives for c the real and for 17 the imaginary parts of 

/ jw+i (log cot ^+e' tan"* e' cos o> j I 

Assnme first, /, a linear fiinction, or 
We have, then, at once 

?=A?t* ij=A; log cot ^+€' tan"* c^ cos ai 

Secondly, ahsame 

Then we find 

I e-*' ^t«-» •'«»« cos At* iy=& tan^ ^ -.'*«-> 



e=A; tan* ^ e""*' *♦*» *•'«»« cos Xu !?=& tan* I^ r"*'*" •'*»•- sin Ai* 



Suppose that we have given a spheroof radius A, viz: 

r+i2'+r=A* 

and an ellipsoid of revolution 

required to project the latter surface upon the former. The co-ordinates f , ly, C are given in terms 
of the geographical co-ordinates U, Y, by the equations 

^= A cos U sin V iy=A sin TJ sin V C=A cos V 

The differential equation arrived at is of course precisely the same as in the last example; and 
so, calling/ an arbitrary functional symbol, we have merely to equate U to the real and i log cot ^ V 
to the imaginary parts of 

/(•+"»«[""iG-?^:)'J) 

The simplest solution is, of course, for the case 
and gives 

TT A 1 TT X O'/'l+C COSwNi 

U=« tan i V=tan ^( ^^ ^^^ ) 

^ 2\1— e COS *oJ 

formulas of great importance in geodesy. 

The rectilinear rectangular co-ordinates of the point on the spherical surface corresponding to 
that denoted by u^ Vj on the ellipsoid are then 

2 tan o I 5-^ — — -— ) 
e^Acosi. 2Vl -.ecos^ y 

., ft* /l+e COSa»\i 
1J=a:A Sm U ^ -^ 



^ . i. •«'/i+^ cos«»V 

C=s A 2V l' -e CORfl> y 

1 . i. • ^ /!+« COS a*V 
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when m is retained for brevity, instead of its value tan~' (tan v VI— ^)- By means of the formulas 

1/ z 

w=tan"- i?=cos~^i: 

X 

we may transform these into relations giving the rectangular co-ordinates of the point on the 
sphere corresponding to a point on the ellipsoid in terms of the rectangular co-ordinates of this 
last point. These results show the great desirability of finding co-ordinates peculiar to the sur- 
&ces under consideration, and by means of which the relations between the chosen co-ordinates 
on the surface of projection and those on the surface projected may be as simple as possible, the 
ordinary rectangular-rectilinear co-ordinates evidently giving most complicated expressions. 
If, instead of assuming 

f{t)^t 
we writ€ 

/(^)=^+ const. 

there is clearly no gain of generality if the chosen constant t>e real, as in that case wc would lin vo 
for V the same value as before, and the values of IT and u would only differ by this constant. \i^ 
however, the constant is taken as imaginary, say, — i log A;, the results arc qaite different. Wo 
have in this case 

TT TT- 1 X w /"l + e COS <i#\* 

U=w V=Ai tan >, ( zr^ )' . 

2 VI— € cos aiy 

Determine now the ratio m of alteration; we have for that puri>ose the formulas 

^-a^Q' »»=7(!/'(i>+^)A(i'-^)) 

fl=a* sin vdu*-\- {a cos* v+V sin* v) dv* 

df+d^=du^+(' cot^v+ ^^^" 

n=a* sin* 17 

N=A*sin*V /(*)=! 

/l — ^ ^,^c« -^ Ar( 1— e« COS* w) » 
^1— e-COS'a»= ^^ ' 

asm 17 asmtti a •<«,< \« . u • •'«'/t . v. 

cos*2(l — e cositf)*+fc* s:n*2(l+s cos<w)* 

a ratio which is dependent merely upon the latitude which is given by 90^— a*. The smallest 
possible deviation from perfect similarity is obtained when A; is so determined that m possesses 
equal values at the extreme limits of latitude of the region to be projected; in this case m will 
have its greatest or least value at the mean latitude, or nearly so. Calling cf;i.and w^ the extreme 
values of a>, and equating to each other the values of m for these limits we come readily to the 
expression 

cos* ^^ (I— £ COS a#i)* cos* ~ {l^e COS «/a)* \ 



Q 



Now 


^ d^+d^ 






and 


' 




i 


or 






• 


Similarly we find 






Now 


we have 








_ AsinV 


A 


sinV 




€+1 e+1 

(1— £*COS*«ii) « (1— e* COS'itfg) « 



sin* —^ [l+e COS CIAs)' sin* ^r(l+« cos W2)A 



(1 — e* cos* oi,) 2 (1 — c* COS* lo,)"*" 
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In order to determiDe at what latitude m has its greatest or least Talne, obserre that we have 



and 

from which follows 



d*» 1. TT J 1. J . «^ cos to sm a» dw 

— = oot V dv — cotio dw'\ =-5 5 

m ^ le* cos* of 

dV dot e* sin «tf A» _ ( 1— c*)d«» 

sinV sin oi""!— c* cos* «a^(l— £* cos* w) sin m 



dm (1— e*)Aei , ^r V 

= -: ^1 i 5— r (cos V— COS W) 

m Sinai(l— •'cos'a*)^ ' 

Now we see that, for V=w, 

€Laf 

t. e., for Y=(tf, 99» is a maximum or minimum. Denote this value of « by W, then will 



W^ 



e cos 



Vl+^cosW 
or, expressing W in terms of ky 



,(n-*«) 



from which W can be determined when Jc haa been computed by means of the above formula. The 
quantities IT, Y, and «* are connected by a relation which now becomes 



tan i V-tan Y ^^-' co8W)(l+« C08«.) \; 
tan i V -tan ^ l^(i+, oo8W)(l-. co8a.)>> 



It is easy to see that, for a»<W and V>itf, cos V<co8fl', and consequently -r- will be negative; 
and for itt>W and V<«», "— will be positive: so that, for wssVssW, the value of m will always 

Ota 

be a minimum and 

=:^Vf(l_c»cos'W) 



If we choose the radius of the sphere 

A= 



V/(1-€*C08»W) 



the representation of the ellipsoid at the latitude of 90O— W will be not only similar in infiuiteai- 
mal portions, but also equal ; for other latitudes, however, the projected elements will be greater than 
the elements themselves. We can expand the logarithm of m in a series According to ascending 
powers of cos V— cos W, of which the first terms are 

logm=log(^|:(l — c»cos»W)^+2^^^^,j(cosV- . . . 

From what has preceded it will be easy to obtain the formulas for the projection of the general 
ellipsoid upon a sphere. Denote by R the radius of the sphere; then its equation will be 

f«+,y+C^=R» 

and for the ellipsoid whose semi-axes are a, ft, c, 

The co-ordinates ^, 17, C are given in terms of the two independent variables IT and Y by the relations 



es:R cos U sin Y iy=RsinUsinY CsRcosY 
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If ii and If denote the variable parameters belonging to the two byperboloids, confocal to the 
given ellipsoid, we have for the eqoations of these sarfaces 

and the co-ordinates x, y, z are then given by 

^_ a*(c?+k,){a *+l,) .^_y(y+^i)(y+^) ^_<^( C+^i)(c'+^) 

and the element of length on the ellipsoid by 

dj/t—n i\i hdA J ^dJJ _ » 

The eqoation Q'=0 thus becomes 

l: + 14 
writing, for convenieace, 

and the differential equations are 

If we find one integral of these in the fcrm 

P-|-iQ=con8t. 

then having in the case of the sphere the integral 

U+ ilog cot i V==const. 

it is only necessary to equate TJ to the real, and ♦ log cot i V to the imaginary part of /(P+t Q), in 
order to obtain the most general solution of the problem. 

The method of transformation here employed is the same as the one previously used in the case 
of the projection of the ellipsoid upon the plane. The limits of ;ii and X^ are 

so, as before, ^i expressed in terms of the new variable o is 

^ ^ y(a'-c')cos'<?+c'(a«--y)sin«^ 
* (a*— o»)cos" ^+(a*— ft*) sin* 
or 

The same reductions that have been already employed will conduct to the equation 






and, on writing 



this is 



since 



28inada P ^OdO 



I da r_ ^Oc 

a J i:::Fsin» 



COS a J 1— «*sin'asin*^ 
Aa=/^andC08a=/^ 
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If we call e the eccentricity of the section of the ellipsoid by the plane rcy, it is clear that 

fltrrCOS""' € 

It will be a little more convenient to write P for i P, and thereby drop the factor 2, which will 
otherwise run all throagh the work. Introducing elliptic functions by means of the equations 

we can write for P at once the value 

when 

fc=tnadna— Za=-^logH(a+K) 
and in terms of the q functions 

2K I'g-'^^-*) cos (2j-l)a' 
when 



a'= 



Tta 



■2K 
The ratio of the 9 functions is also 

^(t-.a)-"l+2 2:(-)>^cos2j(t'--a0 
where 

*-2Jk 

In the case of the Q integral we have seen that it is necessary to write 

^=amt(K+T) 

t (K+t) being the new value of t; by change of the modulus Ic into the complementary Id we intro- 
duce the new amplitude ^', defined by 

giving, finally, 
or 

Q_.^.ta«-i^(-r)'-*^^'H^l-::^^^-^')cos(2j-i)a' 

The complex quantity P+iQ is now expressed in elliptic ftinctious by 

in which the real and imaginary parts are not separated. Writing for P and Q their values in 
terms of the q functions, the conditions of the projection are satisfied by equating U to the real 
real and i log cot ^ V to the imaginary parts of 

fCx lo^^ l+2 2' (-.yg^cos(2j-l)(t^+aO v(^y>ig/(i -i)(^v-»)r-^ ^c .>-»)r>)eos(2j^lK \ 

•^V ^i+2-r(-X^cos(2/- l)(<'-aO "*"*'* ■♦■* ^*° 2(-y-V(^-»)(6^«-»)-'+e-v-)-') sin (2j-l)aV 

If the function / is taken as linear and of the form /(v)=v, we find 

U=P cotJV=e^ 

By the first of these, all curves dependent only upon t are projected into curves dependent only 
upon the longitude U, or into the meridians; but 
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and is again a function of k, so that ^ is a function of X^ and the curves which depend upon t are 
the lines of curvature cut out by the hyperboloid of two nappes; these lines are then i>rojected 
into the meridians of the sphere, and the remaining system of lines of curvature is projected into 
the parallels of latitude. The quantities entering in the solution of this general case are so com- 
plicated that, as the problem is scarcely a practical one, it does not seem desirable to continue the 
research any further. It may be observed, however, in conclusion, that the ratio of alteration m 
is given by 

***"■ '^ l+e"«^ L en* H A * a sn* t ■*"sn« (r, fc')-sn* a cn> (t. A;) J 

We have seen that in general there are two solutions to the proposed problem of the ortho- 
morphic projection of one surface upon another, viz, 

(I) P+iQ=/i(i>+t(z) P-tQ=/2(i>-tg) 

(II) P+tQ=tf>i(2?-t(?) P-tQ=tf>2(l>+tg) • 

It can now be shown that in one of these solutions the positions of the different parts of the sur- 
face are in the projection exactly similar to their positions on the given surface, while from the 
other solutions results are inverse similarity. 

It is to be remarked first, however, that we can speak only of exact and inverse similarity in 
so far as we may speak of the upper and under sides of the surfaces considered. As, however, by 
this way of speaking, it is perfectly arbitrary which we call the upper and which the under side 
of a surface, it is clear that the two projections have no essential points of difference, an exact 
projection becoming an inverse projection when the side of the surface previously considered as 
the upper side is made arbitrarily to become the lower side. 

The upper and lower sides of the surface will be defined as follows: If ^^=0 is an equation 
satisfied by one of the surfaces, '/^is a given function of the co-ordinates x, y, z^ which for all points 
lying on the surface is equal to zero, and for every other point is greater or less than zero; that is, 
is either positive or negative. By passing through the surface in one direction, ¥"* changes from 
I)ositive to negative, and by passing in the opposite direction the converse takes place. The side 
of the surface on which V is positive will be called the upper, and the side on which it is negative 
the lower side of the surface. 

Let the equation of the second surface be ^=0 ; the same remarks of course apply to this sur- 
face as to the surface 9^=0. Differentiating these two equations gives 

whence Zi, mi, Ui are functions of a?, y, z^ and Ai, /aj, v^ are functions of ^, ly, C- 

The projection of ^=0 upon (P==0 admits of having six intermediate and simpler projections 
inserted between the beginning of the operation. These are given in the following table: 

Co-ordinates of corresponding points. 

(1) The surface ^=0 a?, y, z 

(2) Representation in the plane a?, y, 

(3) Representation in the plane w, t?, 

(4) Representation in the plane |>, g, 

(5) Representation in the plane P, Q, 

(6) Represeutation in the plane U, V, 

(7) Representation in the plane ^, iy, 

(8) Projection upon the surface *=0 ^, ly, C 

Leaving to the side the alteration undergone by the projection, we may now consider the rela- 
tive positions occupied by the infinitesimal linear elements of the surface upon any two represen- 
tations. We shall call two representations similar when the linear elements that proceed from a 
I>oint and lie on the right hand in one representation correspond to linear elements lying on the 
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right hand of the corresponding point in the second representation; in the opposite case the pro- 
jections will be spoken of as inversely-similar. As regards the planes upon which (Nos. 2-7) the 
intermediate projections are made, wo will merely call that side where the positive values of the 
third coordinate are found the npi)er side; the lower side will then correspond to negative values 
of this co-ordinate. The surfaces ^ and 9^ have already b^en mentioned as having their upper 
sides corresponding to positive, and their lower sides to negative values of ^ and V'* respectively. 

It is quite clear that for any point of the first surface at which we consider x and y invariable 
and increase 2; by a positive increment, if we come to the upper side of this surface the representa- 
tions in (1) and (2) are exactly-similar, or an exactly-similar representation is obtained when n is 
positive, and an inversely similar representation when n is negative. 

In the same way, if C be increased by a positive increment, exactly-similar representations are 
obtained in (7) and (8) when vi is positive, and inversely-similar representations when vi is negative. 
In order to compare (2) and (3), consider in (2) a linear element dSj the co-ordinates of whose ex- 
tremities are Xj y^ x^dx^ y-^dy] and denote by /its inclination to the axis oix\ then 

dx^ds cos/ dy=d8 sin/ 

In (3) let At and f represent the corresponding quantities; then 

du=sd<f cos ^ dv^zda sin ^ 

but 

dx=iadu+a' dv dy=zbdu+b'dv 

consequently 

^da cos/=id<r (a cos ^+a' sin f>) ds sin/=<2<r (6 cos ^+V sin f>) 

and 

acosf>-|-a'sin^ 

Begarding x and y as constant and/, ^ as variable differentiation gives 



_d/ 

df (aoo8f>+a'8in 



ab'-a'b I «' «' l/dfV 



df 



The sign of ^ manifestly depends only on that of the determinant 

I a, a' 
ft, ft' 

If this is positive,/ and f increase together, and if the determinant is negative these quantities 
vary in an opposite manner, /increasing while ^ decreases. In the first cas^ the representations 
(2) and (3) are exactly-similar; in the second case they are inversely-similar. The combination of 
the results now obtained gives that (1) and (3) are exactly-similar or inversely-similar, according as 



1 



a, a' 
6, ft' 



is positive or negative. 

Upon the surface ^"^==0 obtains 

lidx+midy+nidzs^O 

or substituting the values of dxy dy^ da as functions of du and dio 

(Zia+«iift+nio)di*-f (/ia'+mift'+nic')dv3=0 

but du and dv are independent, and so we must have 

{la-ffitift+niOssO iia'+wiift'+nio'ssO 



Digitized by 



Google 



TREATISE ON PROJECTIOKS. 
and consequently ly m^ n are proportional to 

16, ft' I I ^' ^'^ I Idy a' 

Cy & \ I A> a' I I 6, b' 

h&^Ve ca'-^&a aV^a'b 
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or 



'nil 



»i 



-==& 



Any one of these can be used as the criterion for the nature of the representations (1) and (3), 
or better still, replacing these thus by 






and then multiplying through by the positive quantity V+mi*+ni", we have as the sought criterion 
the determinant 

lij iWi, ni 

a, hy o 

a', b'j & 

Similarly, the exact or inverse similarity of (6) and (8) will depend upon the positive or negative 
values of 



or upon the determinant 



^1 "" lyi "" ^1 



^l, 


nil "1 


«1» 


fi, r 


«', 


^, / 



In like manner the condition for exact or inverse similarity in the representations (3) and (4) 
depends upon the positive or negative sign of 



and in (5) and (6) upon the sign of 



dp 


dp 


% 


dq 




dp 

d"? 




dQ 
37 



In the projection of one plane upon another by the first solution, i. e.j by 
(I) P+iQs=/, (p+iq) P-tQ*/, (p^iq) 

it was found that exact similarity resulted, or, that the elements proceeding from a point in one 
plane and making certain angles with each other had in the second plane the corresponding ele- 
ments making the same angles with each other, the angles being measured in the same direction. 
The second solution 



(H) 



P+fQ=#,{j)-i^) 



V^iq^^t(p+iq) 
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will only differ from the first in giving us a result that the angles between corresi>onding elements in 
the two representations will be equal, but measured in opposite directions. These considerations 
afford us the means of determining the relation between the representations (4) and (5) ; tliese are 
exactly-similar for the first solution 



(I) P+»Q=/i(i>+^) 

and inversely-similar for the second solution 



(n) 



(P+*Q)=#, (p-iq) 



P-iQ=f»(p-iq) 



P-tQ=<P, ip+iq) 



Now, in order to determine whether the projection of 9^ upon d> has not only its elements sim- 
ilar, but similarly placed, it is necessary to take note of the negative signs of the quantities 



J. 



a, a' 


dp dp 




dP dP 




(3u d» 




atj' dV 


b, V 










dq dq 




dq dQ 




du dv 




dU' dV 



1 1 ' 



If there are none, or an even number of negative signs, the first solution must be chosen to give 
the desired result^ if there is an odd number of negative signs, the second solution must be adopted. 
The reverse of this method of choice will give an inversely-similar projection. 

As we already know, the transition from a stereographic i^rojection to any other orthomorphic 
projection is merely a particular case of the solution which we have indicated as 

P+^'Q=/i iP+iq) 

—it is of course not necessary to write — tQ=/2 (jp— ig)— so that if a?, y denote the co-ordinates of 
a point upon a stereographic projection, and C;. rj the co-ordinates of the same point upon some 
other orthomorphic projection, we have 

{x+iy)=f(^+irj) 

/, of course, denoting the arbitrary function derived from the integration of a certain differential 
equation. If the operation indicated by the functional symbol / is only the addition of a con- 
stant, the map is simply shoved along. If it is the multiplication by an imaginary root of unity, 
the map is merely turned round. If it is the multiplication by a modulus, the scale of the map is 
changed. If the operation raises the quantity to an integral power, the result is ISir J. HerschePs 
projection; if to a fractional power, the result is a many-sheeted map, that is, one in which the 
earth is only covered by a-number, finite or infinite, of separate sheets of the map; and on these 
sheets the whole earth may be represented only once, or several times, or an infinite number of 
times. When / is an integral algebraic function, the result is a map having a finite number of 
north and south poles, and the problem to construct a map having north and south poles at given 
points is resolved by solution of the appropriate algebraic equation. The relation f{z)^e^ is 
Mercator's projection, and other projections of infinite variety may of course be obtained by a 
suitable choice of the functional b\ mbol. 

Suppose, as a final problem, we take the expression 

the meridians being projected in right lines passing through the point a on the axis of x and the 
parallels by circles having their centers at this same point. Call ^ the angle under which any one 
meridian cuts a?, then 

(op— a) tan d=y 
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is the equation of this line, or, as it may be written * 

^rrtan-*^^::^ 
The equation of a parallel of radius p is in like manner given by 

Consider this latter equation first. It may be written in the form 

(a?+ty— a) (a?— iy— a)=/>' 
and, since 

again, as 



or, if each factor is divided into its factors, 

i=n-l 

n 

Or, again, this is obviously equivalent to 



r[(.-a^cosf>»(,-«-i.in?)][(e-«^coaf)+<,-a.Si„|^)]=^ 



jj ^Q-ai coB^y + (^rt-aksin^^ ] =/.» 



n of conrse doDOtes the continued prodaot of all the terms following it, obtained by gi\'ing toj all 
of its value from to n— 1. If we connect each of the points ^a to a point S+ir), the length of the 
connecting line will clearly be given by 



l»=V(?-«-- cosf ) + (,-«i cosf y 



Substituting each value of this in the above equation, it becomes 

PiP^z Pn'^P^ 

Of course we would have obtained the same result had the circle been drawn about any point a, 6, 
or a+iby and so we can state the following 

Theorem: When n is real, integral, and positive, the projection ir+ty=(|^+iij)» changes the 
circle r=p around the. center a+ib into the curve pijpsjpo • • • • i»,»=^,when p denotes a radius 
vector through each of the points {a+ib)n. 

For the case n=2, the system of concentric circles is projected into a system of confocal lem- 
niscates with the foci at y/a+ib; and in the general case we can say that the circles are pro- 
jected into lemniscates of the nth order whose foci are at the angles of a regular i>olygon. 

The meridians are transformed in a similar manner; we had for their equation 

*=tan-'-iL 

It is known that 

2itan-'JL=log?±$^« 
x-^a x-^ty^a 
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and BO 

2» *(e-<,)»-a 



J /=«-i (f+»ij)— a'^cos^+i sin ^J 



^^^^ (e^a"C06|-)+i(,-a-8in^^) 



= :2 ovlog 



or, finally^ 






^=: :S tan-' ^ ^ 

"-" f^a«co8^ 

n 

If^ however, any point S+irj is connected with the n points given by V^ the angle which each 
of the connecting lines makes with the axis of ^ is given by 

\ • 2i^ 
w— a*sin-T- 

tf=tan-' J ^ 

2;7r 
f— a*cos~- 

and consequently 

^=^1+^,+ e^ 

and we have the following 

Theorem : If from any point a+ibj lines are drawn making angles with the radias vector through 
a+ib of ^=»^, these lines by the projection ir+iy=(^+ti?)" — n positive, real and integral — are trans- 
formed into the carves ^1+^3+^3+ • • • ^«»=^i where the quantities denote the angles made by 
the radii vectores to the curve from the points Va+»^ make with the radius vector of any one of 
these points. 

For ns=2 these curves are equilateral hyperbolas, and in the general case we can speak of the 
curves as being hyperbolas of the n order. With these definitions of the preceding systems of 
curves, we have the theorem that the orthogonal system of confocal lemniscates of the nth order 
is a group of hyperbolas of the nth order though the n foci of the lemniscates. 

The only alterations to be studied in this kind of projection are the alterations of lengths and 
areas^ the former being denoted by the quantity w, the latter by mK The value of m has been 
already shown to be given by the equation 



where 

For the projection of a sphere upon a plane, it has been seen that 

IS" 
n 

B denoting the radias of the sphere, and the latitude of a point. 
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Tchebychef has based a discussion concerDing the most advaDtageons choice of projections 
upon the follow! ng considerations: 

Galling ^ =G and taking the logarithm of the above value of m, 



• Now the equation 
has for its integral 



log m= J ^ogf'i(p+iq) +i log/, (p^iq)-.^ log G 






^=9i{p+n)+9%(p-n) 



when fi and <f% are perfectly arbitrary ftinctional symbols ; as then /i and /, are also quite arbi- 
trary, the above expression for log m varies only as the difference between the integral of 

dp'^d^ 

and the function } log O. The properties of this equation show that this difference is a minimum 
inside of the space limited by any curve whatever when the value of F— ^ log G has a constant 
value over the curve which bounds this region. The integration of 

d^^ dg^"^ 
gives under this condition 

F= J log/'x [p+iq) + J log A (j>«t«) 

from which, with exception of a constant, the values oifi (p-\-iq) and/, {p^iq) m^'y be determined. 
Before leaving the subject we may just notice the form of ds employed by Bour in his memoir 
on the deformation of surfaces. The element of length ds is given by 

df^r=zEdf+2Fdp dq+Qd^ 

when E, F, G are functions of (p, q) and of the form given in the beginning of this chapter. 
Suppose that for a certain system of values {pj q) there results 

F=0 EsrGsA 

then 

d^z^Xidp'+d^) 

The curves jp=:constant and g^constant are in this case known as isothermal curves; they are 
clearly orthogonal, and geometrically they divide the surface into a series of infinitely small 
squares. It is easy to show geometrically that there exists upon any surface an infinite number of 
families of orthogonal curves which ei\joy this property; that is to say, an infinite number of sys- 
tems of co-ordinates which conduct to the form 

dfF=zX{djf+df) 
Suppose, now, that we place 

p+iqsx2a jp— igas2/9 

then 

dp+idq^2ds dp^idq^2dfi 

and multiplying these together gives 

df^^iXdadp 

This equation, like (7«*s:l (dj^+df), has the advantage of being symmetrical with respect to a, p. 
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It is to be observed here that the expression 

d^=Bdp^+2Fdpdq+Qd^ 
E=0 ¥=2X G=0 



is eqaivalent to 
if we make 



E, F, G now being given by 

-(©v(*)V(i)=. 

d^dfi'^dad/^^da'dp'' 

-(g>(|)V(D=« 

The subject of these isothermal lines is very fully and elegantly treated by M. Haton de la 
Goupilli^re in the Journal de l^cole Polytechniqne, vol. 22; the same volume also contains Bour's 
memoir. 

The method of geodesic co-ordinates might also be employed in this problem; they are 

defined by 

E=l F=0 <f«"=^i)»+Gf/^ 

The line 9=const. is here a geodesic line upon which the lengths dq are measured. The line 
jpssconst. is perpendicular to the former, and its element of length is VGdq. 



§ VIII. 
GENERAL THEORY OF EQUIVALENT PROJECTIONS. 

In this chapter we shall consider principally the alterations that take place in an equivalent 
projection, and also give the equations for the projection of an ellipsoid of revolution upon a plane. 
We may first, however, obtain the general condition for the equivalent projection of any surface 
upon a plane. ' 

Let ar, y, z denote the rectangular co*ordinates of any point of a surface and pq the two inde- 
pendent parameters, in terms of which Xj y^ z can be separately given; then writing, as before, 

-(s>(i)"<«)" 

j,_Af dte dy dy dzdz 
^dpdq dpdq dpdq 

°=(|)'<I)V(S)- 

we have for the element of length 

dfF^Bdf+2¥dp dy+Otd^ 
and for the element of area 

d<T:=^Ydpdq 
where 

V»=EG— P 
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The quantity Y can, of oonrse, be written as a symmetrical determinant, and in fact is given by 

(d»Y /"dyV /'^V dadx dydy dzdb 

dpj "^KdipJ ■*■ Vdpy dp dq^dp dq^^ dq 

dxdx d^^ dzdz /'^*V ■ /"^Vj-Z^f^Y 
dpdtTip dq^dp dq \^ "^ \.dqj + \dqj 



V= 



The co-oidinates of the four points at the angles of this small parallelogram are, upon the surface, 

{J»,fl) {P+^P,9) (P.9+<^«) {P+dp,q+dq) 

The corresponding points on the plane are, taking ^, 17 as rectangular axes, 



^+1* 
'+%^ 



^+|^i'+|^ 






The aiea of this projection is 



dp '3q 

dfi d-^ 
dp dq 

Equating this to the corresponding element on the surface, we obtain as the condition of equiva- 
lent projection the differential equation 

d^ ^_^ f^? «. V 
dpdq dqdp" 

Kothing of interest can be obtained by attempting to discuss this very general form of the 
differential equation. It does not seem possible to reduce the question to one of quadratures, 
except in the case of a surface of revolution, when Y will be a ftinction of only one of the variables 
(Pj g). If, in considering surfaces of revolution, we define latitude as the angle made by a normal 
to the surface with a plane perpendicular to the axis, we can speak of q as the latitude of a point 
and, longitude being measured in the same manner as ni>on the sphere, p the longitude of the 
same i>oint. In this case Y is a function of q alone, and one which we may suppose known. 

Let PN (Fig. 39) denote the axis of revolution of a surface whose meridional curve PM is 
supposed known. Let b represent the arc of a meridian measured from P, u the distance PI, v the 




FiQ. 39. 



11 T p 
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distance IM. The curve PM is in general determined by an equation between u and Vj and from 
this equation the values of v and 8 can be determined as functions of p. It is easy to see that in 
this case we must have 

dq 

the minus sign being necessary because the arc s increases as the latitude p decreases. Resuming^ 
however, the differential equation 

d^ drj d$ drj ^ 

dpdq^dqdp^ 
write for brevity 

d^ ^ d^ 



then 






This partial differential equation leads by Lagrange's method to the system of ordinary differential 
equations 

^__dp^dri 

The first of these equations gives Pidp+qidq=0'y therefore /(|>, g)=c is the result of integration, e 
being au arbitrary constant. Again 

"Sow iffip, q)=e is solved for p we will be able to substitute in pi the quantity j> by its value in 
terms of q and c; writing this form of jpi as jpi (9, 0), we have by integration 



^^''^fp^qfo 



which reduces the problem of finding 17 to a simple quadrature. In order now to determine the 
integral of the proposed partial differential equation, it is necessary to establish a relation between 
the constants c and &. Remarking that/(j>, (|[)=^, we have immediately 



i=/(^,,) ^'=m+f^i 



Ydq 



In the quadrature, f is, of course, to be regarded as constant. We have already studied this 
problem at some length in considering the sphere as the surface to be projected, but a remark or 
two more on the subject will not be out of place in this chapter. For the sphere of radius r we 
know that V=r* cos q. That being the case, if it is required to find the equivalent projection 
upon the tangent cylinder at the equator, we must place /(jj, q)=rp; then j?i=r, or jpi is constant; 
again, making F(c)=0, we find 

7)=Jr cos qdq-=r sin q 

If we take the pole as center of a central equivalent projection 
f =/(!>, ^)=2r sin i(^^-g^co8p 



If i7i this projection the ratio | is independent of q, we can place 
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The q wiU be eliminated by division, and differentiation will condnct at onoe to f^fs— fif^s=sc 

V 
(a constant) and f^^=—^ then 



"M^r-p g-+-/^ 



where fpj is perfectly arbitrary. The particular equations of the central equivalent projection are 
obtained by assuming 

V=r*co8g c=— 1 Ci=2r* C2=0 ya(jp)=sinjp 

If, inversely, - is to be only a function of g, the required conditions are obtained by writing 
V 

These conduct to the relation 

W= Vcp+Oi 
and, 9^2 being an arbitrary ftinction. 



Of course, in both of these cases the quantities c, Oi, Cs aie to be regarded as arbitrary constants, 
of which any desirable disposition can be made. 

Designate by a and h the semi-axes, equatorial and polar, of an elliptic meridian, and seek to 
determine the formulas for the homolographic projection of the spheroid upon which tbe meridian 
is found. Suppose that areas upon the spheroid are reduced upon the projection in tbe ratio l:/c. 
Tbe member A; is clearly the ratio of the half surface of the spheroid to the area of the limiting 
ellipse of the map. In the general differential equation it will be only necessary to place -? V for 

y in order to take account of the impressed condition. The solution of the problem requires the 
determination of 17 as a function of q alone, and the representation of the meridians by ellipses 
having for semi-principal axes the length on the projection of the polar distance q. Take for.axis 
of 17 the straight line on the map which joins the poles, and for f the perpendicular to this at its 
middle point, which of course represents the equator. The general form of solution that satisfies 
all the conditions is given by tbe group 

e=Ajp+B ^=p(,^)+J 

and for this case it is clear that 

B=0 F(^)=0 

giving 

e=Ai> 

Longitude being counted firom the meridian represented on the map by the axis of 9, it is clear 
that the quantity B should be made equal to zero. The value of V for an ellipsoid of r^dvolution is 

^_ y cos* q 
^^(l-c*8in»gp 

The meridian of longitude jp is represented by an ellipse, of which the principal axis in the dire<5- 
tion of 17 is =^26; call the other axis 2a'] then the equation to the ellipse is 



Ydq 
A 
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in which a^ is an unknown function of p only. Dififerentiate this for q 

i-^j-^^— ft 
7^ and p are independent of ji, and 

The ratio, then, of the only two quantities that contain p is constant, t. «., 1^- is constant, and we 

may place 

a'^mp 

m being a constant which has to be determined. Substituting mp for a' in the preceding differen- 
tial equation, and it becomes 



and on integration 



AdA=— ^lydiy 






being a new constant to be determined again. The equation which gives 17 becomes on differen- 
tiation 

Ad^=lvdg 

or 



Make 






-j^=:C6inA 



Then the first member of this equation becomes 
of which the integral is 



m 



I. ^(2^+8in2;) 
Now, g=0 must give ;i=0 and 17— 0, and for g=£^ there must arise 172=6 • we have then 

2>l4.ftin2;i-**^* P_?9S«^«_ 

In the homolographic projection applied to the sphere, the supposition q^^ giving rise to i7=& 

gives also Xss~. Analogy then leads us to make osm, and thus obtain for the only remaining con- 
stant the equation 

_4 b fi cos qdq ^2a 
''""^ jo (l-c^sin»g)*-V 



smce 



, 2ft pi co&qdq 

*-^Jo(l-«'' "' 



The result of the sabstitntion of the values of e, m, k is the following equation, in which neither a 
nor b appears: 






«)• 
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ALTERATIONS. 

Upon a sarface of revolation the distance between the i>omts whose co-ordinates are (p,g) and 
{p+dpj q+dq) is f^yen by VPdjf+Qd^^ P and Q being known functions of q. Upon the map this 
distance is represented by y/d^^+drjK If h denote the ratio of the first of these distances to the 
second^ A is a variable quantity, being different at different points of the surface, and also depend- 
ent upon ^. We have in general 

* Fdp*+Qd^=h\dS^+drj^) 
in which 

or briefly 

d^^Pi dp+qi dq eiiy=jp2 dp+qz dq 

It is required to find the value of the ratio .^ which will render h a maximum or minimum in 

dq 

any given point. As the point is absolutely arbitrary in position, we have merely to regard pij p%^ 
9i9 q%j P and Q as constants, and consider A as a function of ^ or, better, of the tangent of the 
angle which the direction sought makes with the meridian; if we call this angle /9, there results 



We have for A* the expression 






d?+dri^ p^pl . . ._^oPjgx±P^ ,1^ . _, >, . iL+ft" . 



^ sin> /9+2 ^J^T^ sin ^ cos fi+^^ cos» /J 



The maximum value of h will occur for the minimum value of the denominator of this section, and 
conversely. Differentiating the denominator with respect to /?, and equating the result to zero, 
there follows . 



from which 



P+^'.?iM ?1^] sin2^+2Mi+^3^2/9=0 



tan2i9— ^Piqi+P^)^Q 



This equation gives a single value of tan 2/r, but two values of fij lying between 0^ and ^r, and 

whose difference is =2» 

By differentiating the above expression again for fi and substituting the two values of i9, and 

fi+ny ^^ ^^^ ^ found that the results will have contrary signs, which shows that the two directions 

upon the map, corresponding to these two values of ^9, are the directions of the greatest elongation 
and the greatest diminution, respectively. 

The result of these considerations is the following 

Theorem: The elements of length which, in their projection, have received the greatest alter- 
ations, make right angles with each other upon the surface of revolution. 

In order to find the angle between the corresponding elements upon the map, it will be neces- 
sary to write for the first 

dS'=pidp+qidqr=(y^Pi tAUp+qi^dq d7j'=^(^Pita,nfi+q^^dq 
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For the second, replace /9 by yJ+s, 

d^"=(-^Pi cot fi+q^dq 



dri":=(-^Pteotfi+q;^dq 



Write also 



then we easily obtain 



%-^r- 



H' * J, 



tan^ tan/^': 



i (Py-QW) sin 2 /?-PQi^, cos 2 /? 
■J (PV-Q'l>i*) sin 2 i5-PQi>,gi cos 2 /? 

P*, Q* 



M ft' 



taii2/9-PQj>^a 



. = -1 



tan2/9^PQl>i«i 



PS Q' 

i^iS (Zi' 

The last is tme, as is easily seen by substitating the valae of tan 2 /?. The equation 

tan/'' tan ^'=—1 
shows that the angles f and /' differ by |l ; so that we come to the following 

Theorem: The elements of length which suffer the greatest alterations have, upon the map as 
well as upon the sphere, directions at right angles to each other. 

The results are of conrse of a i>erfectly general nature, and can readily be applied to equivalent 
projections. At any i)oint of a surface of revolution, and in the directions of the ^atest altera- 
tions, take two infinitely small lengths equal to unity. The square constructed with these two 
elements as sides will be an element of the surface of revolution, and will also be unit of area. 
Now, calculate the two values of h' and h" from the general formula for A, which correspond to 
the two elements upon the surface. The square 1x1 will be transformed upon the chart into the 
rectangle h'xh". The condition h'h^'=rl gives then the required equivalent projection. Still, 
considering h* and and h*' as values of h for two directions at right angles to each other, observe 
that 



and 



jJ.=^^'«n'/S+2^'^ 8in/9cos /S+«!^*co8V 
i,=?i!+^*cosV-2^^t^ 8in/Scosi9+«!!^'8inV 



*"» 



Addition of these gives the remarkable proi>erty 









a relation independent of the angle fi. From this we see that if, in any point, there is no alteration 
in lengths, i. e., if ^ 

*'=A''=1 
the function 



P*— 
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Reciprocally^ if at a point of au eqaivalent projection this function equals 2, there is no alteratipn 
of lengths around this point, for the equations 

give 

The function 

p^ "*■ Q" 

is a characteristic function of equivalent projections; its value computed for different points of the 
map shows, according to the difference between these numbers and their lower limit 2, how much 
alteration there is in any given i)oint. Place, for convenience, 

Then, multiplying these together, we have 

A P_ (l>l'+1>2') (gi^+g»') _(j?lgj+jP2g2)^+(l?lg2~j>2gl)'__(j>lgl+i>2g2)'+ V 

In this equation P, Q, Y are functions of g which, for a given point, have fixed values, so that AH 
must evidently have the least possible value for piqx+p^^O] that is to say, for the case when the 
projections of meridians and parallels cut at right angles. For the sphere 

P«Q*=R* cos* q V»=R* cos* q 

therefore ux>on this surGEUse the ratio p^Tp is =1. Fow at all points of the central projection when 

the i>ole is taken as center 

Piqi+P^^^ 

and, consequently, in this case AB is always equal to unity. We have, then, simultaneously 



consequently, we can write 
or, taking f for the co-latitude, 



VA . VB 

A^=cos % A"=:cos - 

2 9 

2 



In studying the central -equivalent projection we called 9 the angle on the sphere between the 
principal meridian and the arc any point M to the center O; the angle upon the chart was designated 
by ^, and the distance OM by tp} resuming those symbols, let B'. ^, ^' denote the corresponding 
angles for another direction; the angle on the sphere between these two directions is =z0'—e*j 
the corresi)ondiug angle on the chart is =^'—9'', At every point of the sphere and the projection 
there is an infinite number of groups of two directions which make tits same angles between each otlier 
on the sphere and on the projection. Directions which enjoy this property are called conjugate direc- 
tions. The condition for coiyugate directions is obviously 

or 

Then follows 

tan tf^— tan 9 tan r — tan 9' 



1+tan r tan <^'^1+ tan r tan 9' 
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Bat f being the distance from the arbitrary point M to the center O, we have 

, ,„ tBiixO ^ „„ tan<^' 
tan ?r= tan W^ 

cos* ~ cos' ^ 

These valnes sabstitated in the previoos equation giro, after easy redactions, 

tan e ___ tan 8' 
co8» .?+tan« 9 cos* ^+tan» 9' 

an eqnatiou of the second degree for the determination of ^^ It is satisfied obvionsly by 

tam^=tan^' 
which gives 

9^9' 

neglecting negative angles or angles greater than 180^. The other root of the equation is 



COS'S 



tan^'=, 



tand 
or, ai)on the sphere, the condition for coi^jagate directions is 

tan^tan9'=cos'| 

In like manner is found for the projection the condition 

1 



tan«^==- 



cos* ~ tan ^ 



or 

tan ^ tan «^=- 



cos'l 

The product tan 9 tan 9' is constant for a given point M, and consequently the corresponding 
directions l>elong to the conjugate diameters of an hyperbola which lies in a tangent plane to the 
sphere and having the point M as center, the tangent to the arc OM as one of its principal axes, 
and whose asymptotes make with this axis the angle whose tangent is 

=cos^ 

Upon the chart the conjugate directions are also those of the coi\jugate diameters of an hyperbola 
having the radius OM for a principal axis and whose asymptotes make with this direction the 
angle whose tangent is 

1_ 

cos| 

In other words, upon the projection, as upon the sphere, the asymptotes of the hyperbola which 
defines the conjugate directions at a point are simply the directions of maximum deviation which 
have already been determined. 
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§ IX. 
GENERAL THEORY OF PROJECTIQNS BY DEVELOPMENT. 

The subject of development is so inseparably connected with the higher parts of pnre analytic 
geometry that it seems almost impossible to give much of an account of it in such a treatise sa 
this. An attempt will be made, however, to give the most prominent points in the theory, referring 
always to the original sources from which the information has been drawn. Considering, as we 
do here, development in its most general sense to signify the application of one surface to another 
in such a way that the first shall in every point be made to coincide with the second without either 
rupture or stretching taking place, we have to find first the differential equation of all surfaces 
which can be developed or deformed in such a way as to coincide throughout with a given surface. 
The idea of defining a surface analytically by means of three equations which serve to express the 
three rectilinear co-ordinates of a point in terms of two independent variables is a very old one 
and is referred to explicitly in the writings both of Lagrange and Euler^ but the glory of perceiv- 
ing the full importance of the conception is due to Gauss alone, who, in his celebrated ^^JXsguisi' 
tiones generates circa superficies curvasy^ made the whole theory of surfaces, and especially that 
part of it which pertained to the curvature of surfaces, depend upon these two new parameters. 
Among the most remarkable of the theorems obtained by Gauss is the one relating to the applica- 
tion of one surface upon another. Gauss, in a certain measure, arrived at this theorem by 
accident. He was endeavoring to express the measure of curvature of a surface (that is, the 
reciprocal of the product of the principal radii of curvature at any point) as a function of the 
quantities p and q (the two independent parameters) when he discovered that this quantity 
depended only on the functions E, F, G, which serve to express the linear element of the surface 
in the form 

ds'=Bdp'+2Fdp dq+Gdg^ 

From this Gauss was enabled to conclude that if two surfaces are aipplicable, the one upon the 
other, that is to say, in such a manner that to each point of the first there corresponds a point of the 
second, the distance between two infinitely near points on either surface being equal to the distance 
between the two corresponding points of the other, then the functions E, F, G are to be considered 
as having the same value for the two surfaces and the measures of curvature will also have the 
same value for both. This theorem, first stated by Gauss, has led many eminent geometers to 
undertake the foundation of a theory of surfaces applicable to any given surface; this theory has, 
of course, its simplest application when the surface upon which the development is to be made is 
a plane. In the first investigation which follows it is desired to find a means of ascertaining whetJier 
or not two given surfaces are applicable^ the one to the other. We may, for brevity, si)eak of the two 
surfaces as S and S^ Let 

^ ^ ^ . S(x,y,^)=0 

denote one surface, and 

S'(a?',2(',2!')=0 

denote the other. Suppose x^y^z to be expressed as functions of two independent variables ji and 
g; for the linear element of this surface we have then tlie well-known expression 

, ds^=Bdp'+2Fdpdq+Qd^ 

^_/^^a:Y /-JyYa. /^^V T? dx dx ,dy dy dz dz ^ /^^^V^r^yYj./^^^Y 

W +V5p^ '^K^J ^"^ dq+d^Tq+dpiq ^^\M) "^ W "^ W 

Denote by j/, q' the indei>endent variables which serve to determine x'y y'^ z') then for the linear 
element of this surface we have 



where 



ds'^=Wdp'^+2¥dpfdqf+Gdq'* 
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where 



-=(S)'<^'+Q' 



and so forth. If» now, the two surfaces are applicable the one to the other in sach a way that 
the distance between two infinitely near joints on the first is eqnal to the distance between the 
two corresponding i)oints of the second surface, there must exist values of p' and ^ expressed in 
terms of |i and qy which will satisfy the equation 

E dp^+2 F dp dq+Q d^=E' dp'' +2 F' dp' dq' +Gdq'^ 

whatever be the values of p^ g, dpj dq. G^uss has shown in his memoir upon orthomorphic pro- 
jection that there always exists upon a surface particular values of the variables ji and 9, which 
make 

E=G F=0 

These have been already referred to in the chapter on orthomorphic projection, so nothing more 
need be said of them here. Galling them, however, (ie, v) and (u'j v')^ we have as the new form of 
the above equation of condition 

X (du'+dty')=zX' {du'^+dv'^) 

X being a function of (u, v) and X' of {u'j v'). Factor these expressions and write 

U+iv:=a u^iv=fi u'+iv'=sa w'— it^=/9 

We have then simply 

^dadfi=f'^da'dfi' 

^ denoting the value of A in terms of a and /9, and ^'* the corresponding value of X' in terms of a' 
and fi'. 

A very remarkable consequence follows immediately from this equation, viz, that a^ depends 
on only one of the variables a, ^9, and fi' depends upon the other. Write 

The above equality thus becomes 

Fow, da and d^ being quite arbitrary, there cannot exist in the second member of this equation 
any other quantity than dadjSj with its coefficient; that is, the coefficients of da^ and dfi^ must be 
equal to zero, or 

da'da-^^ di^ dfi 

From this loUows that, a and /9 being independent variables, 

or 

a'=f,(fi) P'^f(a) 

Take the first result, and the equality immediately becomes 

from which 

log f»=log y>'»+log/ (a)+log/i ifi) 

Differentiation of this function with respect to a and fi successively gives at onoe 

dadfi~'~ dadiS 



or 



^log^^^logV* 
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and, finally, 

1 <Plog^ _ 1 (Plogf^^ 

^~d^dr''ir'^ da' dp* 

We have then the remarkable property that if two surfaces are applicable the one to the other the 

function 

, _ 1 d^]og i^ 
'^"^l^d^ 

has the same value for the two surfaces at the corresponding points. In order to arrive at the 
geometricid significance of ft, we proceed as follows: Besumiug the variables it, Vy we have 



"=K^if-+^) 



Multiply this by the superficial element of the surface, or by 

d8=:X du dv 

and integrate throughout the region included by an arbitrary closed curve traced upon the surface, 
thus 

Now, denote by the subscript numerals 1, 2, 3 .... 2m the even number of points in which the line 
i7=constant, produced in a positive direction, meets the closed contour; then, considering the term 



// 



^ log i , , 
—j-7— du dv 
dv? 



and integrating for u alone, we have, if we disregard the second integration for the present, 

+ • • • -c-^r)^-c-x-)j 

where ( ?^ j denotes the value of this quantity at the point r/. Suppose that, in traversing the 

closed curve, the points of the curve following the points 1, 3, 5 . . . 2m— wl are on the side of the 
line V towards which u is counted as positive, and that the points following, 2, 4, G . . . 2m, are 
on the side of t towards which u is counted as negative; Fig. 40 illustrates what is meant. 



— tc 




-••xt 



Fig. 40. 
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the portions la2, Qc4^ &c., lying towards the direction of the positive u^ and the portions 2b3j 4425 
lying towards the direction of the negative u. Denote by J the positive angle formed at each of 
the points by the closed curve and the line t?, and by ds the element of the closed curve; we have, 
obviously, for the odd points, 1, 3, 5 . . . 2m^l, 

VJdv==B\njd8 
and for the even points, 2, 4, 6 . . . 2m, 

VJ dv=: sin jds 
The above expression now becomes 

•^/d log /l\ . ds 

the summation extending over all the points 1, 2 . . . 2m, where the closed curve is encountered 
by the line t7=const. In effecting the integration with respect to t?, which we had for the moment 

disregarded, we find at once for the reduced value of the term / I ~^—^— ^^ ^^ the simple integral 

rdlogX . . ds _ fdy/l . ,ds 

extended all round the closed contour. A similar transformation gives 

and so for the equation under consideration 
or again 




//»*=V -:;^-if- '-/(^■|+^^l> 



If now du and dv denote the increments, positive or negative, which the quantities u and v 
receive in passing from the first point of the element ds to its last point, and Suj Sv the corre* 
spending increments of u and v for a displacement dn in the direction of the exterior normal to 
the contour, there will result then, at any point of the contour, 

(a) 
from which 

(ft) 

These relations (a) permit us to express the above relations in the form 
and {b) give 



Vxdu=iGOHjds 


VTdo^m^jds 


y/Jdu=^B\UJdn 


^/'XdvszGosjdn 


*=l« 


dr=-~<Jtt 



or 
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dj being the increment, positive or negiLtive, which J receives while passing firom the first to the last 
point of dsj and dds the increment of da for the displacement Sn in the direction of the exterior 
normal to the curve. Furthermore, 

/<&•= A +B +0 + -(n-2)7r 

A, B, being the interior angles of the contour and n the number of these angles; there 

results, finally, 

2C fkds^: r^d«-A-B-0- +(w--2);r 

We can illustrate this formula by a very simple geometrical construction. Suppose that the 
closed contour under consideration is only the small parallelogram BAGD, formed by the lines 
Pi Qi P+^Pi 9+^9 {dp ai^d dq to he positive). The expression for element of area is well known 
to be of the form \^EG— F* dpdq. The integral f/kdSj of course, reduces in this case to a single 

element, and is, in fact, ^ 

=2\/EG-F»&e^dg 




Fio. 45. 

In this case, of course, we have h=4, and if the angle between the lines jp and q be denoted by i», 
there results 



and consequently 

Kow, as is also well known, 






-A-B-C . . . +(»-2)«— ^dixla 



C08<ciss 



.1^ Bin^^ ^^gr^ 



^m """'— m 



and forming the expression for ^, from tliis we have very easily, for this last quantity, 



d^ r 1 /T dE VdGt a dP\ "I 



For fatare convenience we will write 
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Finally consider the integral of -.^- ds. This reduces to four elements corresi)onding to the 

four sides of the curvilinear parallelogram B AGD. The element relative to the side AB has for its 

value ^^'^'-'^ 
AA'.A 

Iine|>+^; but 



value (-^'B^-'^BjAB ^^ A^B^-AB ^^, ^^^ 33, j^^ normal to AB, and EA'PB' denoting the 
AA'.AB AA' 



AA'=AE sin a,= ^^^-^dp 
A'B'- AB=EP- AB+FB'-B A'=^ dq dp—^I^dq dp 



We have then for this iirst element 



1 rdGj^FdG „dFl, 
27l^+Ji d^-^dq]"^ 

From what precedes we can dSdnce at once that the element corresponding to the side OD is 

which gives for the sum of the two elements relative to BA and CD 

dri ZdG^FdG „dr\-\,, 
;^l2Y (^Tp+Wd-q-^d^jrP^ 

In like manner, for the sum of the two elements relative to AG and BD there is found 

dri /^dE . F dB ^ dF\']^ ^ 



—^ ds has then for its value 



dri rdQ , VdQ „<iF\ n , .dri /d:E^ ^ FdB „<2F\n, , 
dpbyUp+Qd^'-^dVVvdq+^l^^ 

The equation 

J J kd»=f^dB- A-B +(n-2)^ 

_^ri z^dG FdOr „^P\-| d rl /'dE_FdGt\ 1 
-dpirydp'^G'Sq dqJylq[Y\dq GdpJ \ 



'ids 

'J J *'^= J 
then becomes 



4VK= 

This formula gives the value of Xc as a function of the arbitrary parameters p and q. 
It is now quite easy to determine the geometrical significance of Jc^ and to show that, disregard- 
ing the sign, the double of this function expresses the measure of curvature. Ifp and q denote the 
two rectangular co-ordinates x and y, we shall have, since z is the third co-ordinate, 



and then 



dz dfz 
Iz-dG.PdG „dF\_ ~^Tx'Si^ 

T^^"*"G3^~'*dgJ~' 



1 /dE FdGN_ djidf_ 

Y\dq~Gdp) =^^ 



t+(l)lV'<S>(l)' 

t^dzd^z 



\2<t)V^<t}'<t)' 
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v^<i)v(i)' r D+cDi V'+(i)"<i)' 



dz cPz 
I ^ dxdxdp 



( da 

)_<P» d dx 



'Msy<My~i *""t<S)'][><^)'<i)'] 

dz 
d^z d dx 



which becomes, on developing and reducing, 

/ d^z \ a dP^ ^ 
. _ \dx dy) "da^ d^ 



21c^ 



i<ti<%)i 



which, apart from the sign, is the expression in terms of a?, y, z^ for the reciprocal of the product of 
the principal radii of curvature. 

The result of what precedes is expressed by saying that when two surfaces are applicable, the 
one upon the other, their measures of curvature at the corresponding points are equal. 

This theorem of Gauss's constitutes a necessary but not sufficient condition of the applicability 
of the two surfaces considered. It is to be observed, however, that when a first relation has been 
obtained between the corresponding points, it is always easy to find a second; we can then calcu- 
late the values of ^ and qf^ which alone are admissible, and on substituting them in 

E<f^+2Fdp<?g+G<2g»==E'dfp«+2F'J;>'<?g'+Gdg» 

determiue whether or not the surfaces are applicable to one another. If I; is a ftinction of p and 9, 
and W of y and ^, we must have, if the surfaces S and S' are applicable, h^W. By Gauss's the- 
orem we know that the quantities h and W are the respective measures of curvature for S and S^ 
Differentiating, we have 

dk. ,dk^ dJcf , ,,dkf.. 

Tp^P+^^^-ap'^P+d^^^ 

or, as we may write for simplification, 

(a) mdp+ndq^m'dp' + n'dq 

This equation combined with 

(/5) Edj^+2Fdp dq+Qd^z=Wdp'+2Fdp' dq'+ Ordqf 

serves to determine dp^ and dqf as functions of dp and dq) but the values of dp' and dqf should be 
expressed as linear Ainctions of dp and dq^ since jp' and ^ are expressible as functions of p and g; 
it is evident, from the forms of the two equations from which the determination of dp' and dq' as 
functions of dp and dg is to be made, that this can only happen where there exist certain deter- 
minate relations between the quantities E, F, G and E', F', G^, and the quantities m, n and m'^ n'. 
In order to determine this relation, square equation (a) and add it to equation .(/9), previously 
multiplied by an indeterminate quantity X\ we will thus have 

{m^Jt^Widf'\-2{mn^'l¥)dpdq+{n^^m)d(f=:(m'^ 
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If now tbe indetermiDate X is determined by the condition that the first member of this equation 
shall be the square of a binomial of tbe first degree in dp and dq^ it will be necessary that the 
second member be also the square of a binomial of the first degree in dp* and dq^^ or, in other 
words, the values of X which render the two members perfect squares must be equal; we have, 
then, by simple algebra 

1 



1^ 



m'. 






E, 2F, G 

Oj HI, n 0, W, n' 

This is the sought relation, which, for brevity, we shall write in the form 

and we have then the two differential equations 



corresponding to 



mdp+ndq=m'dp'+n'dg' ' ^dp+^dq^^ dp' + ^ dq' 



E=K' 



H=H' 



'W 



and between tbcise fonr eqaations we can determine p', q^, dp*, dq! as functions of j>, g, dp, dq, in 
sach a way that whatever be the valaes of p, q, dp, dq, if these are substituted in equation (/9) we 
will have the final necessary and sufficient conditions which mifst be fulfilled iu order that the two 
surfaces S and S' may be applicable the one upon the other. If we subtract from the square of 
equation (a) the product, member by member, of {fi) and the equation HsH', we have 



or, writing 



^ [(En-Fm) dp+{Fn-Qni) dqy=~ [(EV-Fw') dp'+(F'n'-Q'm')dq'\* 





E 


1 


F 


--f 


G 
1=9 








F' 


=/ 






m, n 


dp+ 


/, 9 
m, n 


dq= 








This equation combined with 












indp+ ndqstm'dp' -| 


Vn'd^ 






4p+ »„ H^Aw 


4f 



d4 



da. 



affords us the means of eliminating dp* and dq'; we have, in fistct, 

^[{e'n'-fm')n^Un-gm)m']+^[-{e'n'-fm')m+{tn-Jm)fn'] ^^, 



en*—2/mn+gm* 



dp' 



^ [(fn'-g'm') n-{fn^gm) n']+^| [^{fn'-g-W) m+(«»-/m) n'] ^^, 



from which is readily deduced 



e»*— 2/»»»+^* 



d^ 






dB. dn 
dp dq 



,dW ,dH' 



«i»-2/»»«+^' ^n'*—2fm'n'+imr 



9Adn 
« MP" 






■en*^2fmn-^gm* 









«', / 






«'n'*-2/m'«'+^»»'* 
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or, on acooant of the eqaality H=H', 
(I) 





dU dR 




1 
7 


dp' dq 


1 

=^7 



dp*' 



dHf 
dq' 



fn' 



(II) ^[(Pn-Gm) ^-.(En-Fm) ^|]=^ [(PV- G^m') || -(E^n'-FmO ^] 

(I) and (II) combined with (lU) 
and (IV) 






aftbrd the means of completely solving the problem; for the values of y and q' obtained by solving 
any two of these four equations must satisfy the other two, whatever be the values of i> and q. It 
will not be necessary to carry further these general considerations, as the mathematical reader 
who is interested in this most beautiful branch of geometry will naturally seek the original 
memoirs for full information. 

A brief account of the method of determining all the sur&ces applicable to a given surface 
will now be given, under the supposition that the linear element ds of the surface 8 can be repre- 
sented by 9 

dt'^^^dadfi 

a and fi being the imaginary variables already defined, and ^ a known function of a and fi. Rep- 
resent by $, rjj C the unknown functions of a and p which express the rectangular ^co-ordinates of 
the points of any surface S' applicable to S; the square of the linear element of this second 
surface is 

Equating the second member of this last equation to the second member of the preceding, it is 
clear that we must have the conditions 



(A) 






write 



ds dS.d^ d^.dZ ^_a» 
\eta Tfi'^da dp" da dlT^^ 



(B) 



■^=»(»,»+n*) 



Hi 
3^ 



=<(m"+n") 



dri 



^m''—n' 



d: 
da 

d(9 



=2mn 



=z2m'n' 



These values satisfy identically the first two equations (A), and for the satisfaction of the third we 
have to insert the condition 

(0) I |=i^ 



m% 



Differentiating the first row of equations (B) for fi and the second for a, we see that the following 
conditions must also exist: 



,(m»+n»)_, (iii^»+n^) , (f>i«-n») .{m'^-n'^) 

^ dp "^ dc^ ^^[fi "^ dir^ 






12 T P 
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which conduct to the following: 





dm 


■■r 




dn , dn' -*»,-, ^»_-/ *»' . -,/ *»' 


andy with reference to 0, 


these give 


• 


(D) 




1 dm 
m' dfi- 


1dm' Idn Idnf n^ d n m'» d n' 
~m da n' dfi n da if dfim if Sii? 


Eliminating »' 


by means 


of 0, 






(E) 








dm dm' 
^Sfi-^ da 


(F) 








d n i_±9 

3am mdam 


.(G) 








d n i9±l 

Sfim m'dfim 



Equation (E) shows that m' and m'^ are the partial derivatiyes with respect to a and fi of some one 
fiinction of (a, p)^ we can then write 

(H) «-!=!, ««=|=«. 

(F) and (6) then become 

d n_ i d y _ ty d _1 <_ d^ 

^ ^ da m'" V^ A* -/pi" Vgi 3a V^ /pj ^« 



/ji dw iip d X 

^ ' dfim T^^Tpi 

Differentiating the first of these with respect to fi ami the second with respect to a, and equating 
the results, we obtain 

d — 7= d — 7= 1 d — M d — /=» d~»^= 

<2a d/9 /piji dadfi'^da dp dfi da 

or 

(K) Wr«-«»)-2 g «.r.-2 g M+^.«i ^=0 

where 

^-3? *"a^ ^-d? 

The solution of the proposed problem is thus made to depend upon the integration of equation (E); 
for, if we know ;? as a function of a and /9, equations (H) will determine m* and m'^ as functions of the 

same variables; (F) and (G) will determine - and n, and n' will be found from (G); finally, then, 
m, m'y n, n' being known, simple quadratures will suf&ce to determine ?, 17, C, for we have 

df=t (w»+ti») da+i (w'»+n^) dfi 

dri:={m?^n^)da+{m'^^n'^)dp 

d:=2mnda+2m'nfdp 

Another more general investigation may be made which shall lay no restrictions whatever 
upon the original parameters p and q. li p' and q! are the corresponding parameters for the 
second surface, we know that the relations 

9 (JP, «, P'j 3')=0 f 1 (p, «, p*, «0=0 
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can be established, ^^hich will enable us to write an expression for the element of length upon 
this surface, which shall depend only on j> and q. Let the eqaation of one snrface be * 

f{x, y, Z):=0 

and letp and q denote the independent parameters in terms of which the values of Xj y^ z may be 
expressed. We may, of course, consider p and q so determined that j>=const« and ()r=const. shall 
be the equations of the lines of curvature, in which case 

/=const. i>=const. 9=const. 

will denote the equations of the orthogonal surfaces. The expression for the element of length 
on /is 

(1) d^=:^df+2¥dpdq+Qcdct 

where 

==(I>(I)'<S)" 

{2\ F=— ?^4.^ dy dz da 

^ ^ dp dq dp dq^dp dq 



Hn)'<f)<%)' 



Now, suppose a second surface to exist which is developable upon the first. Oall f, 17, C.the co- 
ordinates in this case and d(T the element of length. If this second surface can be developed upon 
the first, it will be necessary and sufficient that the points of the one be made to correspond to 
those of the other — that we shall have ds=d<T in every direction around two corresponding points. 
This equality must hold, then, whatever be the values of dp and dq^ which define these different 
directions. Now, for d<r we have 

dij^^Wdp'+^F'dpdq+G'd^ 
and, for ^=(fo, we must have 

B=E' F=F' G^GK 

It follows from this that the three new variables ^, rjy C are three functions of p and 9, such that 
being substituted for x^y^z in equations {2\ these equations shall be identically satisfied. Con- 
versely, every solution of equations (2) will furnish a surface which may be developed upon the 
given surface. It is only necessary to eliminate from these equations any two of the quantities 
Xy y, z in order to find the desired equation, which will be the resulting differential equation sat- 
isfied by the remaining quantity, say by z. We have, now, from the first and third of (2) 

(l)'<D"--(l)" (p<t>='^-0' 

For convenience, write ♦ 

(4, ..=E-(|)' ^=G-(|)' 

then we may replace these two equations by the four 

(5) g=«C08tf g=/5co8^ |=««i^* |=^«i^^ 



The second of (2) now becomes 

(6) oos(y-tf)=r 



a/9 (cos ^ cos 9P+sin ^sin ^ )=F— ^^^/'a/S 
or 
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Differentiating the equations of the first row of (6) for q and p respectively^ and subtracting, ve 
eliminate x; the same operations performed upon the second row eliminate y; we have then 



(7) 



da ^ . ^dO dB ^ . « . dw ^. 
da . do dB . dip ^ 



Multiply the first of these by cos e^ the second by sin e^ and add; then mnltiply the first by cos f> 
and the second by sin f», and add; we have then 



or 



(8) £-gcos(^-.)+/9|sin(^-*)=0 



^cos {<p-e) +« ^ 8in(y-0)-^=0 



. , ^.de irap da-\ 



sin (f — ^)=T 



dtp k 



de_ii 
dq T 






dq dp 

For brevity we may also write 
Then, since cos(sr— ^)=r, . 
Equations (9) are now written 
(10) 

From the expression cos (f — ^)=7' we have, by differentiating, 

Finally, form the expressions for ^-^ £rom 10 and 11, and equate the results. 

^ ' Tttq ?dq~'T\dp~dpdqJ''T*\!'~aqJiq 

From the ration 1— y»=sT*, we have 

Equation (12) now becomes 

(») (l-l+j^ (i-'*)+<4,-4+SD=» 

which contains only E, F, G, and the difierential coefficients of these quantities and z with respect 
top and q, and is consequently the differential equation sought. 

Denote now by A; the Gaussian measure of curvature given by\he expression 

w -^^'=il[Kf-f)]+r,[Kf-f)]h^' 

when y=EG— F*, and p denotes the determinant 

B, G, F 

dB dG OF 
dp ^ dp^ dp 

dE dQ dF 
dq^ dq^ Iq 



dr dy 

^dq ^a« 
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Agaiiiy denoting for brevity the minors of this determinant corresponding to any element by 
placing that element in brackets, thns: 

^ ' ~€lp dq dq dp^ 
also, write 

. dG ^dF ^ dE ^dF 

dp dq dq dp 

Substituting now in (14) the values of X^ fi^ t, y^ a, /9, we find, after some rather tedious but not diffi- 
cult reductions, the following form for this equation: 

where r, «, t denote respectively the second derivatives 

d^z d^z d^z 

d^ dpdq df 

It is to be observedJJiat this equation is linear in (rs—^) and in r, «, and f, and is in fact a partial 
differential equation of the second order, of the form 

Er+S«+T<+U(r«-<*)=W 

Ji« Urn Av J9<9 

where R, S, T, U, and W are given functions of a?, y, «, ^, ^, or of jp, g, ^-> ^' A general inte- 
gration is of course impossible, so we will note only a few special cases. If we consider now that 
the three surfaces/, j), q are orthogonal, then the curves given briefly as jp=const and 9=const. cut 
at right angles, since they belong to the two different sets of lines of curvature, and for this case 
F=0, and equation (16) takes the form 

(") *'»<''-)+(f|-«gD'+<«f|+«f|> 

+v d« 3^"^ ^ ^y '+^ ^*^ \M ^^ d^~ 3^ VG # J \Jp) 



where 

For E— G this becomes 



-2«'($-,i')'»«==« 
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Suppose in equation (16) that E=6=:0| this requires that the quantities denoted by a and p shall 
be imaginary, or 

It would be convenient in starting from this hypothesis to use the imaginary variables defined by 

Of course these letters, a, /9, have no connection with those previously employed. Using these 
variables, Bour has treated the problem very fully in the Journal de Fficole Polytechnique, vol. 
22. We will return to that point, however, but may observe, retaining our variables p and q^ the 
form assumed by the equation under the assumed hypothesis of E=G=0. Write P=2*j then we 
have 

f^ ^\ 1^^ Id^dz ri/- €P0 ld0 d0\ dzdz f\ MM d*<P\-| 
^^''^^''4^dqdq^'^4^dpdp^^\^\dpdq ^dp dqj dp dq^Kjdp dq^ dpdqj \-^ 

Add and subtract 

1 d^d(P dz dz 

H^dp dqdpdq 
and this becomes readily 

''=<||-')w--+('-§'-^)('-|*-T) 

Make in this equation 

dz dz^^ 
dpdq" 

and we find that the equation is satisfied; therefore 

dz dz^^ r 

dpdq" ^ 

is a singular solution of the differential equation. 

If we make E=l, F=0, and G a function of p only, we come to the case of the development 
upon surfaces of revolution, a particular case of which has been studied by Weingarten in vol. 59 
of Grelle's Journal. There are several other suppositions which might be made, and which would 
conduct to interesting results, but the object of the investigation has been attained, and so we may 
leave the subject here. It is quite possible that a singular solution might be found for equation 
(16) or equation (17), which is a sufSciently general form, which would prove valuable in studying 
the general geometric properties of this class of surfaces. 

It is to be observed that for E, F, G all constants (of course including the case F=:0}, the gen- 
eral equation reduces to 

the simplest class of developable surfaces, viz, those which can be developed upon a plane. 

This equation is deduced from K by the supposition f =const., and as we know ha« for its 
general integral the result of elimination of a between the equations 

(a) z^aa^A^)p=f{a) ^a^f(a)p^f\{a) 

where a is a function of a and /9, and /and/ are arbitrary functional symbols. By successively dif- 
ferentiating for a and /9, we find 

dz ^ dz ^ ^ ^ 

Also 



- Vf(a) 
from which 



n . r 1 1 
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andftirther 






Finally, m^n^mifn' being thus known aa fiinctions of a and also of a and /9y by virtue of 
we can obtain the values of f , 9, C by the equations 

d:=z2mnd^+ 2m'n'dfi 

The qaantities nt, n, m'j n' being functions of the same quantity a, a function of a and /?, we deduce 

readily the equations 

minfdn*=nnfdm^ mm'dn'^^nnfdm^ 

mfnfd,2mn^{nm'+fifm) d.n^ mm'd.2m'fi/={nm^+nfm) dm/^ 

and consequently 

d.{m*-n*)^ am^ da <l.(m«»^»)= ^^, f {a)da 

d.2mn= — -^^:j — da dJZm'n'ss — -—-, — f<a)da 

mm' mm' * \ ' 

13ie equation 

a+/9/(a)=-/i(«) 

now can be placed in any one of the three forms 

«<l.»(m»+»»)+M*(»»'*+»")=-»^^^^^5^A(«)*»=<*« 
ad.i{m*-n*)+fid.i{mf*-n'*)=-^!!^^^^f{a)da=dv 

ad.2mn+fid.2m'n'= - m^ A W da=dtr 

tt, t?, IT being functions of a, which are determinable by simple quadratures. 

The equations giving dS, dyj, dZ can now be integrated by parts giving with reference to these 
last three relations, 

(6) ^ iy=l (»*-»») a+(m'2-»'»)/9-.» 

( Z=2mna+2nifnffi^ic 

We have thus only to eliminate a^ fi^a between equations (a) and {b) in order to obtain the equa- 
tion of the required surfaces. The elimination of a and fi is readily effected. Take three quan- 
tities, A, fly V, functions of Oy multiply the equations of group (b) by these quantities respectively, 
and add the results. 

(0) XS+iiyi+v{nu):=[iX{m^+n^)+fi{m*-^ny+2wmn] a 
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Multiply the same equations by <W, dfi^ and flv, respectively, and the set giving dw, di?, and dw by 
— ^, — /£, —v, respectively, and add the resulting six equations giving 

(d) eAl+iydfA+Wv=[d.i7(m*+n»)+AA(w*— n*)+d.y2w»]a 

+ [dM (i»'»+»'»)+dL/£ (w'*— n'»)+d.y2i»'»'] fi—d.Xu^d.fiv^d^w 

Now since A, ju, v are indeterminate, we may write 

iX (m*+n»)+Ai (m*— n«)+2vjiMi=0 « (iii'*+»'»)+/t («'*— ti'»)+2viiiV=0 

which gives 

id; being any quantity whatever; a and /9 then disappear from equations (o) and (d), and these equa- 
tions reduce to 

(e) ;ie+/xiy+vC=— (Att+itiV+vw) SdX+7id/i+f:dv='^(dXu+dfiv+d)^) 

If we wished to determine the equation of the required surface in rectangular coordinates, it 
would be necessary to eliminate a between equations {e) ; but since the first of these is linear in f , 
Tjy C, and the second is the derivative of the first with respect to the parameter a, it is obvious at 
once that the surface is the envelope of a moving plane — ^that is to say, it is a developable sufface. 

Bonnet has given a very elaborate discussion of the surfaces which are developable upon 
surfaces of revolution, and in volume 59 of Grelle, Weingarten has given an investigation of a very 
curious class of surfaces applicable to one another. The principal theorem which he proves is, that 
the suffaces of centers of aU vwrf€bce% for whieh at any point one principal radius of curvature is a 
funetion solely of the others form a system of surfaces tohich are all developable vpon one another. 

As the intention of these last three chapters is merely to give the reader a slight idea of the 
more general theory of projection by different methods, it is not at all necessary to go into the 
subject with any more fullness, either for the purpose of deducing other new principles or of apply- 
U3g any further those already obtained. Enough haa been said to meet all the requirements of the 
reader who merely wishes a slight acquaintance with this subject; all others would naturally go to 
the original memoirs and discover for themselves the geometrical gems which abound in the writ- 
ings of Gauss, Jacobi, Liouville, Bonnet, Bour, Oodazzi and a host of others. 
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OONSTRUOTION OF PROJECTIONS. 
STEREOGEAPHIO PROJECTION. 

The stereographic projection is one in which the eye is supposed to be placed at the surface of 
the sphere, and in the hemisphere opposite to that which it is desirable to project. The exact 
position of the eye is at the extremity of the diameter, passing throagh the point assumed as the 
center of the map. 

It has been shown in the first part of this paper that only the scale of the perspective projec- 
tion is altered by an alteration of the position of the plane of projection; this being the case, and 
it being more convenient to take the plane as passing through the center of the sphere, we will 
hereafter assume the plane of projection to be such a diametral plane. 

The stereographic projection has been also found among the possible orthomorphic projec- 
tions, t. €,j projections which preserve the angles; so we need here merely state this property, 
leaving it for those who wish a proof of it to refer to Part I. 

In Fig. I, Part I, let O denote the center of the sphere, V the point of sight, Ojp the trace of the 
plane of projection ui)on the plane of the paper, P the pole of the equator, and M any other point 
in the sphere whose latitude is e and longitude at) PZZ' denotes the first meridian. We have now 

a;=ZPM dOo.-(?=PM r=OZ VC=0 

to these add 

PZ=^-a MZ=sp PZMssV' V0=0' 

Taking O, the projection of Z, as the origin of co-ordinates, and j>, the projection of P, as another 
point of the axes of a, draw OY perpendicular to Oji, and we have the axes to which it is most 
convenient to refer the projection. Assume m as the projectioi) of M; then Oii=a?, mn=y. We 
have already found for x and y the values 

_ cr (sin g cos g cos tti— cos g sin ^) _^ crcos^sinctf 

^c+r (cos g cos cos ei+sin a sin 6) ^"c+r (cos a cos e cos a» + sin g sin e) 

'For the case of stereographic projection, we have c=r, and, since the plane of projection passes 
through the center of the sphere &=:r^ these formulas become 

_ r (sin g cos cos ai—cos a sin 0) __ r cos sin w 

""1-fcos g cos cos a#+sin g sin^) ^""l+cos a cos cos ai+sin g sin ^) 

By elimination of and w from these equations, we would arrive at the equations of the meridians 
and parallels which would be found to be » the equations of circles (see Part I). By varying the 
angle g, we can make the plane of projection assume any position that we please, and as the above 
equations are true for any value of a, we are enabled to say that all circles of the sphere are^ in stereo- 
graphic projectUmj represented by circles. Two particular forms of this projection are of special 
interest and value, and we shall now take them up. 

STEBEOaSAPHIO EQUATORIAL PEOJEOTION. 

The plane of the equator is here taken for th« plane of projection, and, therefore, in oar form- 
ulas we must write a=^; this gives 

_ r cos ^ COS a> _ r COS ^ sin m 

^"" l+sin(? ^'^ 1+sin^ 

Write here 
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then, from these equations, we can obtain for the meridians 

and for the parallels 



=tana» 

X 



aj»+y*=r»tan»| 

The meridians are thns seen to be projected into right lines passing through the origin, and tlie 
parallels are projected into concentric circles, whose center is at the origin, and the radius of each 
of them is equal to the radius of the sphere multiplied by the tangent of half the co-latitude of the 
point. The radius of the equator or bounding circle of the projection is found by making ^=s(), t. 6., 
C=90, and is consequently =r. The construction of the projection is now very simple. Take any 
point as center, and with a radius (on the proper scale) equal to the radius of the sphere describe 
a circle; this will be the bounding circle of the map. Now, divide the circnmference of this into 
equal parts of 5^, or 1(P, or whatever subdivision may be most desirable; the diameters drawn 
through these points of division will be the meridians. The parallels are all circles concentric 
with the one already drawn, and can be constructed for any latitude by multiplying the radius of 
the sphere by the tangent of one-half the complement of the latitude, and taking this quantity 
as the radius of the parallel required. Table I is constructed by means of the formula 

/t>=:r tan 2 

p denoting the radius of the projected parallel. The values of p are given for every 5° of latitude 
on the assumption of r=r:l. This projection, and others closely allied to it, have been very fully 
worked out in Part I; and as it is designed in Part II to give only the most elementary and neces- 
sary principles connected with the construction of the various projections, it will not be necessary 
to say any more upon this particular case. 

STEBEOGBAPHIO HEBIDIAX PBOJEOTIOX. 

This is the projection generally employed when it is desired to represent an entire hemisphere 
on the map. The eye is supposed to be placed at some point of the equator, and the plane of the 
meridian 90<^ distant from this point is taken as the plane of projection. For terrestrial charts 
the plane of the meridian of Greenwich is usually taken as the plane of projection, the eye being 
then situated at the i>oint on the equator whose longitude is IMP, or 27(P. The meridian passing 
through the eye is taken as the first meridian in reckoning longitude. For maps of polar regions 
the stereographic equatorial projection is obviously to be preferred to this, but this gives an 
excellent and simple method of representing the two hemispheres on two separate charts. We 
have, in this case, a=0, and therefore 

— r sin r cos ^ sin a> 

l+C08^C0Sa» ^ 1+COSt^COSoi 

The meridians are circles given by the equation 

ar»4.y8+2yr cot«— r»=0 

The centers of these circles lie on the axis of y at the points given by 

f=0 ij=— rcotfi* 

and their radii are given by 

E=r cosec a» 

For the bounding meridian ai=90^ and R=r. We have then merely to draw a circle from any 

assumed point as center, whose radius ==r (on the chosen scale), and this will be the bounding | 

circle of the map. Draw two diameters of this circle at right angles to each other and they will 

denote the equator and first meridian respectively. The distance from the center of the map to | 

the intersection of any meridian with the equator is given by the formula 

6=r tsai^ 
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If now on the line representing the equator we lay off the distances izv oot w to the right and left 
of the first meridian we will find the centers of the projections of the meridians; it is then only 
necessary to draw circles from these i)oints as centers with radii =r oosec «>, and the meridians wiU 
be constrncted on the map. For the parallels we have the equation 

a^+f+2rx cosec (?+r»==0 

which represents circles having their centers on the axis of x at the points given by 

S'——r cosec e iy'=0 

R=r cot ^ 



and whose radii are given by 



For the distance from the center of the map to the intersection of any particolar parallel with the 
first meridian^ we have 

d'=r tan ^ 

The construction of the parallels is similar to that of the meridians, the centers merely being 
taken on the projection of the first meridian. One thing is, however, to be observed in construct- 
ing these curves: For the meridians it is to be noticed that the formula 17=— r cot w gives, when 
the real sign of this is minuSy the centers of meridians that lie on the + side of the first meridian; 
and when the sign of 17 is positive this formula gives the centers of the meridians lying on the 
negative side of the first meridian. In the case of the parallels, however, the formula S'=zLr cosec 
gives the centers of those parallels which lie on the dL sides of the equator, respectively. Germain 
has given a table which facilitates the construction of this projection. In using it the following 
points are to be observed: Galling p^ the radius of the projection of a meridian; />, the radius of 
the projection of a parallel; (f«, r^J) and (^,, ijj) the co-ordinates of the centers of the meridians 
and parallels respectively, and d^ and d^, the distances from the center of the chart to the inter- 
sections of the meridians with the equator and of the parallels with the first meridian, we have, 
for all these quantities, the formulas 



P^:=r oot 
/»^=:r cosec a» 



e«=o 



i?»=r cot w ^„=r tan ^ 



fj,= — r cosec ij,=0 



d,=rtan2 
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We Bee from these that /o* is the same f auction of a» that S, is of ^; the same relation holds between 
77. and Pj, and between d^ and ^,. On this account it is only necessary to have one colnmn in the 
table for each of these pairs of quantities. The following problem is solved in Part I, but is of 
importance, so the solution is repeated here. 

TO FIND THE BISTJLNOE BETWEEN TWO POINTS ON THE SPHERE AND ON THE MAP. 

Let d denote the distance on the sphere between the points A and B, d' the distance between 
A', B', their projections. Assume a point M such that 

MA=ar MB=:^ 

and similarly 

WA'=x' M'B'=y' 

We have thus a spherical triangle MAB, and a plane triangle M'A'B' with the angles M and M' 
equal (since the stereographic projection preserves the angles). Now^ in the spherical triangle 

ABM we have 

cos d=cos X COS 3^+sin x sin y cos M 
and in the plane triangle 

d' =a/*+y'*^2x'y' cos M' 
We know, however, that 

a/=r tan ^ 2r'=rtan| 

and therefore, after elimination of M, we obtain readily 

^,_ rsin^^ 
■"cosia?cosiy 

From this it follows that if x and y are constant, e. g.^ if they are assumed to remain upon the same 
parallel, then is d' proportional to 2 sin ^ d, or to the chord of the arc AB upon the sphere, what- 
ever be the value of M. If M=0, 

d'zszx'^y' d=x^y 

and consequently the chord of d 

_ , €}ioTd{x—y) 
af-y' 

From this the value of d on the sphere can be found for every corresponding value of ^ on the * 
chart. This expression cannot be employed when x'=zy' or when a?' differs very little fipom y'. For 
this case, however, we need merely to make M=180o, then 

chord ^=.J'5^^i5+3^) 
from which the value of d can always be exactly obtained. 

TO FIND THE LATITUDE AND LONGITUDE OP A PLACE FBOM ITS POSITION ON THE CHART. 

The general equation of the meridians in the stereographic projection is, as we have seen, 

^+y*— Sartana— 2yr — ^--r'=0 
' ^ ^ COS a 

that of parallels is 

-J . ^ . o cos a , . (sin ^— sin a) ^ 

^ ^ an a+sin sm (i'+sm a 

For brevity write aj*+^=/5*j then from the first of these equations we have 

, r"— />" X . 

cot 01= -|—^, cos a+- sm a 

^-rp y 

and from the second 

sin *=j5q:^, sin "-1+^. «» « 
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These equatioBS give as the means of finding and w when x and y are known. 
For the stereographic equatorial projection 

a=9ao cotc»=- sin^=^^ 

y ^+i^ 

For the stereographic meridian projection a=:Oy and consequently 

aNOMONIO PBOJEOTION. 

In this projection the eye is at center of the sphere and the plane of projection is a tangent 
plane to the sphere. All great circles will be projected in straight lines, with the exception of the 
equator, which will obviously be projected in a circle at infinity. On this account the gnomonic 
projection can only be employed for a portion of the sphere less than a hemisphere. The general 
formulas, as found in Part I, for the co-ordinates of a point on the projection are 

_r ( sin a cos $ cos ai — cos a sin e) rcos^sinctf 

~ cosacos^cositf+sinasin^ ^^cosacos^'costr+sinasin^ 

For the gnomonic equatorial projection we have a=s90, and so 

dr=r cot cos tt> y=sr cot sin o 

Elimination of e from this gives as the equation of the meridians 

y=:a?tana» 

which shows that the meridians are projected in straight lines, making the same angles with each 
other as the meridians themselves do on the sphere. 
The equation of the parallels is 

«*+y»=:f*COt*^ 

These lines are thus projected into concentric circles whose radii are proportional to the cotangents 
of their latitudes. The construction (see Fig. 5) is extremely simple. Divide the limiting circle 
of the chart into any convenient number of parts, and join the center to the points which express 
the latitudes counted from the diameter AA^ perpendicular to the first meridian; these radii pro- 
longed meet the tangent TT^ parallel to this diameter, and cut off on it distances equal to the radii 
of the parallels. 

GNOMONIO MEBIDIAN PBOJECTION. 

For this case a=0, and 

tan^ . 

ir=— r ^=rtanitf 

COSw ^ 

The meridians have for equation 

y=rtanitf 

which represents straight lines parallel to the axis of x. 
For the paraUels we have 

a^cot*e?— y*— a*=0 

This represents a series of hyperbolas having their migor axes lying on the axis of a?, and their 
minor axes perpendicular to the axis of or, which is taken as the first meridian. The major axes 
are given by 

a=2rtan^ 
the minor axes by 

b=2r 

For the construction of these hyi)erbolas it is most convenient to determine a series of points whose 
abscissas are given by 

tan (7 
a?=r 

cos 01 
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and then calculate the intersections of the parallels with the meridians supposed already drawn, 
l>y giving to (? a certain value and to a> a series of values, 5^, 1(P, 15^^ &c.y or whatever may be 
most convenient^ For a further investigation of this projection the reader is referred to Part L 

OBTHO0BAPHIC PBOJECTION. 

This projection is not used for geographical representations, but has been employed in the 
construction of celestial charts, and is commonly employed for architectural and mechanical 
di'awings. The point of sight in this projection is supposed at an infinite distance from the center 
of the sphere; this involves the writing of c=:go in the general equations for perspective projec- 
tions. We have then a cylinder replacing the cone which has been used in making all of the pre- 
vious projections. It is clear that all circles of the sphere will be projected as either circles, 
ellipses, or straight lines, according to the inclination of the plane of the circle to the axis of 
the projecting cylinder. On placing c=qo in our general equations, we find for the rectangular 
co-ordinates of any point in this projection 

a?=:r (sin a cos e cos of-— cos a sin 0) y=r cos $ wi<o 

From these we have for the equation of the meridians, by eliminating ^, 

a? sin* ui—Qsy sin a sin 2<tf-f y*(l— sin*a sin* a*)— r* cos* a sin? a>=0 

This equation represents ellipses having their centers at the origin of co-ordinates; the ellipses 
have the same major axis given by 

2a=:2r 
and have their minor axes given by 

2h=i2r cos a sin at 
For the parallels we have the equation 

a^+t^+rx cos a sin O^r* sin(a— ^) sin(«+^)=0 
This denotes ellipses whose centers are on the axis of or at distances fix>m the origin given by 

f =r cos a sin a 
and whose axes are given by 

^^=:2rcos^ 2&^=2r cos ^ sin a 

OBTHO0BAPHIG EQUATOBIAL PBOJECTION. 

For this case, we have, as usual, 0=90^, and consequently 

x=r cos cos « . y=:r cos ^ sin i» 

In this case the meridians are straight lines given by 

y=:x tan w 
and the parallels are concentric circles given by the equation 

aj*+y*=r* cos* O 

If the celestial sphere is to be projected according to this method, it will be desirable to obtain 
the projection of the ecliptic. This is simply a great circle whose plane makes an angle of 23o 28' 
with the plane of the equator; the line of intersection has a longitude of either 0^ or 18(P. The 
required projection is simply an ellipse whose major axis is equal 2r, and is coincident with the 
projection of the first meridian; the minor axis is =r cos 23^ 28', and this is coincident with the 
projection of the meridian of 90o. 
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OBTUOGBAPHIC MERIDIAN PROJECTION. 

As asoaly we have for this case the condition asrO, and in consequence 

rr=r sin-^ y^r cos sin ia 

For the meridians, we have the ellipses 

^+_y ^1 

r*^r* sin' 10 

whose centers are at the origin and whose axes are 

2a=2r 2^=2r sin ai 

The parallels are obviously given by 

a?=r sin o 

and are represented by right lines parallel to the axis of y or, the same thing, parallel to the 
equator. The ellipses will in all the preceding cases be best constructed by points; the method 
of doing so when the formulas are so simple is too obvious to require any explanation. The plane 
of projection commonly emplo^'ed for celestial charts is that of the axes of the eqnator and 
ecliptic, or simply the solstitial colure. The projections of the equator and ecliptic, as also of all 
parallels to either, will then be right lines. The center of the projection will represent the equi- 
noctial points, and the solstices will be projected in the extremities of the ecliptic. Declination 
circles of right ascension ^ — a, and meridians of celestial longitude oi, are projected in ellipses 
whose major axi^ is =2r, and whose minor axes respectively equal r cos a and r sin w. 

LAGRANaE'S PBOJEOTION. 

This is an orthomorphic projection, L e., one which does not alter the angles in projecting 
them ; it also possesses the property of representing both meridians and parallels as arcs of circles; 
in these respects it resembles the stereographic projection, which is indeed only a particular of 
Lagrange's projection. The constraction of the curves being so simple, it will only be necessary 
to give the different formulas for finding their centers and radii. Take for axes the meridian and 
parallel through the center of the map. The latitude of the parallel is ^09 its colatitude ^o* Lay 
off from the center O (Fig. 42) on the axis of jj the distances PO=P'0=A; this entire distance PP^ 
or 2^ is, of course, quite arbitrary, but, when chosen, fixes the scale of the map. It will be observed 
that we before used the axis of ^ as in the direction of PP^, but the present plan of using ri can 
cause no confusion. The meridians make at P and P^ angles =2^01, r being an arbitrary constant^ 
and called the coefiicient of the chart. 

The meridians have for equation 

f«+r^«+2?A cot 2fei-A«==0 

The center of each circle is on tlie axis of ^ at the iK)int 

$0=^ cot 2*o> 

on t he right of 17 if the longitude at is west, on the left if w is east longitude. 
For the intercepts of this circle on the axis of ^ we have ^=0, and so 

f '=A tan <ais=OM ^"^l cot U^OW 

The radii of those circles are given by 

X 
^^==^s"2Si 
13 T p 
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To draw the meridians, it is only neoesaaiy to describe on PP^ an arc containing the angle 
180o_2^, the remainder of the circle being the arc of lS(P+2tw. The equation of the parallels is 



when 



tsstan**^ ^^''j 




Fio. 42. 
The centers of these circles are npon the axis of 17, and are given by 

The interoepta upon the axis of i; are given by ^sO, and are 



.-'-g^'=os 



,".ig+*)=.OM' 
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or substitatiDg for h its yalae 



^^^ ri-cot|ten|T ^^^_ f l+cotftanl T 

. [^H-cotl'tanlJ |_l-cot|"tan|J 






The point N being given by the above formnla, describe a circle upon PP^ as diameter; at the 
point N draw NB perpendicular to PP' until it meets the circle in B j lay off OD=ON, and draw 
another circle through D and B, with its center op PP' ; this center is of course formed by drawing 
a perpendicular to DB at its middle point, and producing it until it meets PP^; the intersection of 
PP^ with this circumference will be the center of the sought parallel 

FB'=PO'-OK'=ND.DC' 
or 

It is to be remembered that, when the ellipticity of the earth is to be taken into account, we must 
use C and Co instead of tp and ^o- The coefficient of the chart is determined by the formula 



. -v/l+sin*® 
. *= 2 

We have found in Part I that the ratio of the coiTesponding elementary distances upon the 
chart and upon the spheroid is, for all orthomorphic projections, independent of the directions of 
these elements. Denoting this ratio by m, we have for the value of this quantity 

_ -4eAv'l-E«co8»f 



[tan*^ tonkin 
^+2co8to+ -= 
tan"-' tan»«|J 



sm^) 



where C denotes the polar distance of the point corrected to allow for the ellipticity of the sphe- 
roid, or for a spherical earth. 



^ — 4«A 



[tan-f 



tank's? 

f2C08<a>+ 

tan*' 5 



The point for which m differs least from unity is situated upon the meridian PP', from which 
the longitude is measured and has its co-latitude ft defined by the relation 



2<— cos 

2*+cos 






The ratio of the polar distances of this point is then equal to 

2t--cos yi 

2*+C08 f 1 

In the neighborhood of this point the areas preserve very nearly their true magnitude; and since 
the infinitesimal portions of the surface to be projected are similar to the corresponding elements 
on the projection, the form of the regions near this point will be deformed the least possible. It 
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Trill be clearly advantageoas in conatracting a projection of this kind to assume tbis point as nearly 
as may be at the center of the map; the countries then very near the center will very approxi- 
mately preserve their true form. The construction of the projection will then proceed a« follows: 
Choose the point — some important geographical position which it is desired to x)lace near the center 
of the map; its colatitude is ^ i. Assume that the longitude is measured from the meridian of this 
point which is represented by a right line. The coefficient of the projection is given by ^ 

It is then only necessary to place this point anywhere upon the line PP' — say at K — and lay oflf 
from K the distances given by 

PK_ 2<— cosy i 
PaC""2f+cossPi 

The points P and P so obtained are the poles. The distance PP' is of couree arbitrary, and depends 
mwely upon the proposed scale of the map. For the latitude of the center of the chart we have 



(^tan^J =pK\tanj3J 



Knowing now the poles, the center of the chart, and its coefficient, the remainder of the construc- 
tion proceeds in the manner already indicated. 

PROJECTIONS BY DEVELOPMENT. 

The following section has been taken almost entirely from Part I and without any material 
change. The considerations are all of such an elementary nature, and the projections treated are 
so important, that it has not seemed necessary in this practical part of the book to do more than 
repeat what has been given in Part I. In order that a surface may be represented upon a plauo 
without any change of angles or area«, it must be such an one as can, by slitting it open along 
some line, be rolled out and made to coincide with the plane at every point. Such surfaces as the 
cylinders or cones obviously fulfill these conditions. The surfaces which possess this property are 
appropriately called developable surfaces. The sphere, however, or ellipsoid, does not satisfy this 
condition for exact representation, so that it is necessary to replace either of these surfaces, as 
nearly as may be, by developable surfaces upon which lines are drawn corresponding to the 
meridians and parallels. The construction of these lines upon the new surface must, of course, 
be of such a nature as to make them correspond in all ways as closely as possible with the original 
lines upon the sphere. The attempt to make projections of this kind has naturally given rise to 
two methods of solution: these are, first, by aid of an auxiliary cone; second, by aid of an 
auxiliary cylinder. Consider, (irst, Conical Projections. Conceive a cone passed tangent to the 
s]>here along the parallel of latitude which is at the middle of the region to be projected. Also, 
imagine the planes of the diii'erent parallels and meridians to be produced until they cut the 
cone. We will then have upon the surface of the cone small quadrilaterals corresponding to 
those of the sphere; the magnitudes are different, but the angles are obviously the same. Now 
develop the cone upon a plane; the meridians will clearly become right lines from the vertex of the 
cone to the different points of the developed parallel of tangency (or any other), and the parallels 
will be concentric circles, the vertex of the cone being the common center. The parallel of 
tangency is obviously the only one unaltered by the development. The quadrilaterals upon the 
sphere are i-eproduced upon the square still as rectangular, but the magnitudes are different, as 
equal distances of latitude upon the sphere are represented by distances which diminish towards 
the pole and increase towards the equator. The differences of longitude are all greater upon the 
suiface of the cone than upon the sphere, except lor the parallel of tangency. The error in 
latitude may be completely (and that in longitude partially) eliminated by laying off along the 
middle meridian of the development the rectified lengths of the distances between the parallels, 
and through the points thus obtained, with the vertex of the cone as a center, describing arcs of 
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circles; By this means we obtain for the differences in latitude their trne values, and for the 
differences in longitude values which are more nearly correct than those given by the first method. 





Fig. 13. 

Fig. 13 shows both methods, the dotted lines corresponding to the second method. We have 
clearly from the first figure 

1800 _ ^ ' 
itr cos o^mm' 

where o^ is the latitude of the middle parallel BM and r is the difference of longitude of the 
extreme meridians which are to be projected; also, let Y denote the angle of the extreme elements 
of the cone which appear in the development. The radius YM of the middle parallel is given by 



and from figure (2) follows: , 



VM=:r cot 0^ 
180O V 



-kt cot O^mm' 
Combination of these two values for mm' gives 

V=r sin ^0 

It is obvious now how to construct the projection: The angle V being determined, we have for the 
radius of the middle parallel YMsr cot 0^ Lay off* from M the distances Ma' and Mb' 86 obtained 
by actual rectification. K the distance ab contains n degrees, 



ab^ 



and M^y Ma' each 



rsoo 






Having then the center and one point on the circumference, we can draw the circles which repre- 
sent the parallels of latitud^. If we call <r the angle between the prqjections of two meridi«is 
corresponding to ia upon the sphere, we have clearly 



-=— =sin ^0 
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The radias of the parallel at latitude will be 

=r[cot^o-(^— <?o)] 
and the corresponding arc of longitude a> will be . 

=rfli sin ^0 [cot ^o— (^— ^o)] 
The error for each degree of the parallel will then be 

=r(^— ^o)sin^o 

Ealer investigated at some length the theory of conic projection, and determined a cone fnlfill- 
ing the following conditions: 

1. That the errors at the top and bottom extremities of the chart should be equal. 

2. That they shall be equal to the greatest error which occurs near the mean parallel. 

The cone in this case is obviously a secant and not a tangent cone to the sphere. Let 0^ denote 
the least latitude of the region to be projected, and 6^, the greatest value of the latitude; let AB, 
Fig. 14, denote the portion of the middle meridian comprised between these extreme latitudes. 
Designate by d the length of 1^ of the meridian, and let P and Q be the intersections of the cen- 




Fig. 14. 

tral meridian with the parallels, along which the degrees shall preserve upon the map their exact 
ratio with the actual degrees of latitude; also call 0^ and e^ the latitudes of these two parallels, 
upon each of which a degree of longitude has respectively the values d cos o^ and d cos o^. Lay off 
these two values of \9 along tUe lines P^ and Q, perpendicular to AB, and join fq) this line will 
represent the meridian, removed one degree from AB, The point of intersection O will obviously 
be the common point of meeting of all the meridians and the center of all the parallels. The dis- 
tance from O to any parallel is readily found; since OPp is a right angle, we have 

PQ ~PO 
or 

^(QOS^gp— COS^J _^0S Op 
B^-O^ "^ PO~ 

from which 



PQ^ cos<?^(<y^ -0 

cos ^^— COS 0^ 
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HaviDg determined the center O, it is only necessary to draw an arc of radius OP, and upon it lay 
off lengths =^ cos ^p; these will give the points through which the meridians pass. Then laying 
off, along the middle meridian, distances eqnal to the number of degrees of latitude of the different 
parallels to be constructed, draw through the points thus found circles having their center at O, 
and the projections of the parallels will be constructed. 

We will now determine the errors resulting from this construction upon the extreme parallels 
through A and B. Representing by w the angle POp, we find . 

_ Pp _ d (eoH 0,—coH 0^) 
which becomes 



'PO"" o^^o^ 



cos ^p— COS 0. 

If we take ^=1^ and express the denominator in parts of radius, which is done by making 
0=0.01745329, the value of 1^ in a circle of radius unity. Let z represent the distance in degrees 
from the center O to the pole. The distance from P to the pole will be =900— ^,; from P to O 
will be=90c>— ^,+«; the value of this in parts of radius will be 

It is easy to see now that we must have 

COS ^,— COS ^, ^ ' 

The distance of the extreme parallel A from O will be in parts of radius 

AO=a(90O-^.+«) 
Multiplying this by the value of atj we have for the value of the degree ui)on this parallel 

_^( 90O-^,+ ;g) (cos 0,^cw e,) 

instead of d cos 0,. The difference of these two values gives the error along the parallel through A. 
For B the error is the difference between d cos 0^ and 

d (90O-<?,+g) (cos ^ ^-cos ^) 
0,-0, 

Euler's proposition was to determine the parallels P and Q in such a manner as to make the extreme 
errors at A and B equal. Equating these two errors and reducing, we have 

i^a—^h) (COS ^,— COS 0,) + (0t—O,) (COS <?,— COS ^»)=0 

For the length of one degree upon the pjtrallels of A and B we have 

o({HP—0^+z)ia u(9(P^0^+z)w 

We have from these 

<,(90O— <?^4.5r)o;— COS^.=a(90O— ^,+2?)— cos^» 

from which follows 

_COS tf^a—COS 01, 

Further, equate both of these errors to the gre-atest error which occurs between A and B, suppos- 
ing in the first instance that it occurs at the point X half way from A to B. The latitude of X is 

The enx>r there is 
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its sign being opposite to the signs of the errors at A and B. The condition is now expressed by 
the two equations 

a(9OO«^.+0)a>~COS ^.==cos?^-t>(^90O--"-J^*-«^« 
u(90O^0,+z) a;-COS <?j = CO8^^^-^(^00O-^-^— *-;? V 

Giving w its value --f*^^?^?^*, we find readily 



which reduces to 



(180Q-f 0^^i o , +2z) (cos <?,^cos ,) ^eos^.+cos-"^ 
(180o_i 0,-i 0,+2z)=^;=^^ [cos ..+008 '4^] 



from which z is readily found. Applying this to the construction of a map of Russia, it is only 
necessary to write 



The formula for at gives now at once 

COS40O— cosTQo 



=48^44^' 



30 u 

The equation 

(180O-I ^.-i ^j+2 ;?) wa»=cos ^.+cos ^^^ 

gives now 

(860-2;?)ti«i=1.33962 

Now, t>o>=: 0.0141; therefore 

0.0141 

So far we have assumed that the maximum error lay at the middle of AB ; but we will now. 
find the correct point, and assume that for this place the latitude is ^; the error will now bo 

o{9(P-'d+z)w'^coH0 

Differentiating this with respect to 6 and equating to zero, we find for the position of maximum 
error 

sin ^=:<ei=:0.8098270 
or 

(?=540 4' 

Equating the error at ^ to those of A and B, 

t;(180O— ^.— ^+2«)i»=cos^.+cos^ 
from which 

z^50iy3(y' 

The values of z and differ very little from their assumed values of 6<^ and 55^ respectively. The 
errors at A and B are thus equal to 

uto (90O— ^«+;?)— cos ^«s=:0.0094e 

A degree on the parallel of 40<^ is then expressed by 0.77550 instead of 0.76604, its true value upon 
the sphere. This degree is then about /^ greater than the true degree on the parallel of 40^, and 
the degree on the parallel of 70^ is about ^ too great, its true value being 0.34202. 
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MUBDOOH'S PBOJEOTION. 

In Fig. 15, let 0^ and o^ deDote the latitade of two extreme parallels Aa and B6, which limit a 
spherical zone whose projection is to be determined. The latitude of M half way between A and 




Murdoch's projection consists in making the entire area of the chart equal to the entire area 
of the zone to be projected. In order to effect this it will be necessary— supposing PN and jh> the 
radii of the extreme parallels of the chart (obtained by rectification) — ^that the sur&ce generated 
by the revolution of ON(=AB) about PC shall be =23rr(a6), where r= radius of the sphere 
expressed in degrees. Let d denote the equal angles i^GM, COM; we must then have 

2jcKA:AB=2;rr(a6) 

From the similar triangles EGI; and MFC we obtain 

KA;_KO 
FC~MO 
consequently 

E%=:r cos —%-^ COS 9 
and substituting this in the above equation, we have 

b^ cos ?2+l* COS *=8in <7,-sin 0.^2 sin ^- cos ^-^ 



This gives for cos^ the value 



cos^=- 



It is easy to see that, for the radius E|i=:B of the middle parallel, we have 

TT ^a+ ^» COS d 

^^rcos -; 

sm^» 

or 

B=rcot?5^*cos* 

The quantities which we have already denoted by it and Y are here connected by the relation 

tmn Sin T ■ 



Digitized by 



Google 



202 TEBATISE ON PEOJECTIONS. « 

Murdoch, in order to draw the intermediate parallels, divided the right line OK into eqnal 
parts, giving, for the radios of any parallel 6^ 

a method which, although perfectly arbitrary, had the efEect of diminishing the errors in the chart 
Mayer, who resumed the problem proposed by Murdoch, gave the radii jpC and pij as 

and, as Ki7=:KC=r sin d, 

«r=:R— rsin^=r ^^^—=. ^ p:=B+r sin<J=r ^ ^ ^ 

sm— g—^ sm--^— • 

A second method of projection was given by Murdoch, in which the eye is placed at the center 
of the sphere, as in gnomonic projection, and a perspective is made which is subject to the condition 
of preserving the entire surface of the. zone which is to be represented. Lambert was the first to 
indicate a method of conic development which should preserve all the angles except the one at 
the vertex of the cone, when the 360^ having upon the sphere the^pole for center will obviously be 
i-epresented in different manners according to the different conditions to be fulfilled. A full 
account of this method is given in the chapter on orthomorphic projections. 

bonke's peojection. 

This method of projection is tliat which has been almost universally employed for the detailed 
topographical maps based on the detailed trigonometrical surveys of the several states of Europe. . 
It was originated by Bonne, was thoroughly investigated by Henry and Puissant in connection 
with the map of France, and tables for France were computed by Plesses. In constructing a map 
on this projection a central meridian and a central parallel are first assumed. A cone tangent 
along the central parallel is then assumed and the central meridian devcloi)ed along that element 
of the cone which is tangent to it, and the cone is then developed on a tangent plane. The^ 
parallel falls into an arc of a circle with its center at the vertex, and the meridian becomes a 
graduated right line. Concentric circles are then conceived to be traced through points of this 
meridian at elementary distances along it6 length. The zones of the sphere lying between the 
parallels through these points are next conceived to be developed each between its corresponding 
arcs. Thus, all the parallel zones of the sphere are rolled out on a plane in their true relations to 
each other and to the central meridian, each having in projection the same width, length, and 
relation to the neighboring zones as on the spheroidal surface. As there are no openings between 
consecutive developed elements, the total area is unaltered by the development. Each meridian of 
the projection is so tra(jed as to cut each parallel in the same point in which it intersected it on the 
sphere. If the case in hand be that involving the greatest extension of the method, or that of the 
projection of the entire spheroidal surface, a prime or central meridian must first be chosen, one- 
half of which gives the central straight line of the development, and the other half cuts the zones 
apart and becomes the outer boundary of the total developed figure. Next, the latitude of the 
governing parallel must be assumed, thus fixing the center of all the concentric circles of develop- 
ment. Having then drawn a straight line and graduated it from W> north latitude to 0(P south 
latitude, and having fixed the vertex or center of development on it, concentric arcs are drawn 
from this center through the different graduations. There I'esults from this process an oblong, 
kidney-shaped figure which represents the entire earth's surface, and the boundary of which is the 
double developed lower half of the meridian first assumed. This projection preserves in all cases 
the areas developed without any change. The meridians intersect the central parallel at right 
angles, and along this as along the central meridian the map is strictly correct. For moderate 
areas the intersections approach tolei-ably to being rectangular. All distances along parallels are 
correct, but distances along the meridians are increased in projection in the same ratio as the 



Digitized by 



Google 



TREATISE ON PROJECTIONS. 



203 



cosine of the angle between the radius of the parallel and the tangent to the meridian at the 
point of intersection is diminished. Thus, in a full earth projection the bounding meridian is 
elongated to about twice ita original length. While each quadrilateral of the map preserves its 
area unchanged, its two diagonals become unequal; one increasing and the other decreasing in 
receding towards the comers of the map, the greatest inequality being towards the east and west 
polar corners. 




Denote the radius of the central parallel by />o ; then (Fig. 16) 

OAo=:pQ=r cot ^0 

Denote by d the length of the arc AAq and the arc passing through a given point M; ^oy of course, 
denotes the latitude of the central parallel and that of the parallel BO. The latitude of M is 

=^o + - ^^^ thus 

MA=/>-=«»r cos foo+ - j p^ip^'-'d^r cot^o— ^ 



ar=MQ=/7 siniw 



y=MP=r cot^o— A> cos » 



It is not difficult in this projection to take account of the spheroidal form of the earth. It is only 
necessary to multiply cot 0^ by the principal normal no and replace the spherical arc ^ by the 
elliptic arc « given by 



*=a(l-.c») [A(^-.^o)— B sin ((?— ^o) cos {o+e^)+^G sin» (p^e^) cos* (^+^o)] 



Then 



i^= 



acot^o 

(l-e»sin»^o)» 



=5, say, =nocot ^o 



/»=ifocot^o— » 



om^ cos 



("•+«) 



These give the radii of the projections of the parallels, which are then readily constructed. Lay 
ofTfrom the central meridian upon the parallels now constructed lengths equal to one degree upon 
each different imrallel, and through these points pass a curve, which will be the projection of the 
meridians. The lengths are given by the formula 

2;r _ cacos^ 

^-360 ^ ^» ^-"l80Tl-6« sin*"^)* 

The concave parts of these curves are all turned toward the central meridian. 
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The angle x ^^^ ^£^- ^7 is the angle which the tangent to the meridian at M makes with the 
radios OM of the parallel through that point. This angle is also the difference between the angle 




that the meridian makes with the parallel at this point and 90o. We have obvioasly 



tan;|f= 



1^ 



but />=:/t>o+«; therefore 

Now 

Differentiating this gives 

and we have 
But we know that 

Consequently we may write 

and 
For ^=^0 



dpssds 



pw=:nat GOS 0=: ^ 



. pdm 



a«E>cos^ 



■(l-€«sin»<?)* 
- . , oitfsin ^(1— «*)d^ 

pdta + wdp = — , » a^vi — 

pdtif + todp ^pdat + wds 

a{l^^) de 
pduf 

^-^ + o;=:a# Sin 

tan x=iw sin d—to 



auf cos ^0 



Combining these 



>i{l-^siiiae?o)* 



Pi- 



aoot^o 



'(l-e»sin»^o)* 



Of =<tf sin ^0 



and for this case tan x=Q or a?s=0; which only shows what we already know, viz, that the merid. 
ians and central parallel cut at right angles. 

If for the central parallel we assume the equator, the vertex of the tangent cone is removed to 
an infinite distance, the parallels all fall into straight lines, and we have the so-called Flamsteed's 
projection. The kidney-shaped Bonne projection becomes an elongated oval, with the half meridian 



Digitized by 



Google 



TREATISE ON PROJECTIONS. 205 

for one axis and the whole equator for the other. The co-ordinates for any point in this projection 
are readily found to be 

y= jgQ ao a?=3gQ a cos ^=K cos ^ 

The form of the equation giving x has induced M. d'Averac to give this projection the name sinu- 
soidal. Tliis projection, which should really be called Sanson's projection, is evidently only a par- 
ticular case of Bonne's method; it is based upon a division of the earth's surface into zones or 
rings bj' parallels of latitude taken at successive elementary distances laid off along the central 
meridian of the area to be projected. Having developed this center meridian on a straight line of 
the plane of projection, a series of perpendiculars is conceived to be erected at the elementary dis- 
t^mcos along this line. Between these perpendiculars the elementary zones are conceived to be 
developed in the correct relations to each other and the center meridian. Each zone being of uni- 
form width, occupies a constant length along its entire developed length, and consequently the 
area of the plane projection is exactly equal to that of the spheroidal surface thus developed. The 
meridians of the developed spheroid are trace.l through the same points of the parallels in which 
they before intersected them. They all cut the parallels obliquely, and are concave towards the 
center meridian. Thus, while each quadrilateral between parallels and meridians contains the 
same area and points after development as before, the form of the configuration is considerably 
distorted in receding from the central meridian, and the obliquity of the intersections between 
parallels and meridians grows to be highly unnatural. 

WERNER'S EQUIVALENT PROJECTION. 

If the vertex of the cone appr<}aches the sphere instead of receding from it, as in the preceding 
case, we have finally, when the tangent cone becomes a tangent plane, the projection known as 
Wernci-'s Equivalent Projection. ^The parallels are now arcs of circles described about the pole as 
a center, and with radii equal to their actual distances from the pole, i. e., equal to the rectified 
arc of the colatitudes. 

The meridians are drawn by laying off on the parallels the actual distances between the merid- 
ians as they intersect the parallels on the sphere. This projection is not of enough iniportance to 
spend any time in obtaining any of the formulas connected with it. 

POLYCONIO PROJECTIONS. 

In all the cases of conic projection that we have treated so far, we have supposed that a nar- 
row zone of earth was to be projected, and that for the zone was substituted a developable surface 
upon which the parallels and meridians were constructed accoi*ding to any manner that may be 
desiral)Ls We have seen that this kind of projection is only available when but a small portion 
of the earth is represented, and that to make a projection of a country of great extent in latitude 
some modification would be necessary. 

The system which is used in America and in England replaces each narrow zone of the earth's 
surface by the corresponding conic zone in such a way as to preserve the orthogonality of the me- 
ridians and parallels. This is the projection of which we have already spoken at length in the 
Introduction, under the title of Polyconic Projection. As a very full account of this system has 
been already given, and comparisons made with the other ordinary methods of projection, we will 
not say anything on the subject here, but will proceed to develop the theory of the system. 

The name rectangular polyconic projection is applied to the method in which each parallel of 
the spheroid is developed symmetrically from an assumed central meridian by means of the cone 
tangent along its circumference. Supposing each element thus developed relative to the common 
central meridian, it is evident that a projection results in which all parallels and meridians inter- 
sect at right angles. The parallels will be projected in circles and the meridians in curves which 
cut these ciicles at right angles. The radii of the parallels are equal to the cotangents of their 
latitudes (to radius supposed unity), and the centers are upon the line which has been chosen as 
the central meridian. Along this meridian the imrallels preserve the same distances as they do 
npon the f^phere. 
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In Fig. 18 let M be any point of tbe central meridian of which the latitude is 0=9OO— u, F 
the pole; the arc PM=rN. The center of the parallel through the point M is giv«i by GM=rtanu. 
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Fig. 18. 

If ()M^ be a point infinitely near to M, {. e.^ tlW^rdu^ and & the center of the corresponding circle^ 
we have 

0'M'=rtan(w+dw) 
or 

/>=rtantt p+dp=rtaiii{u+du) 



Expanding the second of these we have 

bat 

therefore 

We have from the triangle GG'B 



dpssrsecfudu 

dp=CC'+miL' =00' +rdu 

00'=rtaai*udu 



siny C^B 
sinB-CC? 



or 

and integrating 

or, passing to exponentials. 

Since 
therefore 



— ^^=:taixizda 
sm^ 

log cos ttsslog tan ^-|-const. 



tan |mO cost* 



tan Us 



COStia 



7^+? 
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Substituting this in the equation for the meridians^ we have 



r^C^-tan* 
tan I 



? 
2 



or 



^=r7c»cot»|_l=^J-[o»+(l-C»)8in»|] 



8m 2 
The distance from any point A to the central meridian is =/> sin ^, or =sr tan u sin ^ ; but 



rtani«sinf=:20 



1+0»C08«W 



For ;?=9(P, or at the equator, this becomes =2 Or. The constant C must then represent one-half 
the longitude of the given meridian, the equator being developed in its true length and divided 
into eqaal parts in the same manner as the central meridian. The following construction for this 
projection is due to Mr. O'Farrell, of the topographical department of the War Office, England. All 
data being as already given, draw at M the tangent ntii perpendicular to PM. In order to deter- 
mine the point A, whose longitude is given as oi, lay off from M the lengths Mn=Mni equal to the 

true length of the required are on the parallel ^, i. e., equal to the arc^ ^^scribed with a radius 

2 

=r sin u. With n and th as centers, and niO and nO as radii, draw arcs cutting the given parallel 
in the points A and Ai. Now 



and, since GM=:r tan ie, we have 
or, finally. 



Mn=r • sin tt=0 sin u 



tan MCn=G cos tt =s tan ^ 



AOM=f> 

and the distance from A to the central meridian is 

=rtant»sinf 

The radius of curvature of the meridian whose longitude is « is readily obtained. Wo have 
AAfz=zds and CC^=r tan' udu. We have then 

<b=sr (se<5* w— tan* t* cos ^) d«*=r ["2 (1+0*) cos* 1^— 1 1 ** 



Also 



8ec^|d^=— Osinitdu 



Therefore, if p denote the radius of curvature of the meridian, we will have 

14.0*+ C* sin* w 



/>s=r 



2Gsinu 



Now consider the distortion in this case, and for this purpose imagine a small square described on 
the sphere having its sides parallel and perpendicular to the meridian. Let u anda» (=s2 O) define 

its position, and let tr be the length of the side. If we differentiate the equation tan ^ ^0 cos u, 
on the supposition that u is constant^ we have 

sec*^dfr=costt<fG 
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sflso tho length of the Fepresentation of 2dC ia tau vd^j or 

8in*«co8^|d20 

Hence that side of the square which is parallel to the equator will be represented by a line 

equal to a cos' 5. Similarly the meridian fiide will be represented by 
2 

ff cos'l (1+ 0«+ C sin« u) 

The square is thereibi*e represented by a rectangle whose sides have the ratio 

l+0«+C»sin'w:l 



and its area is increased in the ratio 



"(i+C'cos'uj^ • 



If we make this ratio =unity, there results the equation 

C* cos^ u+3 C« cos* w— 2 C«=0 

which is satisfied either by C=0(t. «., ai=0) or by 

0* cos* u+3 cos* w— 2=0 

We see from this that there is no exaggeration of area along the meridian or along the curve 
given by the last equation. This curve crosses the central meridian at right angles in the latitude 
of about 54044'; it thence slowly inclines southward, and at 90^ of longitude from the central 
meridian reaches 50^26' of latitude; at I8O0, or the opposite meridian, it has reached 43^ 46'. 
The areas of all tracts of countries lying on the north side of this curve will be diminished in the 
representation, and for all tracts of countries south of this curve the areas will be increased in 
the representation. 

If we represent the whole surface of tho globe continuously, the area of the representation is 



r*[(4+;r*)tan-»^+27r] 



which is greater than the true surface of the globe in the ratio 8 : 5. 

The perimeter of the representation is equal to the i)erimeter of the globe multiplied by 
\/l+-*— 1 or 2.72. It is desirable in certain cases to retain the lengths of the degrees on all the 
parallels at the sacrifice of their perpendicularity to the meridians. We thus obtain what is 
known as the ordinary polyconic projection, which applied to the representation of the entire sur- 
face of the globe gives a figure with two i-ectangular axis and from equal quadrants, as iu the rect- 
angular x)olyconic projection. The centnil meridian alone is perpendicular to the parallels, and is 
developed in its true length; upon each parallel described with the cotangent of its latitude as a 
radius, we lay off the true lengths of the degrees of longitude and draw through the corresponding 
points so obtained curves which will be the projections of the meridians. 

The oixlinary polyconic method has been adopted by the United States Coast Survey because 
its operations being limited to a narrow belt along the seaboard, and not being intended to furnish 
a mai) of the country in regular uniform sheets, it is preferred to make an independent projection 
for each x>]ane table and hydrographic sheet by means of its own central meridian. 

The method of projection in common use in the Coast Survey Office for small areas, such as 
those of plane-table and hydrographic sheets, is called the equidistant polyconic projection. This 
is to be regarded rather as a convenient graphic approximation, admissible within certain limits, 
than as a distinct projection, though it is capable of being extended to the largest areas and with 
results quite peculiar to itself. In constructing such a projection, a central meridian and a central 
parallel are chosen, and they are construct^ as in the rectangular polyconic method. The top or 
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bottom parallel and a sufficient number of intermediate parallels are constructed by means of the 
tables prepared for the purpose, and the points of intersection of the different meridians with these 
I)arallels are then found and the meridians drawn. Then starting from the central parallel the 
distance to the next parallel is taken from the central meridian and laid off on each other meridian. 
A parallel is traced through the points thus found. Each parallel is constructed by laying off 
equal distances on the meridians in like manner, and the tabular auxiliary parallels arc, all except 
Ihe central one, erased. In fact, as only the points of intersection are required, the auxiliary par- 
allels should not be actually drawn. From this process of construction results a projection in 
which equal meridian distances are intercepted everywhere between the same parallels. As large 
and extensive tables are required for the actual construction of this x)rojectiou, and as such are 
already in use in the United States Coast Survey Office, the author has not thought it desirable 
to append such to this treatise. There are two such tables employed in the Coast Survey and the 
United States Navy. The first set is contained in the Report of the Superintendent of the United 
States Coast Survey for 1853 j the second was published by the Bureau of Navigation in 1869. 
Both of these sets were prepared in the Coast Survey Office and both are in use in that institution. 
A new set is now in preparation in which the most approved values of the ellipticity of the earth 
(Colonel Clarke's) is employed. 

OYLINDBIC PROJECTIONS. 

Cylindric projections may be derived in several different ways, according as the cylinder to be 
developed is tangent to the sphere or is a secant cylinder. In the case of tangency the line of 
contact may be either the equator or any one of the meridians; if the cylinder is secant to the 
sphere, it may pass through either the upper or lower parallel of the zone to be projected, or (the 
plan usually adopted) it may be made to pass through some intermediate parallel. Consider first 
the case when the cylinder is tangent to the sphere. 

The square projection. 

Here the cylinder is tangent along the equator and the meridians and parallels are represented 
as equidistant generators and right sections of the cylinder; after development, both of these systems 
of lines will be represented as straight lines forming a network of equal squares. Distances are 
grossly exaggerated, particularly in an east-and-west direction, though for an elementary surface 
the true proportions are preserved. This projection is occasionally used to represent small areas 
near the equator, and for this purpose it is obviously accurate enough. The construction is so 
simple that no description is necessary. 

Projection toith converging meridians. 

This is a modification of the square projection designed to conform nearly to the condition 
that the arcs of longitude shall appear proportional to the cosines of their respective latitudes. 
The straight line representing the central meridian being properly graduated, that is, the true 
length, by scale, of a degree of longitude (or of a minute or multiple thereof, as the case may be) 
having been laid off according to the scale adopted, two straight line« are drawn at right angles 
to the meridians to represent parallels, one near the bottom and the other near the top of the 
chart. These parallels are next ^n^uated, the arcs representing degrees (multiples or subdivis- 
ions) of longitude on each having by scale the true length belonging to the latitude. The corre- 
sponding points of equal nominal angular distance. from the middle meridian thus marked upon 
the parallels, when connected by straight lines, will produce the system of converging meridians. 
The disadvantages of this projection are that but two of the parallels exhibit the length of arcs of 
longitude in their true proportion and that the central meridian is alone at right angles to the 
parallels. This projection is nevertheless suitable for the representation oi tolerably large areas, 
the above defects not being of a serious nature within ord?nary limits. It also recommends itself 
on account of the ease with which points can be projected or taken off the chart by means of 
latitude and longitude. 
14 T p 
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The rectangular projection. 

A less defective delineation than the square projection consists in presenting the length of 
degrees of longitude along the middle parallel of the chart in their true relation to the correspond- 
ing degrees on the sphere ; they will therefore appear smaller than the length of the degrees of 
latitude in the proportion 1 : cos ^. In an eas^and-we6t direction the chart is unduly expanded 
above and unduly contracted below the middle parallel. 

The rectangular equal-surf ace projection. 

This differs from the first in that the distances of the parallels, instead of being eqnal, are now 
drawn parallel to the equator, at distances proportional to the sine of the latitude. This gives it 
the distinctive property of the areas of rectangles or zones on the projection being proportional to 
the areas of the corresponding figures on the sphere. The distortion, however, becomes quite 
excessive in the higher latitudes. 

Cassini^s projection. 

This projection makes no use of the parallels of latitude, but substitutes for them a second 
system of co-ordinates, viz, one at right angles to the principal or central meridian ; it is conse- 
quently convenient in connection with rectangular spherical co-ordinates having their origin in the 
middle of the chart ; the projection of Cassini's chart of France consisted of squares, and had 
neither meridians (excepting one) nor parallels. It would seem, however, that in this simple form 
it is not the projection generally distinguished by this name. It has been described as follows: 
Suppose a cylindrical surface with its generating line at right angles to the central meridian and 
enveloping the sphere along this meridian. This cylindric surface is supposed intersected by 
ylsmes parallel to that of the central meridian and these intersections produce on the chart, after 
development of the cylinder, the straight representatives of meridians, but are in reality small 
circles on the sphere. Their distance from each other is defined by passing them through eqnal 
divisions of the prime vertical drawn through the center of the chart. The central meridian hav- 
ing .been equally divided, the equidistant straight lines passing through these divisions form the 
prime vertical system. This projection is not now employed, as it offers no facilities for plotting 
positions by latitude and longitude; moreover, the distortion rapidly increases with distance from 
the center meridian of the chart. 

In Fig. 19 let M denote the center of the sphere of radius MA=r; P an arbitrary point of 
the surface of which the latitude is EP=AD=^ and the longitude DP=:AE=ci;; AB denotes a 




quadrant of the equator, and AQ a quadrant of the first meridian. The determination of the 
position of P is effected by means of the great circle passing through B and P and the circle GH, 
whose plane is parallel to that of the first meridian AQ. Write 

FP=AG=<? GP=AF=itf 
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then we have the following relations between all of these quantities: 

sin ^i=cos Bin at sin ^=cos Oi sin w i 

cot a»] =:C0t COS at COt a» =COt ^i COS <tf i 

Now, in Cassini's projection O, O', Fig. 20, denote the center of co-ordinates 

,=OA=0'A' e=AM=A'M' 






\ 




\ 




Jl M' 









c 















PlO. 30. 



also, let vo denote the latitude of O; then Oo+rj is the quantity denoted by wi in the preceding fonn- 
nlas, and f is identical with ^ij so we have 



sin f =cos ^ sin Of 



cot (^o+i7)=COS a» cot ^ 



By eliminating successively and w from these formulas, we obtain the equations of the meridians 
and parallels respectively : 



[cos* €»+cot^{0o+rj)] [sin* (tf — sin* f]=J sin* 2m 



sin* f +cot* {Oo+ri) sin* e?=co8* 



When the projection only represents a narrow region included between two meridians and two 
parallels very near together, the ratios - and ^ are very small, and so is the difference ^— ^o- In 

this case it is found that the meridians are (sufficiently accurately) projected in parabolas, and 
the parallels in circles. A fuller mathematical investigation of this projection is given in Part I. 
Write, for convenience, ^0+^=^9 and let (he angle z i^ Fig* ^I denote the angle which the tan- 
gent PM to the projection of a meridian makes with the axis of 17; also denote by x' the angle 
which the tangent PL to the projection of a parallel makes with the same axis. Then we have 

tany=^ 




Fig. 21. 
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The equation of the meridians is easily thrown into the form 

tan f =cos ^ tan m 
and that of the parallels 

sin ^=sin A cos f 
For these we may substitute 

cot A=cot ^ cos 01 sin $=cos ^ sin «i \ 

We have now 

^ tan a> sin A 

cW"" l+cos*>ltan«^"^^^ 
and also 

tan ;^=— tan w cos f sin ^ 

Again, from the equation of the parallels there results 

dA'^tanTtane^**^^ 
or, since tan f scos A tan a», 

sm I tan w sin 6 
Multiplying together these values of tan x ^^^ tan x' ^^ have 

tan X tan ;^'=co8* ^ • * 

The condition for orthogonality between the projections of the meridians and parallels is 

tan X tan ;r'=l 

so that in general in Gassini's projection the meridians and parallels are not represented by 
orthogonal curves. 
For e=0, we find 

tan;^tan;^s=l 

and from this it is clear that the projections of all parallels are perpendicular to the central merid- 
ian. If A=90<^, we have ;t=<^9 or the projections of meridians make the same angles with each other 
as the meridians themselves. Obtaining from the equations for meridians and parallels the values 

of -X and ^ and substituting in the formula 



v<m 



for radius of curvature, we readily find for the radius of curvature of the projection of the meridians 

rsec y 

^••■^sin X [cot A cos x+^ tan f sin x] 

and for that of the projection of the parallels 

r sin^ k s in^ g 

'^'""cos« x' cot f (8ih«~$+cot X) 
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MEEGATOB'S PBOJIQGTION. 

This projection is the one most commonly employed at sea, its great convenience being that 
upon it all rhumb lines of the sphere are represented as straight lines. The rhumb line or loxo- 
dromic is a line upon the surface of the sphere which cuts all of the meridians at the same angle. 
Upon the Mercator or reduced chart all the meridians and parallels are given as right lines; the 
meridians are all parallel to each other and at equal distances apart, and the parallels are at 
unequal distances from each other, the distance between any two parallels increasing with the lati- 
tude. The distance between any two consecutive meridians is equal to the distance between the 
meridians measured on the equator, and the distance from the equator to any parallel of latitude 
is expressed in terms of minutes of arc of the equator. Gall s the distance firom the equator to the 
parallel of latitude 6] we have 

«=7915'.704674 log tan ^45° ^ |^-3437^7 Te^sin e+^1^^^ 

Table YIII gives the values of s for every second. It is, of course, understood that this expression 
has to be reduced to linear measure by multiplying it by the length on the adopted scale of a min 
ute of arc of the equator. 

The construction of the projection is now quite simple; a horizontal line is drawn to repre- 
sent the equator or as much of it as the projection calls for; this is divided into equal parts, degrees 
or minutes, according to the chosen scale ; perpendiculars are erected at the points of division to 
represent the meridians, and upon them are laid off the distances s taken from Table YIJI, which 
determine the iK>i$ition of the parallels. 

To determine the distance between any twopointe A and B. 




fi 


c 


, 
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p^- 


ct 


A 



Fig. 43. 

In Fig. 43, draw the corresponding loxodromic upon the sphere and divide it into equal parts; 
through each point of division draw a parallel and meridian ; these curves then form a series of equal 
triangles &, e^ d, since ab is equally inclined to all these meridians. The sum of the meridian sides 
of the triangles is equal ofrxsine of the angle which the loxodromic makes with the meridians. 
This sum is also equal to the differenceof latitude of the points a and ft, multiplied by the radius of 
the sphere ^returning again to the sphere for simplicity and a sufficient degree of exactness). Now, 
upon the scale of equal parts we take a length equal to the difference of latitude of the two points 
under consideration, t. e., as many minutes of the equator as there are minutes in the a, /9, deter- 
mined by drawing parallels through A and B. Lay off this distance upon the meridian through 
A, obtaining, suppose, AC; through C draw the parallel B'O^; the distance AB' evaluated in 
minutes upon the scale of equal parts will be the distance required; multiplying by 1855™.! the 
length of one minute of the equator will give the distance in meters. 

In following a loxodromic curve upon the sphere the navigator obviously does not follow the 
shortest path between any two points, for, as we know, the geodesies upon a sphere are the great 
circles. In order, then, that a vessel shall take the shortest distance between any two points, she 
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must follow the arc of a great circle joining those points, or at least must follow successive portions 
of different loxodromic curves which coincide as nearly as may be with this arc of a great circle. 
It will be necessary now to determine the rhumb line or continuous series of rhumb lines which the 
navigator must follow in passing from one end of this arc of a greset circle to the other. Let A and 
B respectively represent the po'ints of departure and arrival, ^ and f ' the colatitades of these points, 
and at' the difference of longitude. 

We wish now to find the angle made by the loxodromic curve with this arc of a groat circle 
AB at the point A; then sailing along an infinitesimal distance on this loxodromic tangent we 
find, knowing the latitude and longitude of the points arrived at, the angle which a new loxodro- 
mic tangent makes with the arc of a great circle passing through this point and the final point B, 
and so on until arriving at B. Supx>ose that we have a tetrahedron with vertex at the center of the 




Fig. 44. 

sphere and the faces which meet at this point cutting from the sphere arcs of great circles which 
arc respectively the polar distances of A and B and the geodesic distance between A and B. Two 
of the plane angles at the vertex ol this tetrahedron are respectively =f» and ^', and we also know 
the diedral angle :r, which -is the difference of longitude of A and B. It is required to find the 
diedral angle PAB opposite the face ^'. Draw two right lines BA and PO at fight angles to 
each other; from O draw OB, making the angle POB=^' and also draw OA, making POA=f ; 
from the point P describe a circle with PB as radius; draw PO, making the angle APC=o/, the 
difference of longitude of the points of arrival and departure; draw CC perpendicular to ABand 
then C^D perpendicular to OA ; with G^ center and CD as radius, describe an arc of a circle DE 
cutting AB in E, and join EC; the angle BEG will be the angle sought.* 

The geographical co-ordinates of the points of intersection of an arc of a great circle with the 
meridians chosen arbitrarily can be readily effected with a sufficient degree of exactness by con- 
structing an auxiliary projection upon which the meridians and the arc required are easily traced; 
the points of intersection will thus be found and their latitudes and longitudes readily determined. 
Applying these so-found latitudes and longitudes to the reduced chart, we will be able to trace the 
representation of the arc of a great circle by merely drawing a certain series of short straight lines. 

EQUIVALENT PEOJECTIONS. 

The condition to be fulfilled in this class of projections is the equivalence of an elementary quad- 
rilateral upon the spheroid with the corresponding quadrilateral upon the map. Let p represent 
the radius of parallel of latitude o, s the meridional distance of a point from the pole, and as usual let 

•This coustruction is given by Qermaiii, Trait6 des ProJectioDS, p. 288. 



Digitized by 



Google 



TREATISE ON PROJEOTIOSTS. 215 

to denote longitude; then for the area of an indefinitely small quadrilateral included between two 
meridians and two parallels infinitely near together, we have ^ 

Since p and s are functions of 0^ write 

Tpds^Ode 

when ^ is a function of ^; the element of area is now = BdOdw. For the earth we have readily, 
c denoting the ellipticity, 

g_T^ ( 1 — e^ ) cos 

(1— e» sin* of 

-Denoting by f and 17 the co-ordinates of a i>oint on the map, we have for the condition of this class 

of projections 

d^ dr) dS drj ^ 

dw do do dta" 

This equation is studied at length in Part I and numerous applications made to different projec- 
tions, but here we are only going to take up two or three of the most important of these equivalent 
projections and treat them in full; the others, which have been examined in Part I, are rather 
more curious than useful. The central equivalent projection is treated so simply by Gollignon 
that I have here reproduced most of his work. 

GENTBAL EQUIVALENT PROJECTION. 

The projection that we designate by this title is spoken of by Germain as the "zenithal equiva- 
lent,'' but in adopting the above title the author has preferred to choose a term as nearly as possi- 
ble like that adopted by Gollignon when he described the projection; this was, "Systfeme central 
d'egale superflcie.* This system is founded upon the principle of elementary geometry that the 
area of a zone is equal to the product of the circumference of a great circle by the height of the 
zone. The same law of area holding for a spherical segment or zone of one base, we have (repre- 
senting by h the altitude of the zone) area of zone or segment = it2rh\ But 2r/^=(chord of hali' 
the arc)'; therefore the area of the zone is equal the area of the circle whose radius is equal to the 
rectilinear distance from the pole of the zone to the circumference which serves as a base. If from 
the pole of the zone we draw two arcs of great circles including a certain definite angle, and from 
the center of the equivalent circle two radii including the same angle, the portion of the zone bounded 
by its base and these two arcs will be equal to the sector of the circle cut out by the two correspond- 
ing radii. This gives us, then, an obvious manner of representing any portion of a given spherical 
surface without alteration of area. Any point can be assumed upon the sphere as center; so, for 
simplicity, the pole of the equator is chosen. The parallels are seen to be transformed into concen- 
tric circles, and the meridians into straight lines passing through the common center. 

Taking now the projection of the principal meridian as the axis of f , and writing ^ s90<^ — 0^ we 
have tor the equation of the meridians 

)7=f tan f 
and for the parallels 

from which 



?+i?»=4r»sin»J 
f=2r sin ? cos © iy=2r sin ^- sin ai 



and consequently 



T^= — 2 r sin ?^ sin (o ^= — r cos ^ cos ta 

d<o 2 de 2 

Jl=2 r sin f- cos w ^——r cos ? sin « 

dw 2 do 2 



* Journal de Tficole polytecliniqne, caliier 41: Kepr68entatioii de la sarface du globe terrestre; £. Gollignon. 
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Substituting these in our general differential equation, 



we find 



d(o do do dw 

— -^^ — / J^ =2 r* sin ?^ cos ^ sin* a* +2r* sin ^ cos ?^ cos' <» =r* sin «>=r* cos $ 
dofdo dodof 2 2 2 2 ^ 



which verifies our supposition of equal areas. It is also easy to see that 

dw'dd'^dwdO 
or the meridians and parallels cut at right angles on the chart as on the sphere^ 

ALTEBATION OF ANGLES. 

The alteration of angles is zero at the center of the chart At any point whatever, M, of the 
chart, Fig. 30, draw a line MM^ such that the corresponding direction upon the sphere shall make 
an angle with the meridiaD ; we wish to find the angle ^ upon the chart made by this line with 
the projection of the meridian, i. e., with the line drawn from M to the center O. Let (^, to) rep- 
resent the geographical co-ordinates of M, and (O-^dd^ w+dw) the geographical co-ordinates of M', 
infinitely near to M; then 




Fia 30. 
iaae=coBO-^ = Bm^^ tan?r=2tan|^ 



From which 

. ,„ tan 9 



cos*- 



2 
The maximum of alteration ^^6^ or ^, corresponds to the direction for which 



^+0=1 



For 

tan^^ 



^ tang--tanO_ ^<^-^l) 



and in seeking for the maximum of this, since 1— cos* ^ is constant^ we need only consider the factor 

2 

tan 9 



cos*|-ftan2^ 



Digitized by 



Google 



TREATISE ON PROJECTIONS. 217 

Equating to zero the derivative of this with respect to 0j there results simply 

tan^==tcos| 

Consequently 

tanr=±-A_ 



cos^ 

the upi>er signs being taken together, and also the lower ones. From these follows 

tan^tanr=l 
which, as in a former case, excluding negative arcs and arcs greater than ^, gives 

We can deduce from this that the maximum deviation for the direction OM is given by 

tan(?r-^)=J(tan?^-tan^)=J tan| sin | 

The angle Oj upon the sphere, of maximum deviation is =45^ for sp=0, i. e., at the center of the 
chart; 9 then decreases while iT, and consequently ^, increases. When ^=s^ 

tan^= -^ tanr=^72 

vl 

The angular alteration is thus seen to increase continuously from the center to that point of the 
sphere which is diametrically opposite the assumed center. It is evidently useless to prolong the 
chart so £Eur as that, and, indeed, the custom is in this projection to represent the map in two parts, 
one for each hemisphere. 

ALTEEATION OF LENGTHS. 

In the direction OM the projection substitutes for the arc on the sphere the chord of the same 
arc As usual, let ^ represent the angular distance OM, then the length of this line upon the sphere 
is =rf , and its length upon the chart, {. e., the length of the chord of the arc OM, is =2r sin ^. Dif- 
ferentiation of each of these gives us the lengths of the element of the meridian upon the sphere 
and upon the chart; these are rd^ and r cos^df. Thus the meridional elements are reduced 

upon the chart in the ratio cos ^ : 1. The converse is true concerning the elements of the parallels; 

they are augmented in the ratio 1 : cos ^; this is obvious on account of the necessity for conserv- 

ing the areas. Suppose now that upon the sphere we take any element (29, making the angle B 
with the meridian OM; its projection upon MO will =d« cos^, and perpendicular to MO will be 
=(fo sin^; similarly, if da correspond upon the chart to i% upon the sphere, d<r cos ^ will be the 
projection of A<f upon the radius OM, and de sin ^ will be the projection of the same element in the 
direction perpendicular to OM. Now, since the projection does not alter the right angle at which 
«b cos ^ and (fo sin ^ cut each other, we will have 

<fecos^coSi!=dtfCOs?r (bsin^ =:d<rsin^ 

iff w 

COS I 



fh>in vhich by sqaaring and adding 



/ COS* e cos* I + sin* » — ^— \ 
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"Sowj the expresi»ioa in parenthesis reduces to unity when, upon the sphere^ 



tan ^=008 I 




or when upon the chart 



tliat is for the direction of maximum deviation. This direction then possesses the remarkable 
property of conserving the lengths. Now, through any given point upon the sphere, and upon 
the chart, as M, we can draw two curves which shall cut all the meridians MO of the sphere'^and 
the radii MO of the chart under the angles 6 and ¥ in such a way that the distances on these two 
curves between any two corresponding points shall be the same. The curves so constnicted are 
called by Oollignon i30X)erimetric curves. The curve upon the sphere passes through O', the 
antipodal point to O, and winding round the sphere becomes indefinitely near to O, a logarithmic 
spiral which cuts the meridians at an angle of 45^. Upon the chart the isoperimetric curve, for 
small values of f , that is, for points near the center, is very nearly the logarithmic spiral which 
.cuts the radii under the angle of 45^^ for increasing values of ^, also increases, and is =z{)0^ for 
^=180^^ the curve then touches the circle into which the point O^ has been transformed, and is 
continued beyond this point in a branch symmetrical to the first. 

To obtain the polar equation of the isoperimetric curve upon the chart, take ^=OM and a the 
angle between p and some fixed axis. Now 

da 1 

^P cos^ 

2 

but 

at 

P=:2r sin g 
therefore 

da^ ^ 



. L p^ 
V 4^ 



4r» 
the differential equation of the sought curve. For the integration observe that we have 

dp=r cos 2 ^9 

which substituteil in the first written equation gives 

d^ 

dass: 



and by integration 

This equation joined with 



. 9 
sing 



a=logtan^+o 
^=2rsin^ 



gives the means of constructing the curve. 

'For the element of arc of the isoperimetric curve we have obviously 



(to= V^a;?HPpa^^a^ |r^cos«|+4r»8in»|— ^^ — 
\ 4 sin* I 

or 



dss=rd^ ^1+cos* ^ 
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If we write ^ =d, this equation becomes very simply 



or 

an elliptic integral of the second kind, which gives the rectification of the arc of the ellipse, whose 
eccentricity is = \/|. The element of area of the isoperimetric curves is, in polar co-ordinates, 



and the integral of this is 



J^»da=r* sin ^d^ 

£0 

=const.— 2r* cos ^ 

TBANSFOEMATION OF A GREAT GIBGLE. 

The angle between the planes of two great circles on the sphere is measured by the arc of a 
great circle joining their poles. This property affords the means of determining the differential . 
equation of the curve upon chart, which represents the great circle on the sphere. 

Take O, Fig. 31, for the central point, and P for the pole of a great circle which passes through 
a point M. The same letters accented denote the corresponding points upon the chart. It is pro- 




posed at M^ to draw a tangent to the curve which passes through this point and represents the 
great circle through M. Join O'M', and call 0'M'=/o and M'OT'=a, the line O'P' being taken as 
the initial line. Let B, upon the sphere, denote the pole of the great circle OM, which passes 
through the center O and cuts the given circle.at M; this point S will be found in the plane of a 
great circle OB perpendicular to that of OM at the point O; the angle Y is measured by the arc 
SP. We have now in the spherical triangle OSP 

cos SP=cos OS cos OP+ sin OS sin OP cos POS 

or, since OS is a quadrant, 

cos SP=sin OP cos POS=sin OP sin a 

OP is a constant arc that we may call A; then we have 

<«^ cos y s=sin A sin a 

The angle Y on the sphere of course corresponds with Y upon the chart, and the connecting rela- 
tion is 

^ ^ tanY' 
tan Y= 



cos 2 
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<f being the angular distance OM. But 



dp 



/o=2 8111 ^ 



taking the radius of the sphere as unity. Eliminating V,VS and ^ between these four equations 
we will arrive at the differential equation sought. The first of these equations affords the relation 



sin V= VI— 8111^ ^ sin' a 



and consequently 



and then 



^Q Y_ \/l— sin^ I sin' a 
sin A sin a 



pda_ \/l— sin' ^ sin' a 1 
dp^ sin ^ sin a r j? 

V 4 

The constant of integration will be determined by observing that the great circle, of which P is 
the pole, parses through the pole of the great circle OP 5 so that for e?=2 or o- we should have 

The equation of the projected great circle can be better arrived at in another manner, to the 
the explanation of which we. shall now proceed. 

Conceive first that a stereographic projection has been made — that is, the parallels and merid- 
ians have been constructed— with the x>oint of sight at the center, or the antipodal point to the 
center, of the proposed central equivalent projection. Let E, Pig. 32, denote any point of the 
stereographic projection; Oi, the center, or point of sight, represented on the central equivalent 




Fio. 32. 

projection by OiMiNi, the meridian through O represented on the other chart by MN; OiMi is 
equal to the radius of the sphere. Bequired to find the position of the point on the central equiva- 
lent projection represented by Ei on the stereographic projection. Lay off at O the ongle MOE 
=:MiOiEij the point sought is on the line OE, and the distance OE is in consequence all that has 
to be determined. Draw the diameter FiGj perpendicular to OiEi; join FiEi and produce it to Hi; 
join GiHi, then GiHi is the distance required. 
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Another method for constracting the central equivalent from a stereographic projection is as 

follows : 

K 




Fio. 33. 



In Fig. 33 the length KW is the distance on the central equivalent, corresponding to SY on 
the stereographic projection. The similar triangles KWL and YSL give 

SV : KW ; : LV : KL 



Dividing through by ST, the radius, and observing that LV=: v^SV'+SL^ we find 

SV KW /7~7SVV 



ST • "ST -V^+(^ST J -^ 



which gives the ratio -^=- as a fiinction of ~=^; calling the former of these ratio and the latter 

Sf we have for the formula of transformation from the stereographic or S, projection to the central 
equivalent or projection 



o-J^ 



1+W 

If we write S=tan V', we have 0=2 sin yt. Table XIY gives the values of S and 0, and affords a 
rapid and very easy and exact method of constructing the central equivalent projection. 

We are now prepared to solve a much more general problem than the one proposed above, 
viz, to find the equation of the central equivalent projection of any circle of the sphere, whether 
great or small. Denoting as usual by ^, 17, the rectangular co-ordinates on the required projection, 
let S'y yf denote rectangular co-ordinates on the auxiliary stereographic projection. The circle of 
the sphere will be a circle upon the stereographic chart, and if its center is at (a', ^\ its radius 
/ will be given by 

But, according to the proposed plan of transformation. 



/- / ^ 



consequently, we have, for the equation of the curve on the central equivalent projection which 
represents a circle on the sphere, 

or, transforming to polars by means of the formulas ^=/d cos f9, 17=^ sin^. 



r rp cos »9 ,Y , /T rp sin t? ^,V /* 
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A still further simplification is possible by writing 



fc=Vo'»+/J'» v=tan 



-.^ 



a' 



/ 



The eqaation becomes, now, 

• (7jfe?)"-v5l? -(♦-«+<''-">=» 

This is merely the polar ^uation of the circle, in which the stereographic radius vector p^ has been 

replaced by its value . ^f as a function of the radius vector in the central equivalent system. 
v4r— jO* 

The equation in Cartesian co-ordinates shows that the curve is of the fourth degree. The equation 
in polar co-ordinates enables us readily to determine the condition that the curve shall represent a 
great circle of the sphere. Make tf=v' ; then 

from which we obtain 



■=w. 



i[l cAzp'fr^ 



This affords four real values for p. The signs -f and ^ in the numerator and denominator of this 
quantity are to be taken in this manner: 



Now, in order that the polar equation shall represent a great circle of the sphere, it is necessary 
and sufficient that the sums of the squares of the two values of />, obtained by taking p* first with 
the -f and second with the — sign under the radical, shall be equal to 4^^, or that we shall have 

jk+p'f (Jc-^p'y 

That this is a correct formula is easily seen from the following simple geometrical consider- 
ations: Let G denote the center, and AMB!N^P the orthographic projection of the sphere; P, Fig. 
34, is the point of sight of the orthographic projection, and the plane MN parallel to the tangent 
plane at P is the plane of this projection; let AB denote the trace of a plane cutting a great circle 




Pig. 34. 
£rom the sphere; and, finally, let A^B^ denote the projection of this great circle; then we have 

and, also, since PA'^=CP*-f CA7S 
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but APB=A'PB' is a right angle, and consequently PB'O and PA'O are complementary angles, 
and the sum of the squares of their cosines is equal to unity. Q. E, D. 

LOXODROMIC CtmVES. 

The pole being taken as center, it is very easy to obtain the loxodromic curve. Denote by 6 
the angle made on the sphere by such a curve with a meridian; then W denoting the corresponding 
angle on the chart, we have 

tan?r=tan^ ^ 



cos*? 



Now, tan ^ is constant, and, for r=l, 2 sin ~=/», and also tan ^=^^— • The differential equation 

of the curve is then 

^<^a_ tan^ 

dp "i_^ 
4 
from which follows 

da=tan<> ^ 



(-0 

and integrating 



a=tan f log — ^L==+0 

PROJECTION UPON THE PLANE OF A MERIDIAN. 

We will now take up the case of the projection upon the plane of any meridian of the par- 
allels and meridians of the terrestrial sphere. The center will be upon the equator, and the given 
meridional plane will cut the equator in two points distant each 90<^ from the center. 

A few definitions will be adopted, both for brevity and clearness of language. 

The central station is the point of the sphere chosen as center of the map; this we shall desig- 
nate by O upon the sphere and by O' ui)on the projection. 

The central distance of a point M of the sphere is the ratio of the length of the arc MO of a 
great circle to the radius of the sphere; this we shall denote by L It is the quantity that, in the 
case of the pole being taken as central station, we have heretofore denoted by ^. 

The radius vector p of the point M' upon the chart is the distance O'M' of this point from the 
centra] station. As usual, r denoting the radius of the sphere, we have 

p^2rsmiX 

The aaimuthal angle of the point M upon the sphere is the angle a formed by the arc OM with 
the meridian through O. Upon the chart it is the equal angle formed by the right line O^M' with 
the meridian through (>, which is also, as we know, a right line. 

^P 




Fio. 35. 

Kow, having given the position of O, we wish to determine the values of p and a in terms of 
the geographical co-ordinates (^,«e>) of any point whatever, as M. We have already resolved Ihe 



Digitized by 



Google^ 



224 TREATISE ON PROJECTIONS. 

problem for the case where O is assumed as the pole of the sphere, and a very simple transforma- 
tion of co-ordinates enables us to resolve it for this more general case where O is taken upon the 
equator. Take OP, Fig. 35, for principal meridian; w is the longitude of M with respect to this 
meridian; the portion ON of the equator included between O and the point of intersection of the 
equator with the meridian through M is measured by «!, and the arc MN is measured by 0; the 
angle MON is the complement of a, and finally OM is =X, Now, since N is a right angle, we have 
in the triangle OMN 

cos A=cos at cos tau a=8in ccf cot 

which determine X and a; /o is determined by 

/o=2rsinJA 

It is obvious that Xy and consequently py remains the same for all values of a» and o which give 
the same value for cos w cos 0y for example, for the two points of which the latitude of the one 
equals the long[itude of the other. Take for the axes of S and 17 the right lines representing 
resx>ectively the equator and the first meridian, and we have, in consequence. 



or 



^=p sin a V^P ^50S a 



'^^f'+v 



tan am 

But 

p=2rsiniX cosA=scosc<;cos^ tana=8in<eicot^ 

The second of these relations gives 



. , , /I— cos>l /I 



— COSoiCOS^ 



2 
80 that 

?«4.Ty*=2 r" (1— cos 01 cos 0) S=ij sin w cot ^ 

These are the formulas of transformation from polar to rectilinear co-ordinates. The elimination 
of between these equations gives us the equation of the meridian whose longitude is a>, and the 
elimination of ai in like manner gives the equation of the parallel of latitude 0. 

EQUATION OF THE MERIDIANS. 

The result of the elimination of is the equation 



V V?+Vsin'«iy 



By clearing of fractions and radicals this becomes 

fc+ (2+8iu«i«)fV+ (l+2sin»a.)$«iy*+8in»«;ry«-4r»(f*+iy<sin^«) 

-4r»(l+8in»a>)f»ry«+4r^(e2+ij«)sin»«ei=0 

This equation of the sixth degree is easily factored into 

(^+'j')[^H[(l+8in»^)i?»-4r«|«+(r/-4rVy»+4H)sin^a»}=0 

The factor to be suppressed here is obviously the binomial P+yj\ as equating that to zero would 
only result in giving an imaginary locus (or infinitely small circle) and in consequence would be 
of no practical use. We have then remaining a biquadratic equation in f and iy. 
If we write 

C — ^ 7j — yy , ^ 

the equation becomes one of the second degree in ^' and r/, viz : 

^'2+(l+8iu»a*)$Y+V*8in*«'— 4r»e'-.4r2 8in»«i7'+4r*sin«ai=:0 
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This last is the equation of an hyperbola whose center is at the intersection of the lines 
2^'+(l+8in^<i')V— 4r*=0 (l+8in*w)*'+2sin*a*r/— 4r*sin*<«=0 

or at the point 

f ' = -4r« tan» w r/ =4r^ sec^ «i 

Representing by tiii and tiij the angular coefficients which determine the asymptotes, these quan- 
tities are obtained as the roots of the equation 



from which 



m*sin*«+(l+sin*ci*)m+l=0 
1 



Wi = — 



sin^ft* 



m^rs^l 



Confining ourselves to the region where $' and r/ are both positive, we can readily construct 
this hyperbola, on any chosen scale, for each value of a>; then construct the required curve whose 
cx)-ordinates, measured on the same scale, are the square roots of $' and iy', the co-ordinates of each 
point on the hyperbola. For iy=0 we have 



e=±2rsin^ 



f=±2rcos- 



For f =0 we have 



iy=:±rV2 




'8 



Since sin^iei=sin^(— w) and the equation of the curve contains only sin'a», the equation repre- 
sents at the same time projection of the meridians of longitude w and — of, respectively; these two 
curves will be symmetrically situated the one to the other with respect to the axis of 17. If upon 
the axis of ^ we take, Fig. 36, 



OA=2rsin' 



OB=:2rcos^ 



and upon the axis of rj take 



OP=OP'=rv^2 



the curve will pass through the four points. A, P, B, P', and the entire locus will be composed of 
this curve and the curve A'PBP', symmetrical to the first with respect to the axis of v}, 
15 T P 



Digitized by 



Google 



226 



TREATISE ON PROJECTIONS. 



EQUATION OP A PARALLEL. 

To obtain this equation we eliminate oi by the relation 



sin a» = 



f tan ^ 



and obtain 



^+,«=2,- (l -cos ^^^) 



By clearing this of firactions and radicals we arrive at an eqaation of the sixth degree in 17 and of 
the fourth in ^, which will contain only the even powers of the variables; as in the case of the 
eqaation of a meridian, this will contain the factor P+rj^j and dividing out by this factor we 
obtain as the resulting equation of a parallel 



Substitute again 



,»-|.(^_4r*)7y«+4r* sin 6^=0 

and we are conducted to the equation 

of the second degree in ^^, r/ and, as in the former case, representing an hyperbola. The center of 
the hyperbola is on the axis of ? and is given by $'=4r^; one asymptote is parallel to, and 
therefore coincident with, the axis of f . The same construction being made as before, we obtain 
for the projection of the parallel of latitude the curve ABBS, Fig. 37, and of latitude — e the 

K 




- FiO. 37. 

curve A'WB/W. These two curves are symmetrically situated with respect to the axis of $, and 
the sum of the squares of the intercepts made by any line OM' with one branch of the curve is 
constant and equal to the square of the diameter of the sphere, t. 6., 

OM'»+OM»=4r» 
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The truth of this is easily seen if we transform the equation of the parallels into polar co-ordinates; 
that is, write 

f = ^ cos X ""i^^ p si^ X 

The equation then becomes 

/)* sin* X'\'{f^ cos* X — *^) P^ sin* ;^+4r* sin* e 
Making the obvious reductions, this is 

^4_4^^2^.4t^sin*_^=^ 
sm* X 

Galling the roots of this pi and p%j we have /)i*=OM* and p^ = OM'*, and from the known principles 
of the theory of equations, 

mollvteide's projection. 

This projection was invented by Prof. C. B. Mollweide, of Halle, in 1805, and in 1857 a 
number of applications of it were made by Babinet, whose name thus became attached to it, the 
projection being known commonly as Babinet's homalographic projection. The problem proposed 
for solution here is to represent the entire surfacse of the earth iu an ellipse the ratio of whose major 
and minor axes, represented by the equator and first meridian, respectively, shall be 2:1; the 
parallels to be projected in parallel right lines and the meridians in ellipses, all of which pass 
through two fixed points — the poles and each zone of the sphere to be represented upon the chart 
in its true size. 

Let b and 2h denote the axes of the limiting ellipse, then the including area will be =2&*7r; 
but this is to equal the entire area of the sphere, or 47:9**; this condition, then, gives us for the axes 
of this ellipse 

&=^2r 26=2 V2r 




The area (Pig. 38) of the elliptic segment ALK = area of circular segment LAJ multiplied by 

OB 

jY^, that is, by J; now the area of LAJ is equal to the sector OAJ minus the triangle OLJ, or 



or 



LAJ=i(2r V2)' COS-' ^l.J'^l^^JI 
^^ ' 2rV2 rt/2 

LAJ=4r' C08-' 27^2"^^' 
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and then for the elliptic segment we have only to divide this by 2; add to this resnlt the area of 
the rectangle OLKH, or ^iy, and we obtain finally 

OAKH=2r' cos"* 2^2^^^"^ 



Assume for the angle AOJ the symbol ^, then follows 
2rV2 



cos-* —7^=^ - f — 2r y/2 cos ;i ij=r V2 sin X 



and consequently 



OAKH=2r»A+r* sin 2X 



This surface is, however, to be equal to the area of the semi-zone between the equator and parallel 
of 0^ or equal to rr* sin 0. Equating these and we have for the fundamental equation of the M0II- 
weide projection 

r sin d?=sin 2XA-2k 

The values of X or sin X have to be obtained from this equation for each given value of 0. Lay 
off, then, on the semi-minor axis of the ellipse the lengths r yf2 sin x measured from the center, and 
the i)oints so obtained will be the points of intersection of each parallel with the principal meridian 
or minor axis of the limiting ellipse; through these points draw parallels to the equator, and they 
will represent the parallels. For the construction of the meridians by points it is only necessary 
to divide the equator and parallels in parts which correspond exactly to the points of division of 
these lines on the sphere. For example, if it is desired to draw the meridians of every ten degrees 
we have only to divide the entire equator and also the meridians of the chart into 36 equal parts, 
and through the corresponding points thus obtained draw the ellipses representing the meridians. 

For the computation of X from the above equation the following method of approximation 
answers very well. Assume a value X' such that 

sin2A'+2A'=7rsin^ 

where (f differs but little from 0\ let <J represent the correction to A', t. e., A'+^=^; then 

sin 2 (>l'+^)+2 (X'+d)z^7z sin e 

Subtracting the first of these equations from the second gives 

sin 2(A'+d)— sin 2/l'+2d=;r (sin ^— sin ^) 
or 

2 cos (2>l'4-^)+2^=w (sin ^— sin 0') 

As d will be a very small quantity, we can write sin ^=<5, and 

cos (2/'-f<5)=cos2;i' 

Writing, then, for sin o* its value, we obtain for d the approximate value 

^_7r8i n <?— (sin2 A^+2 V) 
2(l+cos2>l'), 

This method of approximation can of course be carried as far as we choose, or until we reaoh any 
required degree of exactness. Table X gives the value of sin X for values of differing by 30' ; this 
was computed by Jules Bourdin, and is more accurate and extended than the one computed by 
Mollweide himself for the values of X, 

In conclusion, we will examine briefly a projection proposed by M. GoUignon, in which he repre- 
sents the central equivalent projection in the form of a square. Suppose that, as in Mollweide's 
projection, the parallels are parallel right lines and that the meridisins are also right lines parting 
from a common point, the pole. Gall h the ordinate of the point taken as pole; then the equation 
of the meridians will be in the form 
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The origin is snpposed placed at the foot of the perpendicular from the pole npon the eqnator ; the 
function /(cf) is independent of 0. As in the MoUweide projection, 17 is a function of only or 

aud consequently 

The condition for the conservation of surfaces now becomes 

(h^-^Y'{^) 3]=^* cos 

This would give/'(<tf) as a function of 0^ which is contradictory to the previous assumption made 
concerning f(w)) the interpretation of this is, since f(w) does not contain w, that f\w)=m, a con- 
stant, and Bof[(o) is a linear function of the longitude oi, or 

The equation of condition is thus 

w(*— i?)tfi?=r* cos odB 
From which, by integration, follows 

i»fti?-^=C+r' sin $ 
Since tor ^=^ we have i?:=fe, we find 

And again, since ^=0 gives 19=0, 

0=0 
or 



Finally, since we wish the extreme meridians which limit the chart to form a square, it will be 

nece 

but 



necessary for ^=0 and a»=±^ that we have $=d=ft, the corresponding signs to be taken together; 



in this making f=±a. Remembering that, for ^=0, ^=0, there follows 



m|+«=l 


-mj+n= 


=1 


Solution of these equations gives 






m=2 

IT 


n=0 




0^1 

and so, by virtue of the relation *"=-—, 






A=rV7r 






and, finally, the equation connecting aud -^ is 






ry«— 2ri^1^+rr« 


sin ^s=0 





The projection need, of course, only be constructed for the positive values ef ^, and then repeated 
symmetriciUly below the equator for the negative values of 0, 
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TABLES. 

The following tables have been nearly all extracted from the original memoirs of the writers 
'on different parts of the subject of projections. In many cases, however, an author's own tables 
have been improved upon by others, in which case of course only the latter are given. In cases 
where it has been necessary to take into account the ellipticity of the earth it will be observed 
that the same value has not been used throughout; the explanation of that is obvious, hs the tables 
have been constructed at so many different periods of time; the reason for not correcting to one 
value of the ellipticity is to be found in the fact that but very slight —in fact, almost inappreciable- 
changes would be thus introduced; and inasmuch as final values have not yet been agreed upon 
for the figure and size of the earth, it would seem to be a mere waste of time to make any correc- 
tions to tables that for practical purposes are already correct enough. Some of the tables given 
are only useful for the purpose of comparing different methods of projection, but these will, in 
every case, explain themselves. The names at the beginning of each table and the references in 
the text make it quite unnecessary to go into a detailed account of their use; the formulas are 
furthermore arranged so that it is a very simple matter to make the necessary substitutions. 

The accompanying plates, which are referred to in their proper plaees in the text, serve as 
illustrations of the principal projections in actual use. Many which are treated of in the text it 
was not thought necessary to preserve in the collection of plates, inasmuch as they do not at the 
present day subserve any useful purpose. 

Table I. 

Yal'ues of the degrees of longitude and the lengths of the sides of cones tangent to the sphere along a 

parallel of latitude. 

The degree on the equator is taken for nnity. RadiuB of the sphere = 57.295,779. 



Lat. 


Dp=cos0 = 
Bm(90o_d) 





Bp 




1.00000 




0.99985 




99939 




99863 




99756 




99619 




99452 




99256 




90027 




98769 




98481 




98163 




97815 




97437 




97030 




96593 




96120 




96630 


18 


95106 


19 


94552^ 


20 


93969 


21 


93358 


22 


92718 


23 


92050 


24 


91355 


25 


.90631 


26 


89879 


27 


89101 


28 


•88295 


29 


87462 


30 


86603 



G=rcot« 



3282.473 
1040. 736 
1093.268 
819.368 
654.894 
545.133 
466.637 
407.681 
361. 751 
324.940 
294.761 
269.556 
248. 175 
229.801 
213. 831 
199. 814 
187.406 
176.338 
166.399 
167.419 
149. 261 
141. 812 
m. 980 
128.688 
122.871 
117. 474 
112. 449 
107. 758 
103.304 
99.239 



Lat. 



: 31 



40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
60 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 



sin (900-0) «=«"c<»t^ 



Dp 



a 85717 
84805 
83867 
82904 
81915 
80902 
79864 
78801 
77715 
76604 
75471 
74314 
73185 
71934 
70711 



68200 
6691? 
65606 
64279 
62932 
61566 
60181 
58770 
57358 
55919 
54464 
52992 
51504 
50000 



95.356 
91.692 
88.228 
84.944 
81.827 
78.861 
76.034 
73.335 
70.754 
68.282 
65.911 
63.633 
61.442 
59. 331 
57.296 
55.330 
53.429 
51.589 
49.806 
4&077 
46.397 
44.764 
43.175 
41.628 
40.119 
38.646 
37.208 
35.802 
34.427 
83.080 



Lat 


I>p=COB$ = 

em(00o=tf) 


9 


J>P 


61 


0.48481 


62 


46947 


63 


45399 


64 


43837 


65 


42262 


66 


40674 


67 


39073 


68 


37461 


69 


35837 


70 


34202 


71 


32567 


72 


30902 


73 


29237 


74 


27564 1 


75 


25882 


76 


24192 


77 


22495 


78 


20791 


79 


19081 


80 


17365 


81 


15643 


82 


13917 


83 


12187 


84 


10453 


85 


08716 


86 


06976 


87 


05234 


88 


03490 


89 


01745 


90 


0.00000 



G=roote 



31.760 
30.465 
29.194 
27.945 
26.717 
25.510 
24.321 
23.149 
21.004 
20.854 
10.r29 
18.617 
17. 517 
16.429 
11352 
14.285 
13.228 
12.179 
11.137 
10. 103 
9.075 
8.052 
7.035 
6.022 
5.013 
4.007 
3.003 
2.001 
1.000 
0.000 
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Table U. 
Polar ditiance emrectedfor an eUipticity = ^^ 



Difltonoea 
Ihnnthe 
poleapon 
the sphere, 
oo-lnatade. 


Corrections. 


Fir»t 
differ- 
ences. 


Distances 
from the 
pole upon 
tne sphere, 
oo-lAtitade. 


Corrections. 


First 
differ, 
ences. 


Distanoes 
from the 
nole upon 
the sphere, 
oo-latltude. 


Corrections. 


First 
differ- 
ences. 


o o 


o / 


II 


II 


o 


/ 


II 


n 


o o 


O 1 


II 


II 


lor 89 





24.0 




16 or 74 


6 


4.7 


20.6 


81 or 58 


10 


7.7 


11.6 


2 or 88 




48.0 


24.0 


17 or 73 




24.9 


20.2 


82 or 58 


10 


ia7 


ILO 


8 or 87 




11.9 


23.9 


18 or 72 




44.6 


19.7 


83 or 67 


10 


28.8 


10.1 


4 or 86 




85.8 


23.9 


19 or 71 




8.8 


19.2 


84 or 66 


10 


3a2 


8L4 


6or85 




60.6 


23.7 


1 20 or 70 




22.6 


1&7 


35 or 55 


10 


46.8 


&6 


6 or 84 




23.1 


23.6 


21 or 60 




40.6 


18.1 


86 or 54 


10 


54.7 


7.9 


7 or 83 




46w5 


28.4 


22 or 68 




58.2 


17.6 


37 or 53 


11 


1.7 


7.0 


8or82 




9.7 


23.2 


23 or 67 




15.1 


17.0 


88 or 52 


11 


7.9 


0.2 


9 or 81 




82.7 


28.0 


24 or 66 




3L5 


16.4 


39 or 51 


11 


13.3 


5.4 


10 or 80 




6&4 


22.7 


25 or 66 




47.3 


15.8 


40 or 50 


11 


17.8 


4.5 


11 or 79 




17.8 


22.4 


26 or 64 




2.4 


15.1 


41 or 49 


11 


21.6 


8.8 


12 or 78 




89.9 


22.1 


27 or 68 




16L8 


14.4 


42 or 48 


11 


24.6 


8.0 


13 or 77 




1.7 


2L8 


28 or 62 




80.5 


18.7 


43 or 47 


11 


26.7 


2.1 


14 or 76 




28.1 


2L4 


29 or 61 




43.7 


13.2 


44 or 46 


u 


27.9 


1.2 


15 or 76 




44.1 


2L0 


80 or 60 




66.1 


12.4 


45 4>r45 


11 


28.8 


0.4 



Tablb in. 

TransformoHanfrom geographical to zenithal co-ordinates. 

Yalnes of the central distance a expressed in degrees, cos a==oos « cos 0. 





9^iP 


60 


100 


180 


200 


260 


8OO 


860 


40O 


450 


6OO 


560 


6OO 


660 


70O 


760 


8O0 


850 1 90O 

1 


O 1 





/ 


/ 


/ 


/ 


.! 


/ 


i\ 1 


/ 


/ 


/ 


/ 


/ 


/ 


/ 


/ 


/ 


/ ' / 


« = 








6 


10 16 20 


25 


80 .36 0| 40 0| 45 50 


55 60 


65 


70 0| 75 


80 85 0; 90 1 


5 5 





7 4 


11 10 15 48 20 35' 


25 28 


30 23' 35 19 40 16 45 13^ 60 U 


56 9, 60 8 


65 9 


70 5| 75 3 


W 2 


85 11 90 


10 10 





11 10 


14 6 17 68 22 16 


26 48 


31 29 36 13* 41 2 45 44* 50 44 


65 36' 60 30 


65 24 


70 19 75 14 


80 9 


85 5. 90 


15 15 





15 48 17 58| 21 6, 24 49 


28 45 


33 14 37 42 42 loj 46 65 51 37 


66 2l| 61 7 


65 55 


70 43' 75 31 80 21 


85 10 90 


20 20 





20 85 22 16 24 49 27 59 


8137 


35 32| 89 40 43 67, 48 22; 52 50 


57 53 61 £8 


66 36 71 15' 75 55 


80 37 


85 18 90 


25' 25 





25 28 26 48, 28 54 81 37^ 


84 47 


38 20' 42 4 46 2 50 2 64 22 


58 41' 63 3 


07 26 71 57 76 26 


80 57 


85 29' 90 


80*30 





80 28| 31 29 83 14 35 32* 


38 20 


41 26| 44 49' 48 26* 52 14 56 10 


60 13 64 20 


68 32| 72 46 77^ 8 


81 21 


85 40 90 


85135 





85 Iff 36 13 87 42 89 40| 


42 4 


44 49' 47 61 61 8| 54 36 58 13 


61 58 66 46 


69 45 73 44 77 46 


81 49 85 54| 90 1 


40 40 





40 16 41 2 42 16 43 67 


46 2 48 26 51 8| 54 4* 57 12 60 30 


63 60 67 29 


71 7 74 49 78 34 


82 21 


86 10 90 


45 45 





45 13 46 44' 46 55 48 22 


60 ^2' 52 14 54 36 57 12' 60 62 58 


66 4' 69 18 


72 27 76 0' 79 27 


82 57 86 28 90 


50 60 





60 11 60 41 61 37 52 60 


54 22 56 10 58 13, 60 30! 62 58 65 36 


68 22 71 15 


74 14 77 18, SO 25 


83 35. 86 47J 90 


55 56 





1 66 9 65 36 


66 21 


57 23 


68 41 


60 13 61 58 63 56 66 4 68 22 


70 48 73 20 


75 58' 78 41 81 28 


84 17, 87 8 90 


60 60 





60 8. 60 30 


61 7 


61 68 


63 3 


64 20' 66 46 67 20 60 18 71 15 


78 20' 75 31 


77 48| 80 9' 82 34 


86 1 87 80 90 


66 05 





65 9| 65 24 


65 55 


66 36 


67 29 


68 82' 60 45 71 7j 72 87 74 14 


75 58 77 48 


79 43 81 41 83 45 


85 47' 87 53! 90 


70 70 





1 70 6j 70 19 


70 43 


71 15 


71 67 


72 46, 73 44; 74 49' 76 77 18 


78 4l' 80 9 


81 4l| 83 17 84 55 


86 26 88 17 


900 


75 75 





75 3: 75 14 


75 8I' 75 66 


76 26' 77 3 77 46| 78 24| 79 27 80 25 


81 28' 82 84 


83 45 84 55^ 86 10 


87 26 88 42 


900 


80 80 





' 80 2 80 9 


80 21 80 87 


80 57; 81 21 


81 40 82 21 


82 67 83 35 


84 17; 85 1 


85 47 


£6 36 87 26 


88 16* 89 8 


900 


85I 85 





1 85 2 85 5 


86 10 85 18 


86 29 


86 40 


85 29 86 10 


86 28 86 47 


87 8 87 80 


87 63 


88 17 


88 42 


89 8 89 34 


900 


90 90 





90 0! 90 OJ 90 00 


90 


90 


00 90 


90 O'OO 


«,«,«,« 


90 


90 


90 


00 90 

1 


900 



Digitized by 



Google 



282 



TREATISE ON PROJECTIONS. 



Transformation from geographical to zenithal co-ordinates — Oontintied. 

Yalnes of the astmnthal angle ^ expressed in degrees, ten ^ = sin ■ cot tf . 
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Table IV. 
Camtructian of the stereoffraphic eqttatarial projection. 
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Table VI. 
La Granges projection. 

For this case r = |, and the whole snrfaoe of the globe is represented by a eomplete oiroumferemoe. 
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tablb vn. 

La Oranges projection. 

For this case A =1. 
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Table VIII. 
Mercator^s projection — Table for the calculation of increasing latitudes. 

BUipticitysA. S=7916'.704e74 log tan /4fi04-|\- 3437.7 /««Hln «+?il*5ii\. 
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Mercator* 8 projection — Table for the calculation of increasing latitudes — Continued. 
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Table IX. 
yfemeifiH prcjection. 
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Table X, 
Construction of the homalographie projection, 

v8in0=aA+8ln2A 
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0.9990767 


0.0068543L 


685382 


22 


30 


0. 9522324 


0.30537390 


664560 


1 


0.9999060 


0. 01370813 


085331 


23 





0.9500756 


0.31201940 


663620 


1 30 


0.9997884 


0. 02056114 


685279 


23 


30 


0. 0478704 


0.31865560 


662050 


2 


0.9996240 


0.2741423 


685199 


24 





0. 9456170 


0. 3252R210 


661650 


2 30 


0.9994127 


0.03426622 


685088 


24 


30 


0.9433152 


0.83189860 


660660 


3 


0.9991542 


0.04111710 


684060 


25 





0. 9409646 


0. 33850520 


650630 


3 30 


0.9088480 


0.04796660 


684805 


25 


30 


0.9385654 


0.34510150 


658580 


4 


0.9984967 


0. 5481465 


684650 


26 





0.9861174 


0.35168730 


657520 


4 80 


0.9980970 


0. 06166115 


684485 


26 


30 


0. 9336210 


0.85826250 


656430 


6 


0.9976507 


0.06850600 


684280 


27 





0. 9310754 


0.36482680 


655320 


5 30 


0. 9071572 


0.07534880 


684070 


i 27 


30 


0.9284809 


0.37138000 


654200 


6 


0.9966160 


0.082'8950 


683830 


1 28 





0.9258374 


0.87792200 


653040 


6 80 


0.9960289 


0.08002780 


683560 


! 28 


30 


0.9231446 


0.38446240 


65188G 


7 


0.9953942 


0.00586840 


683270 


: 29 

1 





0.9204030 


0.39097120 


650720 


7 30 


0.9947127 


0.10260610 


682070 


1 29 


30 


0.9176119 


0.39747840 


649540 


8 


0.9939839 


0.10052580 


682655 


' 80 

1 





0.9147706 


0.40397380 


648290 


8 30 


0.9932080 


0. 11635285 


682330 


80 


30 


0.0118800 


0.41045670 


647010 





0.9923847 


0. 12317565 


681980 


31 





a9089400 


0.41602680 


645720 


30 


0.9915144 


0. 12000545 


681610 


31 


30 


0.0059504 


0.42338400 


644400 


10 


0.0906970 


0.13681155 


681193 


32 





0.9029108 


O.420828OO 


643040 


10 30 


0.0806822 


0.14362350 


680745 


32 


30 


0.8098216 


0.43625840 


641670 


11 


0.9886204 


0.15043005 


680285 


33 





0.8966820 


0. 44267510 


040800 


11 80 


0. 0875614 


0.15723380 


679810 


38 


30 


0.8034924 


0.44907810 


638810 


12 


0.9864550 


0. 16403190 


679330 


\ ^ 





0.8902524 


0.45546720 


637620 


12 30 


0.0853012 


0.17082520 


678845 


' 34 


30 


0.8869620 


0.46184240 


636110 


13 


0.0841004 


0. 17761366 


678845 


35 





0.8830206 


0.46820350 


634670 


13 30 


a 0828517 


0. 18430710 


677825 


85 


30 


0.8802282 


0. 47455020 




14 


0.0815556 


0.10117635' 


677276 


86 





0.8767850 


0.48088240 


631680 


14 80 


0.0802124 


0.19794810 


676690 


36 


30 


0.8732908 


0.48719920 


^4)30160 


15 


0.9788217 


0.20471500 


676000 


37 





0.8697454 


0.49850080 


628500 


15 30 


0.9773830 


0.21147500 


675460 


37 


30 


0.8661484 


0.49978670 


627000 


16 


0. 9758970 


0.21823050 


674795 


88 





0.8625002 


0.60605670 




16 30 


0.9743637 


'0.22497845 


674115 


88 


30 


0.858BB002 


0.51231090 


623760 


17 


0.9727827 


0.23171060 


073430 


30 





0.8550482 


0. 51854850 


622130 


17 30 


0.9711537 


0.23845300 


6TOT30 


39 


30 


0.8512442 


0.52476080 


620440 


18 


0.9694770 


0.24518120 


672000 


40 





0. 8473870 


0.53097420 


618740 


18 30 


0.9677529 


0. 25100120 


671250 


40 


30 


0.8434702 


0. f 3716160 


617010 


10 


0.9650809 


0. 25861370 


670470 


41 





0. 8395179 


0.54333170 


615280 


10 30 


0.0641600 


0.26531840 


669C80 


41 


30 


0.8365020 


0.54048450 


613510 


20 




0. 27201520 


668880 


42 





0.8314364 


0.55561960 


611700 


20 80 


0. 9603770 


0.27870400 


668030 


42 


30 


0. 6273120 


0.56173660 


609870 


21 


0.0584130 




667180 


43 





0.8231420 


0.56783530 


608020 


21 80 


0.0564009 


0. 29205610 


666340 


43 


30 


0. 8188142 


0. 57391550 


606160 


22 


0.9543409 


0.20871950 




44 





0.8146326 


0. 57997710 
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Constrtictian qf the homalographic projection — Continaed. 



Yalaea 






1 
Differences 


Yalaes 






Differences 




of 9 for 


CotA 


Sin A 


of Bin A for 1 


of fOT 


Cob A 


Sin A 


of sin A for 










every 80*. ' 


every 30*. 






every 80*. 




o / 
44 


0.8146326 




604300 ' 


o 
67 





0.5525330 


0.88340040 


482000 




44 80 


0.8102966 


0.66602010 


602360 1 


67 


30 


0. 6461704 


0.83831040 


470300 




46 


0. 8059058 


0.50204370 


600390 


68 





0.5877870 


0. 84811240 


476680 




45 30 


0.8014604 


0.50604760 


606410 \ 


68 


80 


0.6302071 


0.84786820 


471840 




46 


0.7060604 


0.60408170 


696360 


60 





0.6826861 


0.86258660 


468080 




40 30 


0.7924049 


0.60900530 


594340 


60 


30 


0.5148715 


0. 86726740 


464820 




47 


0. 7877040 


0.61503870 


602320 r 


70 





0.5070603 


0.86101060 




















460420 




47 80 


0.7831270 


0.62186100 


600220 


70 


30 


0. 4001511 


0.86651480 


466440 




48 


0.7784036 


0. 62'/V64lO 


588130 ; 


71 





0.4011428 


0. 87107020 


452880 




48 30 


0.7786236 


0.63364640 


686020 


71 


30 


0.4830314 


0.87560300 


448160 




40 


0.7687865 


0.63060560 


j 
583800 


72 





0.4748167 


0.88008460 


443040 




40 80 


0.7638926 


0.64584360 


681600 


72 


30 


0.4664042 


0.884524C0 


430640 


60 


0.7689409 


0. 66115000 


670310 ; 


73 





0.4580613 


0.88802040 


136260 




60 30 


0.76S9517 


0.66605270 


677080 ' 


73 


30 


0.4405146 


0.89327300 


430720 




61 


0.7488643 


0.66272350 


674650 


74 





0.4408611 


0.80758020 


426160 




61 80 


0. 7437375 


0.66847200 


672510 


74 


30 


a4320650 


0.00184180 


421440 




62 


0.7385513 


0. 07410710 


670200 


76 





0. 4231614 


0.006 6620 


416800 1 


68 30 


0.7333054 


a 67080010 


1 
667830 


76 


80 


0.4141156 


0. 91023420 


412100 < 


68 


0.7270995 


0.68564740 


665440 


76 





0.4040354 


0.91484520 


407080 1 


63 80 


0.7226332 


0. 00123180 


662060 


76 


30 


0.8060168 


0. 91841600 


401800 




64 


^ a 7172058 


0.68686130 


560450 


" 





0.3861534 


0.92243460 


806550 




64 80 


a 7117175 


0.70246680 




77 


30 


0.8765400 


0. 92640010 












657880 










801140 ! 


66 


0.7061676 


0.70804460 


565870 


78 





0.8667706 


0. 93061160 


886710 1 


66 80 


0.7006560 


0.71359680 


662820 


78 


30 


0.8.568822 


0.98416860 


880200 > 


60 


0.6048790 


0. 71912650 


650270 


70 





a 3467146 


0.98797060 


374360 i 


56 30 


0.6891890 


0.72462920 


647650 ; 


70 


30 


0.33C4137 


0.94171410 


868100 ! 


67 


0.6833342 


0. 73010670 


1 
645000 


80 





0.3250234 


0.94539600 


861090 ; 


57 30 


0.6774641 


0.73656570 


642800 


80 


30 


0. 8162286 


0. 94901500 


355430 




68 


0.6715286 


0.74097870 


630480 '. 


81 





0.3048180 


0.05257020 


848820 




68 30 


0.6656270 


0.74637350 


686670 


81 


80 


a 2021766 


0.06605840 


342180 




69 


0.6604500 


0.75174020 


683880 


82 





0. 2817763 


0.06048020 


384960 




60 80 


0.6533232 


0.75707900 


630070 i 


82 


30 


' 0.2701070 


0.06283000 


327470 




60 


0.6471101 


0.76238870 


1 
628080 


83 





0.2681516 


0.06610470 


319470 




60 30 


0.6408466 


0.76766050 


626170 1 


83 


30 


0.2468887 


0.06020040 


311160 




61 


a 6846010 


0.77292120 


622100 


84 





0.2332737 


0.07241000 


302800 




61 80 


0.6280800 


0.77814810 


610140 \ 


84 


30 


0.2022700 


0.97548800 


298680 




62 


0.6216001 


0.78333460 


616070 


85 





a2068365 


0. 97837620 


284000 




62 80 


0. 6150407 


0.78849820 


612060 


85 


30 


0. 1020140 


0.06121620 


273650 




68 


0.6064076 


0.79862470 


600820 


86 





0.1784407 


0.08305070 


201900 




63 30 


0.6016088 


0.70872200 


1 
506610 


86 


30 


a 1633412 


0.08656970 


240500 




64 


0.6040143 


0.80378800 


503400 


87 





0.1474833 


0.08006470 


236180 




64 80 


0.5880610 


0. 6088-J300 


600120 


87 


30 


0.1306660 


0. 00142660 


220970 




66 


0.5811107 


0.81382420 


406830 


88 





0.1126372 


0.00363620 


203020 




66 30 


0.5740804 


0.81879250 


403410 


88 


30 


0.0010062 


0.00666040 


180630 




66 


0.6660870 


0.82372660 


480040 


80 





a 0710530 


0. 00747270 


152500 




06 80 


0.5508024 


0.828626C0 


486440 


PO 


30 


0. 0447615 


0.00f 00770 


100230 




67 


0.5525330 


0.83349040 




00 





0.0000000 


1.00000000 
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Table XI. 
Central equivalent projection. 

Values of the central distance X expressed in degrees. 



Values 

of the 

latitude 

0. 


Values of the longitude ». 


oo 


lOO 


20° 


30O 


40O 


60O 


60O 


7(P 


dXP 


90O 

O 1 II 




o / « 


O ' " 


o ' // 


o // // 


O 1 If 


O 1 II 


O 1 II 


O 1 II 


o / // 


oo 


00 00 00 


10 00 00.0 


20 00 00.0 


30 00 00.0 


40 00 00.0 


50 00 00.0 


60 00 00.0 


70 00 00. 


80 00 00.0 


90 00 00 


10 


10 00 00 


14 6 2L6 


22 16 7. 5 


3128 29.8 


41 1 35.8 


50 43 35.6 


60 30 3.7 


70 18 50.4 


80 9 12.4 


00 00 00 


20 


20 00 00 


22 18 7.5 


27 59 27.3 


35 3152.9 


43 67 29.6 


52 50 29. 2 


61 58 32.5 


71 15 10.0 


80 36 31.4 


90 00 00 


80 


30 00 00 


31 28 29.8 


35 31 52. 9 


41 21 34.7 


48 26 20.9 


,56 10 27.0 


64 20 28.0 


72 46 14.2 


81 21 3. 1 


90 00 00 


40 


40 00 00 


41 1 35.8 


43 57 29. 6 


48 26 20.9 


54 4 5.0 


60 80 4.7 


67 28 44.4 


74 48 39.9 


82 21 20.6 


90 00 00 


50 


50 00 00 


50 43 35.6 


52 50 29. 2 


56 10 27.0 


60 30 4.7 


65 36 43.8 


71 15 10.0 


77 18 00.0 


83 35 28.9 


90 00 00 


60 


60 00 00 


60 30 3.7 


61 58 32.5 


64 20 28.0 


67 28 44.4 


71 16 10.0 


75 3121.0 


80 9 2.5 


85 1 8.7 


90 00 00 


70 


70 00 00 


70 18 50.4 


71 15 10. 


72 46 14.2 


74 48 39.9 


77 18 00.0 


80 9 2.5 


83 16 56.3 


80 35 4&2 


90 00 00 


80 


80 00 00 


80 9 12.4 


80 86 81.4 


8121 ai 


82 2120.6 


83 85 2a9 


85 1 8L7 


86 35 48.2 


88 16 16.3 


90 00 00 


90 


0000 00 


90 00 00.0 


90 00 00.0 


90 00 00.0 


90 CO 00.0 


90 00 00.0 


90 00 00.0 


90 00 00.0 


90 00 00.0 


90 00 00 



Table XII. 
Central equivalent projection, 

Vslnee of the radius veotor p expressed in degrees. 



Values 

of the 

laUiude 

9. 


Values of the longitude m. 


oo 


lOO 


20O 


80O 


40° 


60O 


60O 


70© 


80O 


90O 


oo 


0.00000 


0.17432 


0.84780 


0.51764 


0.68404 


0.84524 


1.00000 


1.14716* 


L 28588 


1.41422 


10 


0. 17432 


0.24657 


0.88622 


a 64246 


0.70085 


0.85671 


1.00756 


1. 15167 


1.28763 


1.41422 


20 


0.34730 


0.88622 


0.48360 


0.61025 


0.74854 


0.88992 


1.02472 


1.16409 


1.29369 


1.41422 


80 


0.51764 


0.54246 


0.61025 


0.70629 


0.82047 


0.94163 


1.06488 


1.18642 


L 30355 


1.41422 


40 


0.68404 


0.70085 


0.74854 


0.82047 


0.90904 


1.00757 


1.11088 


1.21490 


1.31680 


1.41422 


50 


0.84524 


0.83671 


0.88992 


0.94163 


1.00757 




1.16499 


1.24913 


1.33295 


1.41422 


60 


1.00000 


1.00756 


1.02472 


1.00488 


1.11083 


1.16499 


1.22474 


1.28759 


1.35142 


1.41422 


70 


1. 14716 


1.15167 


1.16499 


1.18642 


1.21490 


1.24913 


1.28759 


L 32893 


1.87159 


1.41422 


80 


1.28558 


1.28768 


L2S369 


1.30355 


1.31680 


1.33295 


1.35142 


1.87159 


1.89273 


1.41422 


90 


1.41422 


1. 41422 


1.41422. 


1.41422 


1.41422 


1.41422 


1.41422 


L 41422 


1.41422 


1.41422 



Table XIII. 
Central equivalent projection* 

Values of the azimuthal angle a expressed in degrees. 



Values 

of the 

Utitnde 

9. 


Values of the longitude m. 


oo 


lOO 


909 


80O 


40O 


60O 


60O 


70O 


80* 


90O 




1 II 


/ /' 


Of fl 


/ // 


/ // 


e ' // 


/ " 


/ // 


/ // 


O 1 II 


OO 


Indeterm. 


90 00 00.0 


90 00 00.0 


90 00 00.0 


90 00 00.0 


90 00 00.0 


90 00 00.0 


90 00 00.0 


90 00 00.0 


90 00 00 


10 





44 88 41. 2 


62 43 36. 6 


70 84 28.5 


74 39 86.6 


77 2 15. 1 


78 29 29.9 


79 22 20. 7 


79 50 50.1 


80 00 00 


20 





20 30 20. 


43 13 9.0 


63 56 51.4 


00 28 47.4 


64 35 10. 5 


67 12 14. 8 


68 49 37. 7 


69 42 50.2 


70 00 00 


80 





16 44 22. 4 


80 38 32.4 


40 53 36. 2 


48 4 11.6 


52 60 43.8 


56 18 35. 7 


58 25 59.9 


50 37 0.7 


60 00 00 


40 





11 41 31. 4 


22 10 33. 5 


80 47 23.0 


37 27 13.4 


42 23 38.7 


45 64 16. 9 


48 14 12. 1 


49 34 3.1 


60 00 00 


50 





8 17 24.4 


16 4& 4 


22 45 37. 7 


28 20 26.8 


32 48 56.3 


36 la 7 


38 15 20. 3 


30 34 7.8 


40 00 00 


60 





5 43 .33. 8 


11 10 12. 8 


16 6 &3 


20 21 38.1 


23 51 31. 2 


26 83 54.1 


28 28 52.4 


29 87 17. 9 


80 00 00 


70 





3 86 59.2 


7 545.6 


10 18 60. 8 


13 10 4. 2 


16 84 45.6 


17 29 42.8 


18 52 54. 2 


19 43 11. 1 


20 00 00 


80 





I 45 18. 6 


3 27 4. 2 


5 2 18.1 


627 58.9 


7 41 83.5 


840 65.9 


9 24 29. 


9 51 ai 


10 00 00 


90 





00 00.0 


00 00.0 


00 oao 


00 00.0 


00 00.0 


00 00.0 


00 00.0 


00 00.0 


00 00 00 
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Table XIV. 
TramformaHon of the stereographie system into the central equivalent system. 



Values Of S. 


ValaesofC. 


Differences. 


Values of S. 


Values of C. 
894 


Differences. 


0.00 


ao* 




60 








100 






70 1 


06 


100 


99 


55 


964 


65 


10 


100 


08 


60 


1.020 


61 ' 


15 


297 


95 


65 


LOOO 


67 


ao 


302 


93 


70 


1.147 


53 


26 


485 


90 1 


75 


1.200 


49 


80 


575 


• 
86 


80 


1.249 


46 


35 


661 


82 


85 


1.295 


43 


40. 


743 




90 


1.838 








78 






40 


45 


821 


73 


95 


1.378 


86 


60 


804 




1.00 


1.414 





Table XV. 
Central equivalent projeoHon, 



Distance 
in degrees 
from the 
center of 
the map 


Angle of maximum deyiation— 


Marimum de- 
viation. 


On the sphere. 


On the map. 


oo 


45 0.0 


• / /» 
45 0.0 


O t It 

0.0 


10 


44 53 2&8 


45 6 33.2 


13 6.4 


20 


44 88 41. 1 


45 26 18. 9 


52 37.8 


80 


43 25.8 


45 59 34. 7 


150 9.4 


40 


48 13 9.0 


46 46 51.0 


3 83 42.0 


50 


42 11 10. 5 


47 48 49. 5 


5 87 89. 


00 


40 53 36.2 


49 6 28.8 


8 12 47. 6 


70 


80 19 21.6 


50 40 3a4 


1121 16.8 


80 


87 27 31.4 


52 32 46.6 


15 5 38.2 


90 


85 15 5L8 


5444 8.2 


19 28 16.4 



Table XVI. 
Central equivalent ^rejection. 









10° 

20 

80 

40 

60 

60 

70 

80 

00 



Distance in parts of 

radius Arom center 

of map. 



Along the 
arc of a 

drde. 



0.174533 
0.849066 
0.523599 
0.608132 
a 872666 
L 047198 
1. 221731 
1.896264 
1. 570796 



Along the 

Chora or 

upon the 

map. 



0.17432 
0.34730 
0. 51764 
0.68404 
0.84524 
1.00000 
L 14716 
L 28558 
L 41422 



mi 



0.99619 
0.98481 
0.96593 
0.93960 
0.90631 
0.86603 
0. 81915 
0.76604 
0.70711 



a all I 



1. 

1. 01542 
L 03527 
1.06417 
L 10388 
1. 15470 
L22077 
1.30641 
1.41422 
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Table XVII. 
Cylindric equivalent projection. 



Tallies of 1}: i}=tan' 



.itantf 













Longitnde«. 
























^ 








9 


Oo 


10© 


20O 


30O 


40© 


50O 


60° 


70° 


80O 


90O 


QOO 


1. 57080 


1.57080 


1.57080 


1.57060 


L 67080 


1.57080 


1.57080 


1.57080 


1.57080 


1.57080 


80 


1.30G26 


1.89886 


1.40618 


1.41026 


1.43670 


1.46703 


1.48541 


1.51056 


L 64018 


1.57080 


70 


1. 22173 


1.22618 


1.24125 


1.26645 


1.29888 


1.34097 


1. 39U78 


1.44605 


1.50364 


1.57080 


60 


1.04720 


1.05380 


1.07370 


1.10712 


1.16690 


1.21348 


1.28977 


1.37584 


1.47088 


1.57080 


60 


0.872C6 


1.(8010 


0. 90311 


0.04239 


0.09951 


1.07617 


1.17:67 


1.29133 


1. 42611 


L570P0 


40 


0.C0813 


0.70568 


0.72891 


a 76961 


0.83088 


'0.91699 


1.03301 


1. 18175 


1. 16703 


1.67080 


30 


0.52300 


0.58026 


0.55094 


0.58800 


0.64585 


0.73182 


0. 86707 


1.03599 


1.27404 


1.57080 


20 


a 34007 


0.35401 


0.36063 


0.39782 


0.44355 


0.61522 


0.62923 


0. 81048 


1. lOlOO 


1.57080 


10 


a 17453 


0. 17717 


0. 18542 


0.20086 


0.22624 


0.27627 


0.33904 


0.48601 


0.70305 


1.57080 





0.00000 


0.00000 


0.0C000 


0.00000 


0.00000 


0.00000 


0.000t0 


0.00000 


0.00000 


Indeterm. 



Table XVIII. 
Cylindric equivalent projection. 

Values of {: £=sin w cos 



LoDgitado m. 


9 


OO 


lOO 
0.00000 


20° 


- 


40O 


60O 


eoo 


70© 


80° 


OOO 


90O 





0.00000 


0.00000 


0.00000 


0.00000 


0.00000 


0.00000 


0.00000 


0.00000 


60 





0.03015 


0.05030 


0.08682 


0. 11162 


0. 13302 


0.16038 


0. 16317 


0. 17101 


0.17365 


70 





0.05039 


0.11608 


0. 17101 


0.21985 


0. 26140 


0.29620 


0.82139 


0.83682 


0.8420:1 


60 





0.08682 


0. 17101 


0.26000 


0.82139 


0.38302 


0.43301 


0.46883 


0.49240 


0.^0000 


50 





0. 11162 


0.21885 


a 32139 


0.41317 


0. 49:40 


0.65667 


0. 60402 


0.03302 


0.C4279 


40 





0. 1C302 


0.21140 


0.38302 


0.49240 


0.58682 


0.86341 


0.71986 


0.75441 


0.76604 


80 





0.15038 


0.29620 


0.43301 


0.55C67 


0.66341 


0.76000 


0.81880 


0.85287 


0.86602 


20 





0.16317 


0.32130 


0.4698.^ 


0.60402 


0.71085 


0.81380 


0.88302 


0.9-642 


0.930G0 


10 





0. 17101 


0.83682 


0.40240 


0.63302 


0.75441 


0.85287 


0.92642 


0.90986 


0.9d481 








a 17365 


0.34202 


0.60000 


0.64279 


0.76604 


0.86602 


0.93969 


0.98481 


LOOOOO 



Table XIX. 
OrthomorphiC'Conic projection. 

I of the radii p of the parallels for ^sOO^— 9. 



0° 
10 
20 
30 
40 



1 ! 



0.000 
0.444 
0.661 
0.645 
0.714 



60 


0.776 


60 


0.833 


70 


0.888 


80 


0.043 


00 


1.000 


100 


1.060 


110 


1.226 


120 


1.201 


130 


1.290 


140 


1.401 


150 


1.551 


160 


1.783 


170 


2.253 



0.000 
0.206 
0.420 
0.618 
0.603 
0.683 
0.760 
0.837 
0.91G 
1.000 
1.002 
1.195 
1.316 
1.464 
1.657 
1.932 
2.381 
3.381 



J. i .-3 



0.000 
0.197 
0.314 
0.416 
0.510 
0.601 
0.603 
0.788 
0.800 
1.000 
1.124 
1.268 
1.442 
1.063 
1.962 
2.406 
3.173 
5.074 



0.0COO 
0.1609 
0.2721 
0.3724 
04686 
0.5643 
0.0623 
0.7665 
0.8767 
1.0000 
1.1406 
1.3064 
1.6098 
1.7721 
2.1330 
2.6914 
8.6760 
0.2163 
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Table XX. 
Lawberfs orth>morphiC'Cylindric projection. 



Longitade m. 


# 


Oo 


1(P 


20» 


80O 


40© 


60° 


60O 


TOO 


80° 


909 


90° 





0.00000 


0.00000 


0.00000 


0.00600 


0.00000 


0.00000 


0.00000 


0.00000 


0.00000 


.80 





a 03016 


0.05046 


0.08704 


0.11209 


0.13382 


0. 16158 


0.10466 


0.17271 


0.17548 


70 





0.05946 


0. 11752 


0.17271 


0.22363 


0.26830 


a 80531 


0.33323 


0.36061 


0.36638 


00 





0.08704 


0.17271 


0.26641 


0.33607 


0.40360 


0.46360 


0.50987 


0.53928 


0.64931 


60 





0.11209 


a22363 


0.83697 


0.43944 


0.53923 


0.62805 


0.69946 


0.74644 


0.76291 


40 





0.18882 


0.26830 


0.40360 


0.58023 


0.67288 


0.79689 


0.90733 


0.98310 


1.01068 


ao 





0. 16153 


0.80521 


0.46360 


0.62805 


0.79889 


0.97296 


1. 13817 


L26802 


L 81694 


20 





0.16166 


0.83323 


0.60987 


0.69946 


0.90733 


L 13817 


1.88039 


L62549 


1.78542 


10 





0.17271 


a 85051 


0.53928 


0.74644 


0.98810 


1.26892 


L 62549 


2.08926 


2.43624 





» 


0.176^ 


a65688 


a 64931 


a 76291 


1.01068 


1.31094 


1.73642 


2.43624 


Infinite. 



Table XXI. 
Lamberts orthomorphic-cylindrio prjojectum. 

Valufisofij: ^ = tM»-^<;^ 



Longf tade ». 





V> 


lOo 


290 


80© 


40O 


60° 


..0 


70«> 


80O 


90O 


90O 


L 67080 


1.67080 


1.67080 


1.57080 


L 67080 


1.67080 


1.67080 


1.67080 


1.67080 


1.67060 


80 


L89626 


1.89886 


1.40648 


1.41926 


1.48670 


L 45793 


1.46641 


L 51056 


1.64018 


L 67080 


70 


1.22178 


L22643 


L 24126 


1.26646 


1.29888 


1.84097 


1.39078 


L44695 


L 60364 


L 67080 


60 


1.04720 


L 00880 


1.07370 


1.10712 


L 16090 


L 21348 


1.28977 


1.37584 


L 47068 


1. 67080 


60 


0.87266 


a 88019 


0.90811 


0.94289 


0.99961 


1.07617 


1.17867 


1.29183 


L 42611 


L 57080 


40 < 


0.69813 


0.70668 


0.72891 


a 76961 


0.83088 


0.91699 


1.08361 


L 18876 


L 86703 


1.67080 


80 


0.52360 


0.68026 


a 56094 


0.68800 


0.64686 


0.73182 


0.86707 


1.08599 


1.27464 


1.57080 


20 


0.84907 


a 86401 


0.86963 


0.89782 


0.44356 


0.51622 


0.62928 


0.81648 


1. 10100 


L 57080 


10 


a 17468 


a 17717 


a 18542 


0.20086 


0.22624 


0.27627 


0.83904 


0.48601 


0.79306 


1.67080 





0.00000 


0.00000 


0.00000 


0.00000 


0.00000 


0.00000 


0.00000 


0.00000 


0.00000 


Indeterm. 
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Table XXII. 
BooWs Projection. 



Polar 
dis- 


n: 


=1 


n= 


1 
=4 


tance. 


Sphere. 


Spheroid. 


Sphere. 


Spheroid. 


lOo 


.0876 


0.8800 


.6439 


.6447 


20 


.1763 


.1774 


.6480 


.6490 


80 


.2670 


.2604 


.7195 


.7206 


40 


.3640 


.3668 


.7767 


.7777 


60 


4663 


.4682 


.8264 


.8272 


60 


.6774 


.5792 


.8717 


.8724 


70 


.7002 


.7017 


.9148 


.9163 


80 


.8391 


.8400 


.9671 


.9574 


90 


1.0000 


1.0000 


1.0000 


1.0000 


100 


1.1918 


1.1004 


1.0448 


1.0445 


no 


1.4281 


1.4250 


1.0832 


1.0926 


120 


1.7821 


L7266 


1.1472 


1.1463 


180 


2.1445 


2. 1357 


1.2101 


1.2080 


140 


2.7476 


2.7340 


1.2876 


L2859 


160 


3.7321 


3.7114 


1.3809 


L3880 


160 


6.6713 


6.6372 


1.6432 


1.6409 


170 


IL4801 


1L8681 


1.8387 


1.8868 



Table XXm. 
Sir John HerscheVs Prqjectum. 





fl=l 


«4 


1 
*=2 


•4 




n=l 


n=i 


-2^ 


1 


^? 


r 


r 


r 





*f 


s= 


r 


o^= 


r 





0.000 


0.000 


0.000 


0.000 


80 


0.889 


0.890 


0.916 


0.943 


10 


0.087 


0.197 


0.296 


0.444 


90 


1.000 


1.000 


LOOO 


LOOO 


20 


0.176 


0.314 


0.420 


0.561 


100 


1.192 


1.124 


1.092 


LOOO 


80 


0.268 


0.416 


0.618 


a645 


110 


L428 


1.268 


1.195 


L126 


40 


0.864 


0.510 


0.603 


0.714 


120 


1.732 


1.442 


1.316 


L201 


60 


0.466 


0.601 


0.683 


0.776 


130 


2.144 


1.663 


L464 


L290 


60 


0.677 


0.603 


a 760 


0.833 


140 


2.747 


1.962 


1.657 


L401 


70 


0.700 


0.788 


0.837 


0.888 


160 


3.732 


2.406 


1.932 


L661 


80 


0.889 


0.880 


0.816 


0.943 


160 


6.671 


8.173 


2.881 


L788 
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Table XXIV, 
Sir Henry James'a prcjeetion. 



Lat 


Badius for 
paralleL 


Degree of 
loDgitade. 


lAt 


Bodius for 
parallel. 


I>egree of 
longitude. 


Lat 


Badias for 
paralleL 


Degree of 
longitude. 


Lai. 


Badias for 
parallel. 


Degree of 
longitude. 


Oo 


00 


LOOOOO 


280 


134.980 


.92050 


46° 


55.330 


.60466 


eoo 


21.^ 


.35837 


1 


8282.478 


.99985 


24 


128.688 


.91355 


47 


53.429 


.68200 


70 


20.864 


.34202 


2 


1640.736 


.99939 


25 


122.871 


.9^1 


48 


51.589 


.66013 


71 


m720 


.32557 


8 


1093.268 


.99863 


26 


117. 474 


.89879 


40 


49.806 


.65006 


72 


ia617 


.30to2 


4 


819.868 


.99756 


27 


112. 449 


.89101 


50 


4a 077 


.64270 


73 


17. 517 


.20237 


5 


654.894 


.99619 


28 


107. 758 


.88205 


51 


46.307 


.62032 


74 


ia420 


.27564 


6 


545.183 


.99452 


29 


10a364 


.87462 


52 


44.764 


.61566 


75 


15.352 


.25882 


7 


466.637 


.99255 


30 


99.239 


.86603 


53 


43.175 


.60181 


76 


14.285 


.24102 


8 


407.681 


.99027 


31 


95.356 


.86717 


54 


41.628 


.68770 


77 


13.228 


.22495 


9 


861.761 


.96709 


82 


91.692 


.84805 


55 


40.110 


.67358 


78 


12.170 


.20701 


10 


324.940 


.98481 


33 


8a 228 


.83867 


66 


3a 646 


.56010 


70 


11.137 


.10081 


11 


294.761 


.98163 


84 


84.944 


.82904 


67 


37.208 


.64464 


80 


10.103 


.17865 


12 


269.566 


• .97815 


85 


81.827 


.81915 


68 


35.802 


.62002 


81 


0.075 


.15648 


18 


248.175 


.97437 


36 


78w861 


.80902 


69 


34.427 


.51504 


82 


a 052 


.13817 


14 


229.801 


.97030 


37 


76w034 


.79864 


60 


33.080 


.50000 


83 


7.035 


.12187 


15 


213.831 


.96593 


38 


73.335 


.78801 


61 


31.760 


.48481 


84 


a022 


.10463 


16 


199. 814 


.96126 


39 


70.754 


. 77715 


62 


80.465 


.46047 


85 


5.013 


.08716 


17 


187.406 


.96630 


40 


6a 282 


.76604 


63 


20.104 


.45300 


86 


4.007 


.06076 


18 


176.838 


.95106 


41 


65.911 


.75471 


64 


27.046 


.43837 


87 


aoo8 


.05234 


10 


166.399 


.94552 


42 


63.633 


.74314 


65 


2a 717 


.42262 


88 


2.001 


.03400 


20 


157.419 


.93909 


43 


. 61.442 


.73135 


66 


25.610 


.40674 


80 


LOOO 


.01745 


21 


149.261 


.93358 


44 


50.831 


.71934 


67 


24.821 


.80073 


00 


0.000 


.00000 


22 


141.812 


.92718 


45 


57.296 


.707U 


68 


23.140 


.37461 









Degree of eqiiator=degree of meridiansL 



Badins of Bphei«=:57.295a 



Table XXV. 
Capt OlarJc^s campariaon of ^^ Balcmee ofBrrotB^ Sir Henry JametPs^ and << Equal Radial^ PrcjeotUmi* 



a 


Balance of Errors. 


Sir H. James's. 




a 


V 


Uslna 


V 


TTsina 


U 


TTslna 


(P 


.1168 


.0000 


.1182 


.0000 


.0836 


.0000 


V> 


5 


.1164 


.0101 


.1172 


.0102 


.0832 


.0072 


5 


10 


.1149 


.0200 


.1147 


.0100 


.0810 


.0142 


10 


15 


.1126 


.0291 


.1106 


.0286 


.0709 


.0207 


15 


20 


.1093 


.0374 


.1050 


.0350 


.0771 


.0264 


20 


25 


.1052 


.0444 


.0980 


.0414 


.0737 


.0311 


26 


30 


.1002 


.0601 


.0897 


.0448 


.0606 


.0348 


80 


35 


.0945 


.0642 


.0804 


.0461 


.0651 


.0378 


85 


40 


.0881 


.0566 


.0704 


.0453 


.0608 


.0387 


40 


45 


.0812 


.0574 


.0601 


.0425 


.0563 


.0391 


45 


50 


.0740 


.0567 


.0499 


.0382 


.0606 


.0387 


50 


55 


.0607 


.0547 


.0404 


.0331 


.0464 


.0380 


65 


60 


.0588 


.0518 


.0325 


.0281 


.0482 


.0374 


60 


65 


.0536 


.0486 


.0270 


.0244 


.0418 


.0679 


65 


70 


.0491 


.0461 


.0251 


.0236 


.0430 


.0404 


70 


75 


.0471 


.0455 


.0285 


.0275 


.0478 


.0463 


75 


80 


.0493 


.0485 


.0391 


.0885 


.0582 


.0573 


80 


85 


.0576 


.0573 


.0507 


.0604 


.0760 


.0766 


85 


90 


.0752 


.0752 


.0037 


.0037 


.1041 


.1041 


90 


95 


.1068 


.1064 


.1461 


.1456 


.1460 


.1463 


95 


100 


.1503 


.1509 


.2240 


.2206 


.2000 


.2067 


100 


105 


.2442 


.2359 


.3371 


.3256 


.3013 


.2910 


105 


110 


.3784 


.3552 


.5002 


.4700 


.4320 


.4068 


110 


115 


.5904 


.5362 


.7350 


.6601 


.6223 


.5640 


114 
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Table XXVI. 

1.66261 Bin a 



P= 



1.36763 + cos 



a 


P 


a 


P 


a 


P 


V> 


0.0000 


40O 


0.5009 


80O 


1.0623 


6 


0.0618 


45 


0.5666 


85 


11886 


10 


0.1227 


50 


a6335 


90 


12157 


15 


0.1844 


55 


a 7016 


95 


12965 


20 


0.2464 


60 


0.7710 


100 


18713 


25 


0.8090 


65 


0.8417 


105 


14484 


80 


0.3722 


70 


0.9138 


110 


16238 


35 


a4361 


75 


0.9674 


115 


160i5 



Table XXVII. 
Radial diitanoes from the center of the map j for different great-circle distances a /rem center qf reference. 



a 


Equal ndial 
degreeft. 


TTnohuiged 
ar«M. 


Stereographio. 


Sir H. James. 


Balance of 
errors. 


50 




0.08724 




6.06720 


6.08728 


10 


0.17453 


0.17431 


a 17498 


9.17471 


0.17465 


15 


0.26180 


0.26105 


0.26331 


0.26240 


0.26218 


20 


a34907 


a 34730 


0.85265 


6.85047 


0.34897 


25 


0.43634 


0.43288 


0.44339 


0.48007 


6.43811 


80 


0.52360 


0.61764 


0.63.500 


0.52831 


0.52672 


85 


0.61087 


0.60141 


0.63060 


0.61830 


9.61580 


40 


0.60814 


0.68404 


0.72794 


0.70915 


a 70817 


45 


0.78540 


0.76587 


0.82843 


Ol 80094 


0. 79660 


50 


a87267 


0.84524 


0.93262 


0.88375 


0.88825 


55 


0.95994 


a92350 


104113 


0.98761 


6198121 


60 


104720 


100000 


115470 


106253 


10756a 


65 


113447 


107460 


127414 


1 17849 


117178 


70 


122174 


114716 


140042 


127535 


127000 


75 


130001 


121752 


153465 


187290 


187069 


80 


139628 


128558 


167820 


147105 


147434 


85 


148354 


135118 


183266 


156015 


158157 


90 


157080 


1 41421 


2.00000 


166606 


169815 


96 


165807 


147455 


2.18262 


176275 


181002 


100 


174534 


153200 


2.88361 


185623 


193342 


106 


183261 


1586n 


2.60645 


104568 


2.06492 


110 


191968 


163830 


2.85630 


2.02873 


2.20660 


115 


2.00714 


168678 


8.13937 


2.10303 


2.36110 


120 


2.09440 


173205 


3.46410 


2.16506 


2.53943 


125 


2.18167 


177402 


8.84196 


2L 21052 


2.72550 


130 


2.26804 


181262 


4.28801 


2.23412 


2.04776 


135 


2.86620 


184776 


4.82848 


After thia the 


3.20096 


140 


2.44347 


187939 


5.40406 


radios 


a 52847 


145 


2.58074 


190748 


6.34819 


diminishes. 


3.92934 


150 
156 
160 


2.61801 
2.70528 
2.79256 


198185 
195250 
196962 


7.46410 

9.02142 

1184256 




4.44831 
5.18920 
&28068 
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Table XXVIIL 

ExaggeraHfm^ as shown by the proportions of projected area to original a/rea^for different great^rcle 

distances a from the center of refer enee. 



a 


Eqaal radial 
degreee. 


Unolunieed 
areas. 




Sir H. James. 

« 


Balance of 
errors. 


fio 


Loom 


LOOOOO 


L00882 


L00229 


L 00191 


10 


L00608 


LOOOOO 


L 01587 


L 00917 


L 00767 


16 


L 01152 


LOOOOO 


L 03490 


L 02073 


L 01735 


20 


1.02060 


LOOOOO 


L 06316 


L0B706 


L 03127 


26 


L08246 


LOOOOO 


L 10071 


L 06635 


L 04961 


80 


L04644 


LOOOOO 


L 14875 


L0e485 


L 07278 


86 


L 00501 


LOOOOO 


L 20871 


L 11874 


' L 10131 


40 


L 08610 


LOOOOO 


L28250 


L 15432 


L 13585 


46 


L 11072 


LOOOOO 


L37256 


L 19789 


L 17728 


60 


L 13910 


LOOOOO 


L 48217 


L 24774 


L22668 


66 


L 17186 


LOOOOO 


L 61542 


L 30412 


L 28649 


00 


L20920 


LOOOOO 


L 77778 


L 36719 


L 85543 


66 


L 26174 


LOOOOO 


L 97644 


L 43692 


L 43894 


70 


L 80014 


LOOOOO 


2.22097 


L 51302 


L 53909 


76 


L 86517 


LOOOOO 


2.62426 


L 60470 


L 65092 


80 


L 41780 


LOOOOO 


2.90891 


L68043 


L80687 


86 


L48020 


LOOOOO 


8.88436 


L 76759 


L 98777 


00 


L 67060 


LOOOOO 


4.00000 


L 85185 


2.21269 


06 


L 06489 


LOOOOO 


4.80028 


L 92641 


2.49650 


100 


1.77226 


LOOOOO 


6.85774 


L98088 


2.86051 


106 


L89724 


LOOOOO 


7.28185 


L 99960 


8w 33627 


110 


2.04807 


LOOOOO 


0.23921 


L 96010 


8.97176 


115 


2.21462 


LOOOOO 


IL 99661 


L 82052 


4.84226 


120 


2.41840 


LOOOOO 


16.00000 


L 66250 


& 06133 


126 


2.06332 


LOOOOO 


2L 99771 


L 09761 


7.86206 


180 


2.90188 


LOOOOO 


8L 84779 


0.36640 


10.68547 


136 


a 83216 


LOOOOO 


46.62740 


After this ihe 


14.89565 


140 


3.80136 


LOOOOO 


73.07911 


projection 


22.28290 


146 


4.41219 


LOOOOO 


122.80176 


fUls. 


36.68061 


160 


6.28598 


LOOOOO 


264.44946 




70.86047 


166 


0.40119 


LOOOOO 


456.67262 




128.61888 


100 


& 16480 


LOOOOO 


1099.81878 




2801O610O 
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Table XXIX, 

Distartiony €ls shatcn by the proportions of the transverse side to the radial side^ in the projection of an 
area originally square^for different great-circle distances a from the centre of reference. 



« 


Eqoal radial 
degrees. 


Unchanged 
aieaa. 


Stereognphio. 


BirRJanieB. 


Balance of 
enon. 


fio 


L 00127 


1.00191 


LOOOOO 


L00076 


L00084 


10 


1.00508 


1.00765 


LOOOOO 


L00307 


L 00382 


15 


1.01152 


1.01733 


1.00000 


L00696 


L 00861 


20 


102060 


L 03109 


LOOOOO 


L 01252 


L 01526 


26 


L 03245 


1.04915 


LOOOOO 


L 01986 


L02386 


30 


L 04544 


L 07180 


LOOOOO 


L 02914 


L 03444 


35 


1.06501 


L 09941 


LOOOOO 


L04067 


L 04608 


40 


L 08610 


La3247 


LOOOOO 


L 06448 


L 06137 


45 


L 11072 


L 17157 


LOOOOO 


L 07107 


1.07775 


60 


L 18910 


L 21744 


LOOOOO 


L09094 


L 09604 


56 


L 17186 


L27099 


LOOOOO 


L 11461 


1. 11617 


60 


L20920 


L33833 


LOOOOO 


L 14286 


L 13812 


65 


Ltel74 


L40586 


LOOOOO 


L 17668 


L 16171 


70 


1.30014 


1.49026 


LOOOOO 


L 21744 


L 18679 


76 


L 35517 


L 58879 


LOOOOO 


L26695 


L 21311 


80 


L 41780 


L 70409 


LOOOOO 




L 24038 


85 


1.48920 


1.88906 


LOOOOO 


L 40365 


L 26801 


90 


1.67080 


2.00000 


LOOOOO 


L60000 


L 29550 


95 


L 66439 


2.19095 


LOOOOO 


L 62533 


L32235 


100 


1.77225 


2.42028 


LOOOOO 


L 79361 


L 34743 


105 


L 89724 


2.69840 


LOOOOO 


2.02833 


L 86960 


110 


2.04307 


Sw 03961 


LOOOOO 


2.37703 


L38832 


115 


2.21462 


Sw 46891 


LOOOOO 


2.94308 


L 40171 


120 


2.41840 


4.00000 


LOOOOO 


4.00000 


L 43895 


125 


2.66332 


4.69017 


LOOOOO 


6.63460 


L 40808 


130 


2.96188 


5.69891 


LOOOOO 


23.98204 


L38888 


135 


a 83216 


6.82842 


LOOOOO 


After thlB the 


L 38347 


140 


3.80135 


a64863 


LOOOOO 


prqjeotion 


L 85228 


145 


4.41219 


11,06901 


LOOOOO 


fUU. 


L 31529 


150 


5.23508 


16.95147 


LOOOOO 




L 26275 


156 
160 


6.40119 
&16480 


21.34648 
33.16345 


LOOOOO 
LOOOOO 




L 21965 
L 16646 
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Table XXX. 
Rectangular co-ordinates for construction of the *^ guincuncial prqjectionJ' 











» (for longitndea 


in upper line). 












Lat 


OO 


50 


100 


150 


200 


260 


8O0 


36° 


40° 


450 


60° 


550 


6OO 


650 


70O 


750 


8OO 


850 


lAt 


00 


85 


80 


75 


70 


66 


60 


55 


50 


45 


40 


85 


30 


25 


20 


15 


10 


6 


860 


.033 


.083 


.033 


.032 


.031 


.080 


.029 


.027 


.025 


.024 


.021 


.019 


.017 


.014 


.011 


.009 


.006 


.003 


850 


80 


.067 


.066 


.066 


.064 


.063 


.061 


.058 


.055 


.051 


.047 


.043 


.038 


.033 


.028 


.023 


.017 


.012 


.006 


80 


76 


.100 


.100 


.099 


.097 


.094 


.091 


.087 


.082 


.077 


.071 


.065 


.058 


.050 


.042 


.034 


.026 


.017 


.009 


75 


70 


.135 


.134 


.133 


.130 


.127 


.122 


.117 


.110 


.103 


.095 


.087 


.077 


.067 


.057 


.046 


.035 


.023 


.012 


70 


65 


.169 


.160 


.167 


.163 


.159 


.154 


.147 


.139 


.130 


.120 


.109 


.097 


.085 


.072 


.058 


.044 


.020 


.015 


65 


60 


.205 


.204 


.201 


.198 


.192 


.185 


.177 


.168 


.167 


.145 


.131 


.117 


.102 


.086 


.070 


.053 


.036 


.018 


60 


66 


.241 


.240 


.237 


.282 


.226 


.218 


.208 


.197 


.184 


.170 


.154 


.138 


.120 


.102 


.082 


.062 


.042 


.021 


55 


50 


.278 


.277 


.274 


.268 


.261 


.251 


.240 


.227 


.212 


.196 


.178 


.159 


.189 


.117 


.096 


.072 


.048 


.024 


60 


45 


.317 


.316 


.312 


.306 


.297 


.286 


.273 


.258 


.241 


.223 


.202 


.181 


.158 


.134 


.109 


.083 


.055 


.028 


45 


40 


.357 


.856 


.851 


.344 


.834 


.821 


.807 


.290 


.270 


.250 


.228 


.204 


.179 


.151 


.123 


.004 


.063 


.082 


40 


85 


.400 


.898 


.393 


.384 


.373 


.358 


.341 


.322 


.301 


.279 


.254 


.228 


.200 


.170 


.139 


.106 


.071 


.086 


86 


80 


.446 


.443 


.437 


.427 


.418 


.896 


.877 


.356 


.332 


.808 


.281 


.253 


.222 


.190 


.155 


.119 


.081 


.041 


80 


25 


.496 


.492 


.484 


.471 


.455 


.485 


.414 


.891 


.365 


.838 


.809 


.279 


.246 


.211 


.174 


.184 


.091 


.046 


25 


20 
15 


.548 


.545 


.534 


.518 


.498 
.544 


.476 
.517 


.452 
.490 


.426 
.461 


.398 
.482 


.869 
.401 


.839 
.369 


.307 
.336 


.272 
.300 


.235 
.262 


.195 
.219 


.151 


.104 


.053 


20 
15 


.609 


.604 


.589 


T568 


TlW 


"isr 


TAR" 


10 


.681 


.672 


.049 


.620 


.690 


.559 


.528 


.497 


.466 


.484 


.401 


.367 


.330 


.291 


.248 


.200 


.148 


.076 


10 


6 


.775 


.752 


.713 


.673 


.685 


.600 


.566 


.532 


.500 


.467 


.483 


.899 


.363 


.324 


.282 


.234 


.177 


.102 


6 





1.000 


.841 


.774 


.728 


.679 


.639 


.602 


.667 


.533 


.600 


.467 


.433 


.306 


.361 


.321 


.277 


.226 


.169 






Table XXXI. 
Preceding table enlarged far the spaces surrounding infinite points. 













» (for longitndea in npper line). 


y 


(for longitudes in lower line). 




Lftt 


00 


10 


20 


80 


40 


50 


60 


80 


100 


12JO 


15 


750 


77JO 


8O0 


820 


840 


850 


860 


870 


880 


890 


Lat. 


90 


89 


88 


87 


86 


85 


84 


82 


80 


77i 


76 


15 


124 


10 


8 


6 


5 


4 


8 


2 


1 


I60 


.609 


.609 


.608 


.607 


.606 


.604 


.602 


.696 


.689 


.579 


.668 


.173 


.147 


.121 


.098 


.074 


.062 


.050 


.038 


.025 


.013 


15 


12* 


.643 


.643 


.642 


.641 


.639 


.636 


.634 


.627 


.618 


.606 


.604 


.185 


.159 


.131 


.107 


.082 


.060 


.055 


.042 


.028 


.014 


12* 


10 


.681 


.681 


.680 


.678 


.875 


.672 


.668 


.669 


.649 


.635 


.620 


.200 


.178 


.143 


.118 


.091 


.076 


.062 


.047 


.031 


.016 


10 




.715 


.714 


.718 


.710 


.706' 


.702 


.697 


.686 


.674 


.658 


.641 


.218 


.185 


.155 


.129 


.100 


.085 


.069 


.052 


.035 


.018 


8 




.753 


.752 


.750 


.746 


.741 


.785 


.728 


.714 


.700 


.681 


.662 


.227 


.199 


.160 


.142 


.112 


.095 


.078 


.060 


.040 


.020 






.775 


.774 


.770 


.765 


.750 


.762 


.745 


.729 


.718 


.692 


.673 


.234 


.207 


.177 


.150 


.110 


.102 


.084 


.065 .044 


.022 






.798 


.797 


.793 


.786 


.779 


.770 


.761 


.748 


.725 


.704 


.683 


.242 


.215 


.185 


.158 


.128 


.110 


.092 


.on!. 049 


.025 






.825 


.823 


.817 


.808 


.798 


.788 


.778 


.757 


.788 


.716 


.603 


.250 


.224 


.194 


.168 


.137 


.120 


.101 


.079. 055 


.029 






.857 


.858 


.843 


.831 


.819 


.806 


.794 


.772 


.750 


.726 


.703 


.250 


.283 


.204 


.178 


.148 


.131 


.112 


.000 .065 


.085 






.899 


.889 


.872 


.854 


.839 


.824 


.810 


.785 


.768 


.737 


.713 


.268 


.243 


.215 


.190 


.161 


.144 


.126 


.105 


,070 


.046 






1.000 


.929 


.889 


.877 


.867 


.841 


.825 


.798 


.774 


.747 


.728, 


.277 


.253 


.226 


.202 


.175 


.169 


.143 


.128 


.101 


.071 
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